
Random graphs and networks:
estimation and modeling challenges

(Exact test for network data)

Sonja Petrović
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Random graphs Why search for a ‘good’ model?

Question: How to perform (statistically satisfying) goodness-of-fit tests?

ERGMs: testing fit usually via model diagnostics
- clustering coefficient, triangle count, or another characteristic
- comparison between observed and simulated data.

Motivation:

Why search for a well-fitting statistical model for observed social network?

Understand the uncertainty associated with observed outcomes.

Infer if substructures more commonly observed than by chance.

Simulation.

Assessment of local effects (reciprocation, attractiveness, etc.)

Goal of this talk: methodology

Explain an exact testing approach based on dynamic, data-dependent
Markov bases, constructed from parameter hypergraph.

Statistical models for networks:

Classes of probability distributions for graphs
(modeling the random occurrence of edges).

Form and properties dictated by the goals of the analysis at hand.
Model → determine probability of any network topology,
estimate the model parameters that best fit given data.

Why search for a well-fitting statistical model of an observed social network?

Understand the uncertainty associated with observed outcomes.

Inferences about whether network substructures are more commonly
observed than by chance.

Simulation.

Assessment of local effects (reciprocation, attractiveness, desire to
expand, etc).
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ERGMs A well-known family of statistical models

Exponential Random Graph (ERG) Models

Specify a set of informative network statistics on Gn
(capture key features of the network)

t : Gn → Rd , x 7→ t(x) = (t1(x), . . . , td(x)) ∈ Rd ,

such that the probability of observing x is a function of t(x) only.

Standard examples:

the number of edges E (x) (Erdös-Renyi model);

4

number of triangles T (x);

Figure 1 shows the sufficient statistics in a 2-D scatter plot whose x-axis
is the number of edges in the graph and whose y-axis is the number of
triangles. And in this figure, we use the color to indicate the number of
graphs corresponding to each pair of sufficient statistics. The darker the
color is, the larger the number is. From this figure, we can see the sufficent
statistics are far from the upper boundary of the convex hull, but we can
image as the number of the node increases, the upper boundary will approach
the data points and the area will become thiner.

What kind of graphs are in the boundary? First,the upper boundary
should consist of the complete graph (the right-most point), the empty graph
(the left-most point) and something between. Something between means the
compositions of the complete graph and the empty graph, for example,

3

the number of k-stars;

Figure 1 shows the sufficient statistics in a 2-D scatter plot whose x-axis
is the number of edges in the graph and whose y-axis is the number of
triangles. And in this figure, we use the color to indicate the number of
graphs corresponding to each pair of sufficient statistics. The darker the
color is, the larger the number is. From this figure, we can see the sufficent
statistics are far from the upper boundary of the convex hull, but we can
image as the number of the node increases, the upper boundary will approach
the data points and the area will become thiner.

What kind of graphs are in the boundary? First,the upper boundary
should consist of the complete graph (the right-most point), the empty graph
(the left-most point) and something between. Something between means the
compositions of the complete graph and the empty graph, for example,

3

More elaborate examples (number of statistics grows with n)
the degree sequence: β-model [RPF 2011; Chatterjee-Diaconis 2011]
in- and out-degrees (directed): p1 model [Holland-Leinhardt 1981]
T (x) and k-stars: Markov graph model [Frank-Strauss 1986]
(log-linear models over a set of edges)
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Network modeling (random graphs)
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Figure 2.1: Network derived from “whom do you like” sociometric relations collected by
Sampson.

shortly after these events. About a year after leaving the monastery, Sampson surveyed
all of the novices, and asked them to rank the other novices in terms of four sociometric
relations: like/dislike, esteem, personal influence, and alignment with the monastic credo,
retrospectively, at four di↵erent epochs spanning his stay at the monastery.

