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\WhyjeearchiforieReood fmodel
Question: How to perform (statistically satisfying) goodness-of-fit tests? J

o ERGMs: testing fit usually via model diagnostics
- clustering coefficient, triangle count, or another characteristic
- comparison between observed and simulated data.

Motivation:
Why search for a well-fitting statistical model for observed social network?

@ Understand the uncertainty associated with observed outcomes.
Infer if substructures more commonly observed than by chance.

°
@ Simulation.
°

Assessment of local effects (reciprocation, attractiveness, etc.)
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\WhyjeearchiforieReood fmodel
Question: How to perform (statistically satisfying) goodness-of-fit tests? J

o ERGMs: testing fit usually via model diagnostics
- clustering coefficient, triangle count, or another characteristic
- comparison between observed and simulated data.
Motivation:
Why search for a well-fitting statistical model for observed social network?
@ Understand the uncertainty associated with observed outcomes.
@ Infer if substructures more commonly observed than by chance.
@ Simulation.
°

Assessment of local effects (reciprocation, attractiveness, etc.)

Goal of this talk: methodology

Explain an exact testing approach based on dynamic, data-dependent
Markov bases, constructed from parameter hypergraph.
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A well-known family of statistical models
Exponential Random Graph (ERG) Models

@ Specify a set of informative network statistics on G,
(capture key features of the network)

t:G, = RY xt(x) = (t1(x),..., tq(x)) € RY,

such that the probability of observing x is a function of t(x) only.
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A well-known family of statistical models
Exponential Random Graph (ERG) Models

@ Specify a set of informative network statistics on G,
(capture key features of the network)

t:G, = RY xt(x) = (t1(x),..., tq(x)) € RY,

such that the probability of observing x is a function of t(x) only.
@ Standard examples:

o the number of edges E(x) (Erdos-Renyi model);
o number of triangles T(x); /]

o the number of k-stars; +
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A well-known family of statistical models
Exponential Random Graph (ERG) Models

@ Specify a set of informative network statistics on G,
(capture key features of the network)

t:G, = RY xt(x) = (t1(x),..., tq(x)) € RY,
such that the probability of observing x is a function of t(x) only.
@ Standard examples:
o the number of edges E(x) (Erdos-Renyi model);

o number of triangles T(x); /]

o the number of k-stars; +

@ More elaborate examples (number of statistics grows with n)
o the degree sequence: S-model [RPF 2011; Chatterjee-Diaconis 2011]
e in- and out-degrees (directed): p; model [Holland-Leinhardt 1981]
e T(x) and k-stars: Markov graph model [Frank-Strauss 1986]
(log-linear models over a set of edges)
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NSV Ta  (random graphs)

< Sampson’s monk data
Holland-Leindhardt's p; model:

@ random digraphs
@ dyads are independent
@ log-linear family (ERGM)

@ algebra/geometry understood

— Goal: understand model structure, and how to test fit. <
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NSV Ta  (random graphs)

< Sampson’s monk data
Holland-Leindhardt's p; model:

@ random digraphs

@ dyads are independent

@ log-linear family (ERGM)

@ algebra/geometry understood

— Goal: understand model structure, and how to test fit. <

Comments: Of course we can study more complex models, or add other
information to this model.

However, as a first step, we'd like to be able to at least answer the first
basic question: how to compute the p-value for network data under this

model?
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NSV Ta  (random graphs)

— Enter social scientist. +

"How do | test, say, the p1 model on the following network?”
< Kushimba, Chaggar, Gross, Kunyu 2013

Mobile money
transfers between
members of an
extended family
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NSV Ta  (random graphs)

— Enter social scientist. <+
"How do | test, say, the p1 model on the following network?”
< Kushimba, Chaggar, Gross, Kunyu 2013
@ an accessible software: UCINET

@ contains some routines for fitting p; model
(assumes constant reciprocation effect)
Mobile money
transfers between
members of an
extended family
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NSV Ta  (random graphs)

— Enter social scientist. <+
"How do | test, say, the p1 model on the following network?”
< Kushimba, Chaggar, Gross, Kunyu 2013
@ an accessible software: UCINET

@ contains some routines for fitting p; model
(assumes constant reciprocation effect)

Mobile money @ Bad news: it returns a goodness-of-fit value
transfers between but " probabilities are not printed because the
members of an theoretical distribution governing these values
extended family has not yet been established.”
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NSV Ta  (random graphs)

— Enter social scientist. <+
"How do | test, say, the p1 model on the following network?”
< Kushimba, Chaggar, Gross, Kunyu 2013

@ an accessible software: UCINET

@ contains some routines for fitting p; model
(assumes constant reciprocation effect)
Mobile money
transfers between
members of an
extended family
Also, what about:
@ NYT: Shinzo Abe's Bid to Shake Up Corporate Japan
@ Brain network data [independence / p; test needed]

@ Bad news: it returns a goodness-of-fit value
but " probabilities are not printed because the
theoretical distribution governing these values
has not yet been established.”

