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o0
Evaluate the infinite product H cos(x27F).
k=1

(Note the infinite product is, by definition, the limit of the partial products
n
P, = H cos(227%) = cos(z271) cos(2272) - - - cos(227™)
k=1

as n — 00.)

Solution. If x = 0, then each P, = 1 and hence lim,,_,o, P, = 1.
For the case of x # 0: The trigonometric identity sin(20) = 2sin(f) cos(f) and induction
yields that

sin(2"0) = 2" sin(#) cos(#) cos(26) - - - cos(2"716) .

Applying this identity with § = z - 27" gives that

sinzx

P=———
27 sin(z27")

(provided n is large enough so that 27" is not a multiple of 7). Since, by 'Hopital’s rule,
limy o0 (siny)/y = 1, we have lim,,_, 2" sin(227") = x. Hence the value of the given product
is limy,—y00 P, = sin(z)/x if © # 0.

Good Luck! Have fun and enjoy Mathematics!
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