The presence of a well defined social structure within the monastery (the factions) that
can be inferred from responses to the survey, as well as the social dynamics of subtle ideo-
logical conflicts that led to the dissolution of the monastic order, have much intrigued both
statisticians and social scientists for the past four decades. Researchers typically consider
the faction labels assigned by Sampson to the novices as the anthropological ground truth
in their analysis. For example analyses, we refer to [103; 137; 81; 9].

2.2.2 The Enron Email Corpus

The Enron email corpus has been widely studied in recent machine learning network litera-
ture. Enron Corporation was an energy and trading company specializing in the marketing of
electricity and gas. In 2000 it was the seventh largest company in the United States with re-
ported revenues of over $100 billion. On December 2, 2001, Enron filed for bankruptcy. The
sudden collapse cast suspicions over its management and prompted federal investigations.
Thirty-four Enron o�cials were prosecuted and top Enron executives and associates were
subsequently found to be guilty of accounting fraud. During the investigation, the courts
subpoenaed extensive email logs from most of Enron’s employees, and the Federal Energy
Regulatory Commission (FERC) published the database online.5 Subsequently, researchers

5http://www.ferc.gov/industries/electric/indus-act/wec/enron/info-release.asp

12

← Sampson’s monk data
Holland-Leindhardt’s p1 model:

random digraphs

dyads are independent

log-linear family (ERGM)

algebra/geometry understood

→ Goal: understand model structure, and how to test fit. ←

Comments: Of course we can study more complex models, or add other
information to this model.
However, as a first step, we’d like to be able to at least answer the first
basic question: how to compute the p-value for network data under this
model?
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Network modeling (random graphs)

→ Enter social scientist. ←
”How do I test, say, the p1 model on the following network?”

Mobile money
transfers between
members of an
extended family

← Kushimba, Chaggar, Gross, Kunyu 2013

an accessible software: UCINET

contains some routines for fitting p1 model
(assumes constant reciprocation effect)

Bad news: it returns a goodness-of-fit value
but ”probabilities are not printed because the
theoretical distribution governing these values
has not yet been established.”

Also, what about:

NYT: Shinzo Abe’s Bid to Shake Up Corporate Japan

Brain network data [independence / p1 test needed]

Significant challenges for statistical inference on networks:
Goodness-of-fit testing: heuristic, using model diagnostics

(e.g. clustering coefficient, triangle count, etc.)
Hunter-Goodreau-Handcock’08, Goldenberg et al.’09.

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 4 / 11
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Motivating problem from the point of view of network modeling

Random walks for model validation

Problem: Does a particular log-linear model fit an observed network x?
[Use natural representation of a network as a contingency table.]

Motivating example: the p1 model (Holland-Leinhardt ’81): More

Random digraph model:
ERGM with sufficient statistics = in-degree of every vertex, out-degree of
every vertex, and number of reciprocated edges.

Exact conditional test More

Observed x is compared to a fiber Ft(x):
set of all possible x ′ with t(x ′) = t(x).

↑ Calculate a goodness-of-fit statistic for each x ′ (e.g. chi-square statistic).

→ Challenge: Need a Markov basis, set of moves that connect Ft(x). ←
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Critical task: compute the incomputable

Two computational challenges: large bases, huge fibers

1 Computing the Markov basis

Pre-computing all moves (Diaconis-Sturmfels ’98)
Structural results for many families (many, many authors...)
Sampling constraints, structural zeros → Graver (Hara-Takemura ’10)

2 Applicability of moves

Data independent Dobra-Fienberg-Rinaldo-Slavković-Zhu;
Aoki-Hara-Takemura’12
Dobra ’10: suggests generating only (applicable) moves, one at a time.

→ applies to tables with fixed marginals.
Ogawa-Hara-Takemura ’12: generate a random element of a Graver
basis for the beta model. → undirected version of p1.