Significant challenges for statistical inference on networks:
Goodness-of-fit testing: heuristic, using model diagnostics
(e.g. clustering coefficient, triangle count, etc.)
Hunter-Goodreau-Handcock'08, Goldenberg et al.'09.
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from the point of view of network modeling
Random walks for model validation

Problem: Does a particular log-linear model fit an observed network x?
[Use natural representation of a network as a contingency table.]
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Motivating problem from the point of view of network modeling

Random walks for model validation

Problem: Does a particular log-linear model fit an observed network x?
[Use natural representation of a network as a contingency table.]

Motivating example: the p; model (Holland-Leinhardt '81):

Random digraph model:

ERGM with sufficient statistics = in-degree of every vertex, out-degree of
every vertex, and number of reciprocated edges.
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from the point of view of network modeling
Random walks for model validation

Problem: Does a particular log-linear model fit an observed network x?
[Use natural representation of a network as a contingency table.]

Motivating example: the p; model (Holland-Leinhardt '81):

Random digraph model:
ERGM with sufficient statistics = in-degree of every vertex, out-degree of
every vertex, and number of reciprocated edges.

Al

Exact conditional test J— Pk
-

Observed x is compared to a fiber F(,): V\/\\/B\
set of all possible x" with t(x") = t(x). 2 | 1
=L Ltk

1 Calculate a goodness-of-fit statistic for each x’ (e.g. chi-square statistic).
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from the point of view of network modeling
Random walks for model validation

Problem: Does a particular log-linear model fit an observed network x?
[Use natural representation of a network as a contingency table.]

Motivating example: the p; model (Holland-Leinhardt '81):

Random digraph model:
ERGM with sufficient statistics = in-degree of every vertex, out-degree of
every vertex, and number of reciprocated edges.

Al

Exact conditional test J— Pk
-

Observed x is compared to a fiber F(,): V\\\/\B
set of all possible x" with t(x’) = t(x). < ' 1
Q=L Q_‘_ﬁ K

1 Calculate a goodness-of-fit statistic for each x’ (e.g. chi-square statistic).

— Challenge: Need a Markov basis, set of moves that connect Fi(,). <
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Two computational challenges: large bases, huge fibers

@ Computing the Markov basis

o Pre-computing all moves (Diaconis-Sturmfels '98)

o Structural results for many families (many, many authors...)

e Sampling constraints, structural zeros — Graver (Hara-Takemura '10)
@ Applicability of moves

e Data independent Dobra-Fienberg-Rinaldo-Slavkovi¢-Zhu;

Aoki-Hara-Takemura'l2
o Dobra '10: suggests generating only (applicable) moves, one at a time.

— applies to tables with fixed marginals.
o Ogawa-Hara-Takemura '12: generate a random element of a Graver

basis for the beta model. — undirected version of p;.
Example from p; fiber walk N R
An example of a . s \zs 26
necessary, Graver
( Y ) T7 T8 x7 % T9
move:
Ti0  T1l T12 T10 Z11  T12
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tolhyperaiaphs
Parameter hypergraph  [Log-linear, 0/1 design matrix]
The parameter hypergraph Hy of a model M:

@ Vertex set: model parameters
@ Hyperedges: squarefree monomials in model parameterization

contingency table cell labels <+ edges in Hpy

Simple example:
Ha for independence model 73 1l Zs:
Prob(Zy = i, Z> = j)  xiy;

