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I. Examples, Counterexamples and short answer. (5 pts ea.) Do not give proofs, but
clearly indicate your proposed example or counterexample, or short answer where appropriate.

1. Give an example of a group homomorphism ¢ : Z — Z that is 1-1 but not onto.

Y(x\ =%

2. Let ¢ : Z — Zg be a group homomorphism. What are the possible sizes of the image of
the homomorphism? In other words, what could |¢(Z)| be?

\,2,2,0

3. Give an example of a group of order 81 that has no element of order 9.

ZB@ Zg C‘B Zg@ Zg

4. What are the Abelian groups of order 40 up to isomorphism?
L= 5 S Parjnbhdm of 82 3
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5. Give an example of the following, clearly labeling each with the appropriate letter:
(a) A ring R with no units;
(b) A ring R, and a unit a € R, where R has no zero-divisors;
(c) A ring R, a unit @ € R, and a zero-divisor d € R;
(d) A ring R, a unit a € R, a zero-divisor d € R, and a nonzero r € R that is neither a
unit nor a zero-divisor.

(&) AZ
(o> Z, 1=a

() Z,, 0=1,d4=2
(&) N2, 2)=375%] | aycdeZt

o= [19] d=[2g] r=[3%

6. Recall that an idempotent is an element z of a ring R such that 2 = z. Give an example
of a ring R and an idempotent z € R such that z is neither the unity or the zero (additive
identity).

From (CD} [ oo

7. Give an example of a field that is neither @, R, nor C.

ZS" '} —‘L}" ﬂf\DC\ g

8. Give an example of a ring with:
(a) Characteristic 0;
(b) Characteristic 2;
(c) Characteristic 4.

> (R ; Q " @
(b Z 1=
LCB ZH—
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IT. Constructions and Algorithms. (8,8,6,8 points resp.) Do not write proofs, but do
give clear, concise answers, including steps to algorithms where applicable.

9. Express the group (with data given here) as an internal direct product of cyclic subgroups
and as isomorphic to an external direct product of cyclic groups.

Multiplication modulo 105
Element 1 2 4 8] 11 13 16 17 19 22 23 26 29 31 32 34

Order 1] 12 6 4 12 6 4 6 2 6 2
<x> 1 2 11 13 17 19 22 26 29] 31 34
4 16| 64 79| 46| 64 45 1 16 1
8 71) 97 83 34 43 41 76
16 46 1 46 16 1 16 46
32 86 471 94 101 61
64 1 64 1 1 1
23 38
46 16
92 62
79 4
53 68
1 1

Element| 37| 38| 41| 43| 44| 46| 47| 52 53| 58] 59 61 62| 64 67| 68

Order| 12| 12 2 6 12 12 6 6 4
<x>| 37| 38| 41 44 52| 53 39 61 62
4] 79 1 46 790 79 16| 46| 64
43| 62 29 13| 92 104) 76| 83
16| 46 16 46| 46 46] 16 1
67| 68 74 82 23 89] 31
64] 64 1 64| 64 1 1
58| 17 73] 32
46] 16 16| 16
22] 83 97 8
79 4 4 4
88| 47 103 2
1 1 1 1

Element| 71| 73| 74| 76| 79| 82| 83 86| 88] =9 92| o9a] 97] 101] 103] 104

Order| 12 6 6
<x> 73 89 94
79 46 16
97 104 34
46 16 46
103 59 19
64 1 1
52
16
13
4
82

1

ko) =48, HE< at3
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10. Let ¢ : Dy — Zg be a group homomorphism from the dihedral group D, to the integers
mod 6 defined by ¢(Rg) = 0 and ¢(H) = 3. Draw the homomorphism diagram/figure
for ¢ as given in class (one circle for domain, one circle for range, arrows and labels, etc.)
being sure to: e
(a) Label the domain and im@ge, and all elements thereof;

(b) Draw the partition of the domain into cosets of the kernel;