Example from p1 fiber walk

An example of a
(necessary, Graver)
move:

x1 x2 x3

x4
x5 x6

x7
x8 x9

x10 x11 x12

x1 x2 x3

x4
x5 x6

x7
x8 x9

x10 x11 x12

1
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From models to hypergraphs

Parameter hypergraph [Log-linear, 0/1 design matrix]

The parameter hypergraph HM of a model M:

Vertex set: model parameters

Hyperedges: squarefree monomials in model parameterization

contingency table cell labels ↔ edges in HM

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 yj yb

x1 x2 xi xa

Prob(Z1 = i, Z2 = j)

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

1

Simple example:
HM for independence model Z1⊥⊥Z2:

Prob(Z1 = i ,Z2 = j) ∝ xiyj

HM encodes parameter interactions in M:

Prob(Y1 = i1, . . . ,Yr = ir ) ∝ θj1 · · · θjk
=⇒ (i1, . . . , ir )-cell is represented by the edge θj1 · · · θjk .
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From tables to hypergraphs

Dynamically generating applicable moves

the independence model Z1??Z2. However, only one of those is applicable: namely

�1 1 0 0 0
1 �1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

,

or, written in terms of the parameter hypergraph, W = (B, R) where B = {x1y2, x2y1} and
R = {x1y1, x2y2}. This move replaces the entries (1, 1) and (2, 2) by 0, and entries (1, 2) and
(2, 1) by 1. Any other move will produce negative entries in the table and thus move outside
the fiber. A more interesting example can be similarly constructed on a k-way table that is
either sparse or has many non-zero entries but FS=s allows only 0/1 entries.

Next, suppose the observed table is

u =

3 2 0 1 0
1 0 0 0 1
0 0 0 2 0
0 1 0 0 0
0 0 0 0 0

.

The table u is represented by the multiset of edges

e(u) = {x1y1, x1y1, x1y1, x1y2, x1y2, x1x4, x2y1, x2y5, x3y4, x3y4, x4y2}
from the independence model (hyper)graph illustrated in Figure 2a. Denote the bipartite
(hyper)graph in Figure 2a as G. It is known that any Markov move for the independence
model corresponds to a collection of closed even walks on G, and any Graver move corresponds
to a primitive closed even walk on G. For a detailed account of the correspondence between
primitive balanced edge sets of G and primitive closed even walks see [Vil00]. Due to this
correspondence, a natural procedure for performing Step 4 in Algorithm 1 is to randomly
select a set of edges from e(u), say, R = {x1y1, x2y5, x3y4}, and then complete a closed even
walk on R, so that the new edges form B = {x2y1, x3y5, x1y4}. Notice R and B have the same
degree vector and (R, B) is applicable to u. This move is depicted in Figure 3. The first figure
is the parameter hypergraph. The second represents the observed table e(u), with edges in R
highlighted. The third is the edge set e(v) with B highlighted. The resulting table is

v =

2 2 0 2 0
2 0 0 0 0
0 0 0 1 1
0 1 0 0 0
0 0 0 0 0

.

3. Application to the p1-model

In a seminal 1981 paper [HL81], Holland and Leinhardt described what they referred to as
the p1 model for describing dyadic relational data in a social network summarized in the form

11

e(u) = {x1y1, x1y1, x1y1, x1y2, x1y2, x1y4,
x2y1, x2y5, x3y4, x3y4, x4y2}

randomly select a set of edges, say, {x1y1, x2y4, x3y4}:

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 yj yb

x1 x2 xi xa

Prob(Z1 = i, Z2 = j)

y1 y2 yj yb

x1 x2 xi xa

Prob(Z1 = i, Z2 = j)

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5
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Random generation – all moves positive probability

Random ’graph walk’ completion – structure known

Mixing time considerations?

the independence model Z1??Z2. However, only one of those is applicable: namely

�1 1 0 0 0
1 �1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

,

or, written in terms of the parameter hypergraph, W = (B, R) where B = {x1y2, x2y1} and
R = {x1y1, x2y2}. This move replaces the entries (1, 1) and (2, 2) by 0, and entries (1, 2) and
(2, 1) by 1. Any other move will produce negative entries in the table and thus move outside
the fiber. A more interesting example can be similarly constructed on a k-way table that is
either sparse or has many non-zero entries but FS=s allows only 0/1 entries.