Haq encodes parameter interactions in M:
Prob(Y1 = il, ey Yr = ir) X 9_,'1 s -ejk
= (i1,...,i)-cell is represented by the edge 0, ---0,.
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@ lypaigahE
Dynamically generating applicable moves

e(u) = {X1)/1, X1Y1,X1Y1, X1Y2, X1Y2, X1Ya,
XoY1, X2Y5, X3Ya, X3Ya, Xay2 }

o|Io|ol | w
o= oo N
o|Io|oo|o
[enl Ranl NV} el o
o|lo|olo
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@ lypaigahE
Dynamically generating applicable moves

e(u) = {x1y1, x1y1, X1y1, X1y2, X1Y2, X1Y4,
XoY1, X205, X3Ya, X3Ya, X42 } oomo oo

o|Io|ol | w
o= oo N
o|Io|oo|o
(el Nenl ] Newl T
o|lo|olo

randomly select a set of edges, say, {x1y1,xoya, X3ya }:

.
Yr Y2 Yz Y4 Ys
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Dynamically generating applicable moves

e(u) = {x1y1, x1y1, X1y1, X1y2, X1Y2, X1Y4,
X2Y1, X2Y/5, X3Y4a, X3Ya, X4 Y2 }

o|Io|ol | w
o= oo N
o|Io|oo|o
(el Nenl ] Newl T
o|lo|olo

randomly select a set of edges, say, {x1y1,xoya, X3ya }:

T my xy w4 T
M .
Yr Y2 Yz Y4 Ys

. and replace them by edges

{xey1, x3y5, x1ya }
(same degree sequence)

.
Yv Y2 Yz Ya Ys

@ Random generation — all moves positive probability

@ Random 'graph walk’ completion — structure known

OO O N
(=1 el el V]
o|Ioc|oo o
ool —lol N
oo =olo

@ Mixing time considerations?
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clocsi i telly o il GegiEl:
Hypergraphs with fixed degree sequence are 'all’ you need

We have now translated the problem:
@ x can be viewed as a set e(x) of edges of Hyy, with multiplicities if
the model allows them.
e Sufficient statistics t(x) <> degree sequence of e(x)
® Fy(x) = all multisets of edges with degree sequence equal to t(x).
° .T:t(x): restricted fiber (sampling constraints, structural zeros) <«
bounded edge multiplicities

So... what do we know about sampling hypergraphs with fixed degree
sequence? Can we run MCMC on something other than the independence
model example?
@ Graphs with fixed degree sequence: rapid mixing for bounded degrees
with 2- and 3-swaps Erdos, Miklos, Greenbhill,...
@ Good algorithms for certain partitioned hypergraphs Czabarka et al.
@ Related: polytope of (simple) hypergraph degree sequences partially
understood — no efficient algorithm
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Mobile money network

(Sibel Kushimba, Harpieth Chaggar, Elizabeth Gross, and Gabriel Kunyu, Social
networks of mobile money in Kenya, Working Paper 2013-1, Institute for Money,
Technology, and Financial Inclusion, Irvine, CA.)
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(a) Histogram for sampling Longinf Walk
distribution of chi-square statistic, (b) Convergence of p-value estimate.

with indicated observed value.
Simulation results: 330, 000 steps
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Monks and fish

@ We dynamically generate data-dependent moves via hypergraphs
@ Simulations: p; model with edge-dependent reciprocation
(Implemented in R).

(c) Affinity network derived from
Sampson’s monastery data set
(Sampson '68). Observed chi-square
value: 404.7151.

p = 0.986.

(d) Chesapeake food web data set
derived from (Baird-Ulanowicz '89).
Observed chi-square value: 2049.403.
p = 0.03459.

Chi-square statistics for 1,000, 000 steps.
Exact test for networks: Dynamic Markov Bases 11 /11



APPENDIX

EXTRA CREDIT SLIDES
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Networks simulated from p; distribution

(e) Graph 1 (f) Graph 2 (g) Graph 3 (h) Graph 4

Four digraphs simulated from the p; distribution from (HL'81).
;
" :
(i) p-value: (j) p-value: (k) p-value:
0.284774 0.7185896 0.4673885
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A more complicated example

Define the parameter hypergraph for Holland-Leinhardt’'s 1981 model H,,:
o Vertex set: parameters «;, 3;, pi, p;.

@ Three types of hyperedges for (edge-dependent) p;:

o size-3 edges ;i\ i — j in network
o size-7 edges ;B BipipjAij i > j in network
o singleton edges \j; (7,/) non-edge in network

— Dynamic generation algorithm uses balanced (hyper)edge sets

— Output: either applicable Graver move, or an applicable combination
of Graver moves (which themselves need not be applicable)

— Added weights for 3 types of moves (more efficient MCMC?)
— Mixing time computation depends on probability transition matrix

— With “good” weights, seems to be working well.
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Sampson’s monastery study

(Samuel F. Sampson, A novitiate in a period of
change: An experimental and case study of
relationships, Ph.D. thesis, Department of Sociology,
Cornell_University, 1968.)

