ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, April 12, 2013

Solve the system
sin®z + cos®x = 1
0<z<m/2

Solution. If x € [0,7/2], then 0 < sin®x < sin?x and 0 < cos® x cos? z. Thus, sin®z +

cos® x < sin® x + cos? x = 1, with equality if and only if = 0 or 2 = /2.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, April 05, 2013

Assume that ¢ is a positive rational number that approximates v/2. Prove that g_t—% is a better
approximation of v/2.
Solution.

q+2-v2(¢+1)
qg+1

— (\/i_l)|q_\/§| < ’q_\/§|.

2 f
2 =

q+1

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, March 29, 2013

Assume that n people have n distinct pieces of information, one piece of info per person.
Every time a person, say A, calls person B, it tells B all the info he knows, but not vis
versa (B does not tell A anything). What is the minimum number of calls needed such that
everyone knows everything.

Solution.

Suppose that a sequence of calls makes everyone fully informed. Take the critical call, at
which the first person, say p, is getting fully informed (everybody else is not fully informed).
At least n — 1 calls have been made, else p would not be fully informed. Also, each of these
n—1 should receive at least one call each, after the critical one was med, to get fully informed.
So, the number of calls made is at least 2(n — 1).

Note that at least one configuration will lead to 2n — 2 calls. Indeed Denote by p; the
i-th person. Then the sequence

P1 = PnsP2 = Pn---yPn—1 7 PnyPn 7 Pn—1,---3Pn —7 P,

leaves everyone knowing everything.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, March 15, 2013

Consider n points in the plane, such that the distance between them is distinct. Joint each
point by a straight segment to its nearest neighbor. Can the obtained configuration contain
triangles?

Solution. Consider any three points in that set, call them A,B,C. Assume that AB is the
longest distance between these three points. Then A can not be connected to B.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, March 08, 2013

Given an even number of points in the plane, does there exist a straight line such that on
each side of the line (half plane generate by that line) has half of the points?

Solution. Yes, it is possible. Indeed. Consider all possible lines that contain these given
points. Note that there is a finite number of such lines. Hence, there exist a line that is not
parallel to neither of these lines. Eventually, we can shift this line such that all points are
on one side of that line. Translate this line perpendicular to the set of the points (or parallel
shift towards the points). By the contraction, we will pass one point at a time. Stop when
half of the points are passed.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, March 01, 2013

A plane flies from point A to B and back with constant engine speed. Compare the travel
time between the case of still air and of the case in which the wind flows with constant speed
(say in the direction from A to B). You may neglect the turning time of the plane.

Solution. Let us use the following notations d - the distance between A and B, v - the speed
of the engine and u - the speed of the wind. The time for the round trip in still air is

2d
o

The time in the windy situation is equal to

d d 2d 2 2d
+ = —

v+u v—u v v —u? v

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, February 22, 2013

Let 1,...,z, € (0,00), and denote by S = x1 + x2 + ... x,. Prove that

S n S n n S S n?
S—z1 S—x9 S—xz, n—1

Find necessary and sufficient conditions for z;’s such that the above inequality is an identity.

Solution. Recall the inequality for Harmonic-Arithmetic Means (for positive numbers)

i n : Sa1+...+an
ar + .- a n
with equality if and only if a; = ... = a,. Take a; = &) <+ and the above inequality of

interest follows immediately (we remark that )" ; a; = n — 1). Moreover, the equality will
be achieved if and only if all x;’s are the same.

Solution. The key identity to be used is
1 1 1

okl kETL)

Using this identity in chains, will lead to infinitely many representations

1_1+1+1
2 3 6
_1+1+1+1

2 3 7T 42
_1+1+1+1+ 1
2 3 7 43 1806

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, February 15, 2013

Is it possible to represent the number 1 as a sum of reciprocal of distinct integers larger or
equal than 2 in infinitely many ways?

Solution. The key identity to be used is
1 1 1

R+l k1)

Using this identity in chains, will lead to infinitely many representations

1_1+1+1
2 3 6
_1+1+1+1

2 37 42
o111
2 3 7 43 1806

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, February 08, 2013

Let us consider the polynomial

2

-1 —
Tp+a12™ Fax"  + ..+ ap,

and assume that it has only real roots.
Prove that
(n —1)a? > 2nas.

Find necessary and sufficient conditions such that the last inequality becomes identity.