Next, suppose the observed table is

u =

3 2 0 1 0
1 0 0 0 1
0 0 0 2 0
0 1 0 0 0
0 0 0 0 0

.

The table u is represented by the multiset of edges

e(u) = {x1y1, x1y1, x1y1, x1y2, x1y2, x1x4, x2y1, x2y5, x3y4, x3y4, x4y2}
from the independence model (hyper)graph illustrated in Figure 2a. Denote the bipartite
(hyper)graph in Figure 2a as G. It is known that any Markov move for the independence
model corresponds to a collection of closed even walks on G, and any Graver move corresponds
to a primitive closed even walk on G. For a detailed account of the correspondence between
primitive balanced edge sets of G and primitive closed even walks see [Vil00]. Due to this
correspondence, a natural procedure for performing Step 4 in Algorithm 1 is to randomly
select a set of edges from e(u), say, R = {x1y1, x2y5, x3y4}, and then complete a closed even
walk on R, so that the new edges form B = {x2y1, x3y5, x1y4}. Notice R and B have the same
degree vector and (R, B) is applicable to u. This move is depicted in Figure 3. The first figure
is the parameter hypergraph. The second represents the observed table e(u), with edges in R
highlighted. The third is the edge set e(v) with B highlighted. The resulting table is

v =

2 2 0 2 0
2 0 0 0 0
0 0 0 1 1
0 1 0 0 0
0 0 0 0 0

.

3. Application to the p1-model

In a seminal 1981 paper [HL81], Holland and Leinhardt described what they referred to as
the p1 model for describing dyadic relational data in a social network summarized in the form
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We need a methodology that doesn’t rely on table marginals

Hypergraphs with fixed degree sequence are ’all’ you need

We have now translated the problem:

x can be viewed as a set e(x) of edges of HM, with multiplicities if
the model allows them. More complicated: parameter hypergraph

Sufficient statistics t(x) ↔ degree sequence of e(x)

Ft(x) = all multisets of edges with degree sequence equal to t(x).

F t(x): restricted fiber (sampling constraints, structural zeros) ↔
bounded edge multiplicities

So... what do we know about sampling hypergraphs with fixed degree
sequence? Can we run MCMC on something other than the independence
model example?

Graphs with fixed degree sequence: rapid mixing for bounded degrees
with 2- and 3-swaps Erdos, Miklos, Greenhill,...

Good algorithms for certain partitioned hypergraphs Czabarka et al.

Related: polytope of (simple) hypergraph degree sequences partially
understood → no efficient algorithm

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 9 / 11



So...let’s compute the incomputable! Social science application

Mobile money network

(Sibel Kushimba, Harpieth Chaggar, Elizabeth Gross, and Gabriel Kunyu, Social
networks of mobile money in Kenya, Working Paper 2013-1, Institute for Money,
Technology, and Financial Inclusion, Irvine, CA.)

MOBILE MONEY NETWORK 1

300K steps (after 30K burn-in steps)
Goodness of Fit Statistic
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(a) Histogram for sampling
distribution of chi-square statistic,
with indicated observed value.
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(b) Convergence of p-value estimate.

Simulation results: 330, 000 steps

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 10 / 11



So...let’s compute the incomputable! Social science application

Monks and fish Jump to p1 simulation results Jump to Sampson

We dynamically generate data-dependent moves via hypergraphs

Simulations: p1 model with edge-dependent reciprocation
(Implemented in R).

Sampson's Monastery Study

950K steps (after 50K burn−in steps)
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(c) Affinity network derived from
Sampson’s monastery data set
(Sampson ’68). Observed chi-square
value: 404.7151.

p = 0.986.

Chesapeake Bay

950K steps (after 50K burn−in steps)
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(d) Chesapeake food web data set
derived from (Baird-Ulanowicz ’89).
Observed chi-square value: 2049.403.

p = 0.03459.