200

150000
I

Frequency
100000
L

50000
I

—
r T T T T T 1
400 450 500 550 600 650 700

0000 2005 w05 oS Bexds

Goodness of Fit Statistic

(n) p-value estimates.
(m) Histogram of chi-square values
from the simulation.

Figure: Results of simulation with 1 million steps for Sampson’s monastery data
from time period T4.
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Mixing time? Fiber exploration?

@ A small synthetic network (Ogawa-Hara-Takemura '13)
o Fiber discovered before 15,000 steps (591 graphs)
@ Sampling almost uniformly (Ev;0.1703418 at 50,000 steps)

g
%
1 2 3 2
5 s
4 6 £
2 _ ]
T T T T T T 1
7 8 0 50 100 150 200 250 300
Frequency of graph in walk
Figure: The graph Figure: Histogram from sampling
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o i pegesis
Generating the moves from Hy

@ Starting point: observed network <+ set of edges on the parameter

hypergraph Hxy

@ Next step: another set of edges on Hxq with same degree sequence
<> another network in the fiber.

Note: the new edge set is generated randomly in a way that guarantees all
possible moves with positive probability (structure known).

1 X2
*<—=0

*—0
T3 X4

Qg Q3

B Pa

(arXiv:1401.4896

Sl

as

Be

Simple illustration:

Ty T2 Ts5 Ty T2 Ts
[ ] >< 0<—: :1
I *o—>

T3 T4 T T3 T4 T
Q2 Q3 Qs Q2 Qa3 Qs

[ -
B Ba Bs Bi Bs Bs
Exact test for networks: Dynamic Markov Bases

6 / extra



Parameter hypergraphs for data-dependent moves

o Defined for any log-linear model M. [P.-Stasi '13]
@ Vertex set: model parameters

@ Hyperedges: squarefree monomials in model parameterization

one edge in H

!

one joint state of r.v.’s

!

one cell in contingency table

E.g.: Haq for no 3-way interaction

Hq encodes parameter interactions in M:
Prob(Y1 = i1, ceey Y, = i,) X 9]1 s -(9J'k
= (f1,...,i)-cell is represented by the edge 0, ---0,.
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MCMC Needed for exact conditional tests

Metropolis-Hastings algorithm

Algorithm for testing:

@ Define GoF statistic: distance(observed x, expected X)
For example, Pearson’s chi-square statistic will do:

X,J X,J (k 2
ZZ . )

i<j k=1 U

@ Declare poor fit if GoF greater than a deterministic threshold
(asymptotic approximations; fails in sparse cases Hutchinson '79,
Haberman '88).

@ Exact conditional test:
Compute ay = [{x’ € Fyx): GoF(x') > GoF(x)}| /| |Fyx)l

@ oy statistically large = the model fits well
(X is closer to observed x than most points in Fy(y))

v
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Running example: p; model - History

@ The likelihood function for the p; model is of exponential family form

o E.g. constant reciprocation version:

log p1(x) o0 x40 + Y xip i + > xiBj+ D xXip
i J i

o (Edge-dependent reciprocation: p; = pjp; instead of p;; = p.)
@ Holland-Leinhardt explored goodness of fit of model empirically.

o They compared p; =0 vs. p; = p.

o The problem is that standard asymptotics (normality and chi-sqare
tests of fit) are not applicable

e The number of parameters increases with the number of nodes.

o How to test p; = p against a more complex model?
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SRS ME3S (VPEiFEry Sl el
More details on the construction G

Fact:

Markov bases of many popular statistical models for networks are exactly
algebraic generating sets for edge relations on hypergraphs.

ZlJ_I_Z2 111.3 T4 T &y Iz I3 T4 I Ty T2 T3 Xg4 Ts
3[2[0]1]0 AN W

ool L, |

0/0/0[2[0 ;‘?;;‘4%»\‘.\

0/1/0[0]0 PN

0j0jojojo 2 z 4 Ys Y1 Y2 lls Ya Ys Y2 yi Ya s

Independence model example: Prob(i,j) o xjy;
Upshot

Connection between log-linear models, contingency table representation,
hypergraph representation motivates the use of powerful combinatorial
hypergraph sampling algorithms in statistics.
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