(c) Draw an arrow (or arrows) indicating the image of each element under ¢; and

(d) Draw the partition of the range into the image ¢(D,) and its possibly nonempty
complement. w

//
TR e
Rqp =

& L@(DQB
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2

11. Construct the multiplication table for the ring R = {0, 3,6,9,12} under addition and
multiplication modulo 15. Clearly identify the unity (if present) and each unit along with

its multiplicative inverse (if present). L T
Untiyy & (o
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12. The lattice of ideals of a ring R is drawn like a subgroup diagram of a group. Every ideal
I of R is drawn as a point in the lattice, and two ideals I and J of R are connected by a
line provided I C J and there is no ideal K with f ¢ K C J.

(a) Draw the lattice of ideals for Zs.
(b) Circle the ideals that are prime.
(¢) Put a square around the ideals that are mazimal

A
& &

{97 L6V
e S
457
III. Proofs. (10 pts ea.) Part of the score, including partial credit, is determined by

careful formatting of the proof (forward and reverse directions, assumptions, conclusions, stating
whether you are proving by direct proof, contrapositive, contradiction, induction, etc.).

13. Let C* be the group of nonzero complex numbers under multiplication, and let R* be the
positive reals under multiplication. Define the complex unit circle U := {z € C||z| = 1}.
Prove that C*/R* ~ U. (This is a group theory question. You may assume that |zy| =
|z||y|, where |a + bi] = va? + b%. Name or describe any theorems from the book you wish
to use without proof.)

Defint @2 €=U by €)= 27
e x=a+bl 20 =D G406 oA bto = latbl | > O .

x | - atbt | _ f—T _
&l TSl s Ve e s L

v & \f\omtmm\P\\Lsm e

L_gj' p &= Q+\oL Y C+(J Pw\(}\. thz @C“bd)*(ﬁu\+bc>i:
X %\ - ’%' = X% (-\3‘“33 C‘tSSLuvxpT')Fw\ &buwﬁ

vy | Wl ly |
- X _ [ _
= X (£ (x) el

Dot Let a4bi € U, Then @ +bil=1.
L“C”L’ D= et o s et

&-{- l)—

%@@&%ﬂ* = ()= Tasbi | B -y 00§ = dol

Bur 15t Toom. Thm. ‘) C/JQD/\LQ (L/D+q, U=%
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14. Consider Q as a ring under the usual addition and multiplication. Prove or disprove that
S ={m/n € Q|m,n € Z,and n odd} is a subring of Q.

5 mor\Qm@W: O:Q' c S sme O)\€Z, | 600,

A
Subbbechon ; pot My Mz o Q)
AR M3
M M- _ MmNz _ My, - M
._.—Y\T ﬂ - ' n\n?_. ﬂ\ﬂl ﬂ\ \(\_?..—

U\B\\\J\Q W\‘ﬂq__'“ml\ﬂ\ GZ bl,& CLD&L‘—\J\Q) CUV\-?S\ 50 }S
ARRAPEP Qe Ny ;N7 cdd = N~ Ddd

nm\ﬁ(j\ic&ﬁ&v\: Lot M me oS, My My MMy

—

Ny ) Mg N, ‘nz_ l/\\\ﬂ'z,

\/\S\J\&J\Q/ W\lml) n‘\nl & Z \0-1& CLOSLL}\Q/ O“\’\-é\
Ny e D(‘)\CB =% N, = Odd, ‘
By Subewy ek, S i & Subavg of G I

15. Let R be a commutative ring, let @ € R be a zero-divisor of R, and let n be a positive
integer. Prove that a” is either zero or a zero-divisor.

DYBCNQ [__g_% oeclR e a %ef\b~(Jl\'o§SQ-’k:
Taw F3LeR~10: wth av =0.
Let nc 27,

Caed " =0. Done \MO"\C&\LKQ.
Cale D an:bo-
n-\ l'\~l_ _ D
0" = o mlo\ = 5 PR
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