Chi-square statistics for 1, 000, 000 steps.
(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 11 / 11



So...let’s compute the incomputable! Social science application

APPENDIX

EXTRA CREDIT SLIDES

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 1 / extra



So...let’s compute the incomputable! Social science application

Networks simulated from p1 distribution Go to Sampson Monks+Fish
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(g) Graph 3
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(h) Graph 4

Four digraphs simulated from the p1 distribution from (HL’81).
H-L'81 DIGRAPH NUMBER 1

200K steps (after 20K burn-in steps)
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(i) p-value:
0.284774

H-L'81 DIGRAPH NUMBER 2

200K steps (after 20K burn-in steps)
Goodness of Fit Statistic
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H-L'81 DIGRAPH NUMBER 3

200K steps (after 20K burn-in steps)
Goodness of Fit Statistic
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H-L'81 DIGRAPH NUMBER 4

200K steps (after 20K burn-in steps)
Goodness of Fit Statistic
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(l) p-value:
0.7432897

Histograms of χ2 statistics: 220, 000 steps.

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 2 / extra



So...let’s compute the incomputable! Social science application

A more complicated example Go back

Define the parameter hypergraph for Holland-Leinhardt’s 1981 model Hp1 :

Vertex set: parameters αi , βi , ρi , ρj .

Three types of hyperedges for (edge-dependent) p1:

size-3 edges αiβjλij

size-7 edges αiβjαjβiρiρjλij

singleton edges λij

i → j in network

i ↔ j in network

(i , j) non-edge in network

→ Dynamic generation algorithm uses balanced (hyper)edge sets

→ Output: either applicable Graver move, or an applicable combination
of Graver moves (which themselves need not be applicable)

→ Added weights for 3 types of moves (more efficient MCMC?)

→ Mixing time computation depends on probability transition matrix

→ With “good” weights, seems to be working well.

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 3 / extra



So...let’s compute the incomputable! Social science application

Sampson’s monastery study

(Samuel F. Sampson, A novitiate in a period of
change: An experimental and case study of
relationships, Ph.D. thesis, Department of Sociology,
Cornell University, 1968.)

Ambrose_9

Victor_8

Greg_2

Mark_7 Albert_16

John_1

Basil_3

Elias_17

Armand_13

Simp_18

Bonaven_5
Peter_4

Romul_10

Louis_11

Berth_6

Hugh_14

Winf_12

Boni_15

Figure 2.1: Network derived from “whom do you like” sociometric relations collected by
Sampson.

shortly after these events. About a year after leaving the monastery, Sampson surveyed
all of the novices, and asked them to rank the other novices in terms of four sociometric
relations: like/dislike, esteem, personal influence, and alignment with the monastic credo,
retrospectively, at four di↵erent epochs spanning his stay at the monastery.

The presence of a well defined social structure within the monastery (the factions) that
can be inferred from responses to the survey, as well as the social dynamics of subtle ideo-
logical conflicts that led to the dissolution of the monastic order, have much intrigued both
statisticians and social scientists for the past four decades. Researchers typically consider
the faction labels assigned by Sampson to the novices as the anthropological ground truth
in their analysis. For example analyses, we refer to [103; 137; 81; 9].

2.2.2 The Enron Email Corpus

The Enron email corpus has been widely studied in recent machine learning network litera-
ture. Enron Corporation was an energy and trading company specializing in the marketing of
electricity and gas. In 2000 it was the seventh largest company in the United States with re-
ported revenues of over $100 billion. On December 2, 2001, Enron filed for bankruptcy. The
sudden collapse cast suspicions over its management and prompted federal investigations.
Thirty-four Enron o�cials were prosecuted and top Enron executives and associates were
subsequently found to be guilty of accounting fraud. During the investigation, the courts
subpoenaed extensive email logs from most of Enron’s employees, and the Federal Energy
Regulatory Commission (FERC) published the database online.5 Subsequently, researchers

5http://www.ferc.gov/industries/electric/indus-act/wec/enron/info-release.asp
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Sampson's Monastery Study

950K steps (after 50K burn−in steps)
Goodness of Fit Statistic

Fr
eq

ue
nc

y

400 450 500 550 600 650 700

0
50

00
0

10
00

00
15

00
00

20
00

00

(m) Histogram of chi-square values
from the simulation.
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Large steps in the fiber ... better mixing time??