Solution. Since all the roots are real, the polynomial can be represented as

(x4+r)(x+re)...(x+ry)

for some real numbers r1,...,r,. Then,
n
a; = E Tk, as = E rirj.
k=1 1<i<j<n

This implies that
n
a% = Z 7‘? + 2as.
i=1

Hence the inequality of interest is equivalent to

n
(n—1) (Z r2 + 2a2> > 2nag,

=1

or

=1 1<i<j<n
which is equivalent to
E (r; 73)2 >0,
1<i<j<n

which obviously holds true. Moreover, the equality is achieved if and only if all roots are
equal.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, February 01, 2013

Let
1+ L + 1 + e+ ! eN
Sy 1= — 4+ —=4+-+—, n .
" V2 V3 Vn

Prove that

2Wn+1-2<s,<2/n—1.

Solution. Observe that

1
VE+1-Vk= —nu——.
VE+1+VEk
Hence,
1 1
L RFT-VE< .
2vk + 1 2v'k
Summing up the left inequalities for k =1,...,n — 1, we get
1 1
= 1)< —-1
2 (sn = 1) N
which implies the right side inequality from the problem (s, < 2y/n — 1). Similarly, sum-
ming up the right inequalities for £ = 1,...,n, we deduce the left inequality in the original
statement.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, November 16, 2012

Let a1, as9,...,as; be some given real numbers. Show that
ay cos(z) + az cos(2z) + ... + a3y cos(31x) + cos(32z)

as function of x takes positive as well as negative values.

Solution. Let us consider the function
f(z) = aycos(z) + azcos(2z) + ... + asy cos(31z) + cos(32z), =z € R.

Since, fo% f(x)dx = 0, and since f is continuous, we conclude that f must take positive as

well as negative values.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, November 09, 2012

Each of the expression (1 + 2% — 23)190 and (1 — 22 + 23)!%% i5 expanded and then reduced
to the simplest form, hence we get two polynomials. Compare the coefficients next to z2° in
these two polynomials.

Solution. Note that after substitution x by (—x) the coefficients of even powers are not
changing. Hence the coefficients next to 2?° of new polynomials are the same as of original
polynomials. However, clearly the polynomial (1 4 22 + 23)1°% has a larger coefficient next
to 220 than the polynomial (1 — 22 — 23)1000,

Good Luck! Have fun and enjoy Mathematics!

Dep of Applied Math & IIT SIAM Chapter, IIT Weekly Math Problem, Fall 2012, page 1/1



ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, November 03, 2012

A factory can produce 100 items of type A or 300 items of type B during one day. The QA
(quality assurance) department can check nor more than 150 items. A type A item cost twice
as much as a type B item. How many items of each type should be produced per day such
that the cost (combined value of all produced items) is maximal.

Solution. The item A is produced during 1/100 of the day, and the item B is produced
during 1/300 of the day. Let x be the number of items A produced during that day. Hence,
during the remain time of that day, the factory can produce

1 — /100
2 30100 —
1/300 ( z)

items of type B. Assume that the cost of one item of type A is 1, and thus one item of type
B is equal B. Also, assume that the total number of produced items is not greater than 150,
which implies that

x4+ 3(100 — z) =300 — 22 < 150 < x > T75.

In this case, the total cost of the produced items is equal to 2z + 3(100 — ) = 300 — z. The
maximal cost of 225 will be archived if x = 75. Hence, the factory has to produce 75 items
of each type.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and

IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, October 26, 2012

Prove that

for any n > 2.
Solution. Note that

1 1
1/4 1
1-1/2 2

where we used the fact that In(1 4+ z) < z, > 0. The former follows directly from the fact
that z — In(1 + x) is an increasing function (just take the derivative). Hence,

1+i> <1+;)---<1+21n><\/é<2.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, October 19, 2012

The decimals of a given natural number n contain the digits 1,3,7 and 9. Prove that it is
possible to rearrange the digits of n such that the new number is divisible by 7.

Solution. Without loss of generality we can consider that n has the last digits equal to
1,3,7,9, else rearrange first. Hence, n can be written as a sum of 1379 and a where a has
last four digits equal to zero. Note that, the following numbers

1379, 1793, 3719, 1739, 1397, 1937, 1973,

have the reminders of division by 7 equal to 0,1,2,3,4,5,6. Thus, if a has a reminder after
division by 7 equal to r, then take that four digit number from above, than gives the reminder
7 —r. Now, a plus the chosen four digit number will be divisible by 7.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, October 12, 2012

Prove that for any natural number n > 2, the following inequality holds true
"Wn4+1< Un.