Mixing time? Fiber exploration?

A small synthetic network (Ogawa-Hara-Takemura ’13)
Fiber discovered before 15,000 steps (591 graphs)
Sampling almost uniformly (tv=0.1703418 at 50, 000 steps)

the common degree sequence. In each iteration, a primitive walk is randomly generated
by Algorithm 2. If the primitive walk is applicable, a new sample graph with the same
degree sequence is obtained by adding the primitive walk, otherwise the primitive walk
is rejected. Note that Metropolis-Hastings algorithm does not require the uniformity of
the distribution of generated primitive walks. As long as there is a positive probability of
generating every element of the Graver basis, the Metropolis-Hastings algorithm realizes
uniform sampling of graphs with the common degree sequence.

5 Numerical experiments

In this section we present numerical experiments with elements of the Graver basis com-
puted by Algorithm 2 in Section 4. The implementation of Metropolis-Hastings algo-
rithm with Algorithm 2 is done by Java 1.6.0 on Windows OS with Intel(R) Core(TM)
i7-2829QM CPU@2.30GHz.

5.1 A simulation with a small graph

We run a Markov chain over the fiber containing a small graph H0 in Figure 13. The
underlying graph G = K8 is assumed to be complete with eight vertices. By the Markov
chain we sampled 510,000 graphs in the fiber, including 10,000 burn-in steps. The number
of types of obtained graphs in our chain is 591. By enumeration we checked that 591 is
actually the number of the elements of the fiber of H0. The histogram of this experiment is
shown in Figure 14. The horizontal axis expresses the frequency of each type of graph and
the vertical axis expresses the number of types. The mean of the number of appearances
of each type is 829 and the standard deviation is 179. This experiment shows that the
algorithm samples each element of the fiber almost uniformly.
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Figure 13: Small graph H0.
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Figure 14: Histogram from sampling.

5.2 The beta model for the food web data

We apply Algorithm 2 for testing of the real data, the observed food web of 36 types of
organisms in the Chesapeake Bay during the summer. This data is available online at
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Figure: The graph
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Figure: Histogram from sampling
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Markov bases from hypergraphs

Generating the moves from HM

Starting point: observed network ↔ set of edges on the parameter
hypergraph HM
Next step: another set of edges on HM with same degree sequence
↔ another network in the fiber.

Note: the new edge set is generated randomly in a way that guarantees all
possible moves with positive probability (structure known).

Simple illustration:
x1 x2

x3 x4

x5

x6

x1 x2

x3 x4

x5

x6

x1 x2

x3 x4

x5

x6
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β1 β4 β6
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More on parameter hypergraph

Parameter hypergraphs for data-dependent moves

Defined for any log-linear model M. [P.-Stasi ’13]

Vertex set: model parameters

Hyperedges: squarefree monomials in model parameterization

E.g.: HM for no 3-way interaction

one edge in HM
l

one joint state of r.v.’s
l

one cell in contingency table

HM encodes parameter interactions in M:

Prob(Y1 = i1, . . . ,Yr = ir ) ∝ θj1 · · · θjk
=⇒ (i1, . . . , ir )-cell is represented by the edge θj1 · · · θjk .

(arXiv:1401.4896, 1206.1904, 1206.2512) Exact test for networks: Dynamic Markov Bases 7 / extra



MCMC Needed for exact conditional tests

Metropolis-Hastings algorithm Go back

Algorithm for testing:

Define GoF statistic: distance(observed x , expected x̂)
For example, Pearson’s chi-square statistic will do:

∑
i<j

4∑
k=1

(x̂ij(k)− xij(k))2

x̂ij(k)

Declare poor fit if GoF greater than a deterministic threshold
(asymptotic approximations; fails in sparse cases Hutchinson ’79,
Haberman ’88).