Solution. Rasing to the power n(n + 1) both sides of the inequality we get the following
equivalent inequality
(n+ 1)n < nn—f—l‘

Consequently, the last inequality is equivalent to

1 n
<1+) <n.
n

The last one is easy to prove by induction.
For n = 3, we have (1 + 1/3)% = 64/27 < 3. Assume it is true for n. Then,

1\ 1 \" 1
1+ =1+—=) (1+
n-+1 n-+1 n-+1

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, October 05, 2012
Assume that all edges of a triangle are smaller than one. Prove that the area of the triangle
is smaller than v/3/4.

Solution. Let ABC be the triangle with all edges smaller than one, and assume that AB is
the longest edge. Consider the triangle ABC1, that is equilateral and has the common edge
AB with ABC'. Note that in this case, the altitude of ABC with base AB is smaller than
the altitude of ABC', hence, the area of ABC' is smaller than the area of ABC;. But,

ABZ\/§<@
4 = 4

SABCH =

Thus, Sapc < Sasc, -

Good Luck! Have fun and enjoy Mathematics!

Dep of Applied Math & IIT SIAM Chapter, IIT Weekly Math Problem, Fall 2012, page 1/1



ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, September 28, 2012
Find the smallest number A such that, for any quadratic polynomial p(z) that satisfies the
inequality
p(z)] <1, 0<z<1,
we also have that p/(0) < A.

Solution. Assume that p(z) = ax? + bz + ¢, and it satisfies the inequality |p(x)| < 1 for all
x € [0,1]. Then, in particular, we will have

p(0)] <1, |p(1/2)] <1, |p(1)] < 1.

Since,
b

p(0) = ¢, p(1/2) = T+ S +e pl) =a+b+e
we have the following estimates

, a b

Ip'(0)] = |b| = 4(Z+§+c)—(a+b+c)—20
a b
<4 Z+§+C +la+ b+ c| + 2|

4p(1/2)| + |p(1)] + 2|p(0)] <4+ 1+ 3 =8.
Hence, we conclude that A < 8. On the other hand, it is easy to verify that the plynomial
p(z) = —8z% + 8z — 1 satisfies all the conditions and p’(0) = 8. Thus, 4 = 8.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, September 21, 2012
Find

in terms of a := z + 1/x.
Solution. Note that

1 1 1 1
_ + -
() () = (o) (o7 )

from where we have

1 1 1 1
+ _ —
l’mn‘i‘w—(xm—F:ﬂn)(xn—Fxn)—(Q?mn+$m_n>.

In particular, for n = 1 and n = m we the following two identities

'IIL+1 m T €T n—1

2m+i_ m+i 2f2 (2)
X ;1,‘2m_ T o .

From (2), we get

From (1), using the above, we get

1
x3+f3=a3—3a.
x

Similarly, one can find 2 + 1/2%, and 27 + 1/27, and finally, from here one finds

1 1 1 1

ER S O 6 =\ _ -

= () () - (o)
= (a" — 7a® + 14a® — 7a)(a® — 6a* + 94®> —2) —a
=a"® —13a' + 650 — 156a" + 182a° — 91a® + 13a.

Good Luck! Have fun and enjoy Mathematics!
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ILLINOIS INSTITUTE OF TECHNOLOGY
Department of Applied Mathematics and IIT SIAM Student Chapter

Math Weekly Problem Competition

Friday, September 14, 2012

Prove that a square can be divided in any number of squares greater or equal to six.

Solution.

For any n > 1, divide each side of the square in n equal parts, and connect them so to get
the original square divided in n? equal squares. Next, keep all the squares along two adjacent
sides of the original square (that would be 2n — 1 squares), and make one big square from
the others (delete all remaining and keep on big square). Now, we have the original square
divided in 2n squares, for any n > 1. Hence, we can divide in any even number of squares
starting four. For any partition with even numbers, take any square and divide it in four
equal squares. Then, the total number of squares increased by 3, hence we can get any odd
number larger or equal 7.

Good Luck! Have fun and enjoy Mathematics!
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