Exact conditional test:
Compute αx = |{x ′ ∈ Ft(x) : GoF (x ′) > GoF (x)}| / |Ft(x)|
αx statistically large =⇒ the model fits well

(x̂ is closer to observed x than most points in Ft(x))
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history of p1

Running example: p1 model - History Go back

The likelihood function for the p1 model is of exponential family form

E.g. constant reciprocation version:

log p1(x) ∝ x++θ +
∑
i

xi+αi +
∑
j

x+jβj +
∑
ij

xijxjiρ

(Edge-dependent reciprocation: ρij = ρiρj instead of ρij = ρ.)

Holland-Leinhardt explored goodness of fit of model empirically.

They compared ρij = 0 vs. ρij = ρ.

The problem is that standard asymptotics (normality and chi-sqare
tests of fit) are not applicable

The number of parameters increases with the number of nodes.

How to test ρij = ρ against a more complex model?
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Statistics to combinatorics via algebra: Statistics needs hypergraph sampling algorithms

More details on the construction Go back to the presentation

Fact:

Markov bases of many popular statistical models for networks are exactly
algebraic generating sets for edge relations on hypergraphs.

Z1 ⊥⊥Z2

the independence model Z1??Z2. However, only one of those is applicable: namely

�1 1 0 0 0
1 �1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

,

or, written in terms of the parameter hypergraph, W = (B, R) where B = {x1y2, x2y1} and
R = {x1y1, x2y2}. This move replaces the entries (1, 1) and (2, 2) by 0, and entries (1, 2) and
(2, 1) by 1. Any other move will produce negative entries in the table and thus move outside
the fiber. A more interesting example can be similarly constructed on a k-way table that is
either sparse or has many non-zero entries but FS=s allows only 0/1 entries.

Next, suppose the observed table is

u =

3 2 0 1 0
1 0 0 0 1
0 0 0 2 0
0 1 0 0 0
0 0 0 0 0

.

The table u is represented by the multiset of edges

e(u) = {x1y1, x1y1, x1y1, x1y2, x1y2, x1x4, x2y1, x2y5, x3y4, x3y4, x4y2}
from the independence model (hyper)graph illustrated in Figure 2a. Denote the bipartite
(hyper)graph in Figure 2a as G. It is known that any Markov move for the independence
model corresponds to a collection of closed even walks on G, and any Graver move corresponds
to a primitive closed even walk on G. For a detailed account of the correspondence between
primitive balanced edge sets of G and primitive closed even walks see [Vil00]. Due to this
correspondence, a natural procedure for performing Step 4 in Algorithm 1 is to randomly
select a set of edges from e(u), say, R = {x1y1, x2y5, x3y4}, and then complete a closed even
walk on R, so that the new edges form B = {x2y1, x3y5, x1y4}. Notice R and B have the same
degree vector and (R, B) is applicable to u. This move is depicted in Figure 3. The first figure
is the parameter hypergraph. The second represents the observed table e(u), with edges in R
highlighted. The third is the edge set e(v) with B highlighted. The resulting table is

v =

2 2 0 2 0
2 0 0 0 0
0 0 0 1 1
0 1 0 0 0
0 0 0 0 0

.

3. Application to the p1-model

In a seminal 1981 paper [HL81], Holland and Leinhardt described what they referred to as
the p1 model for describing dyadic relational data in a social network summarized in the form

11

→

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 yj yb

x1 x2 xi xa

Prob(Z1 = i, Z2 = j)

y1 y2 yj yb

x1 x2 xi xa

Prob(Z1 = i, Z2 = j)

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

y1 y2 y3 y4 y5

x1 x2 x3 x4 x5

1

Independence model example: Prob(i , j) ∝ xiyj

Upshot

Connection between log-linear models, contingency table representation,
hypergraph representation motivates the use of powerful combinatorial
hypergraph sampling algorithms in statistics.
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