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Math 430 Exam 2, Fall 2008

These theorems may be cited at any time during the test by stating “By Theorem ...

something similar.

Theorem U: Structure of U(n).
The groups U(n) have the following structure. U(2) = {0}. U(4) = Zs.

U(2n) ~ Zz o] 2211—2, fOl' n 2 3,
Lpn _pn-1, for p an odd prime.

=
3
2

Theorem I1: Criterion 1 for Isomorphism
HeGrKeGit H=x K.

Theorem 12: Criterion 2 for Isomorphism
If there exists a permutation o € S, such that H; = K, for all 4, then H; @ Hy & - - -
Ki® Ky & - @ K,. (The reverse is not true!)

& H,

b

or

2
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I. Examples, Counterexamples and short answer. (5 pts ea.) Do not give proofs, but
clearly indicate your proposed example or counterexample, or short answer where appropriate.

1. Find a pair of permutations in S3 that commute. Find a pair of permutations in S3 that
do not commute. Clearly distinguish which pair is which.

((&3’)}( 133D (1), (33)

Lot i don't Gommunte

2. How many different groups of each of the following orders are there up to isomorphism?
3: ( By |
2 \ 4; 2 G: ok

3. Assume the following facts:
e K <H
H<G
There are 6 left cosets of K in H.
There are 4 left cosets of H in G.

How many left cosets of K are there in G7 IQ Yy )
(G\= 4 (H]
[H{ =G (i

“" \CJ‘—_:Q\‘-P”CI

4. How many elements of order 2 are there in Dg @ D,?
foms 1@y (e 5%, IXl=X Hondon B elte mOe= 4
) (%, e) | =2 #andon 2 els in Dy = 5

©) @X}ub\ e IB\

Q 1o
“l % 50
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5. What is the largest n such that the group of permutations .S,, does not have a permutation
of order 127 (Le., what is max{n € Z*| Aa € S,, |a| = 12}7)

n=G. ( longoat ondin s 4

6. Give two infinite groups not isomorphic to Z. &) ; @‘f/
§ -
andiat  Undan ¥

7. Find a group G, a subgroup H of GG, and an element a € G such that aH # Ha. (You can

name the group without listing all of its elements, but the element a must be explicitly
named or described-}

e o

Rcio H = %QQD)H 2)( H QLZD: EQ‘?DJ\/ }

horzontal cefhecion ) net +Hhe Su&qﬁvup f—\

8. Find values m,n € Z* such that Z,, @ Z, is cyclic. Find values m,n € Z* such that
Zm ® Zy, is not cyclic. (Clearly identify which is which!)

m=a =3 m=2, n=2

C-L_éckl-c— viedt %L\T .
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IT. Constructions and Algorithms. (10 pts ea.) Do not write proofs, but do give clear,
concise answers, including steps to algorithms where applicable.

9. For this question, the group G has Cayley Table as given.

3 (a) Compute the left cosets of {e,[} in G. Try to minimize the number of computations.
2 (b) Compute the right cosets of {e,l} in G.

2 (c) Give a reason why you get the answers in (a) and (b).

7 (d) What are the left cosets of {e,i,{,m}?

Gle i J k ! m |n 0
¢ || € ¢ J k l m | n 0
(K l k n m e 0 g
J 7 0 l i n k e m
k|| & J m l 0 n i e
L1 m |n 0 e i j L
mjypm_ |€ 0 J ? l k n
nn k e m 4 0 i i
oo n i e k g m |1

() el 17,0595 ,n5
L %a QE = EE) m-—% ‘@%E,Q} = EJ}Z)O%

(b) e} el =13,0%
3o 051= &,m3 Tetl: 54,0

(&) Te, %= Z(G)
) zd)L)Q)miﬁJ%Ssj@)ﬂ,fﬁ
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10. Refer to the Cayley table of Question 9 for this question. Compute the orders of the
elements k£ and [ in G in the following manner:

(i) Find the permutation defined in the proof of Cayley’s Theorem corresponding to the
element,

(ii) Find the cycle form of the permutation, and then

(iii) Compute the order of the permutation.

(Recall that Cayley’s Theorem states that every group is isomorphic to a group of permu-

tations.)
«C&th n e W)= 2 = \ i : U\ =
) ke [%ﬂg mQon t e] b}_(eJLQo\(ijﬁ ORIZICR) @

U\ 0 &> ¢ L' .U\W\ 0 ] Q‘) (6Q> LM\L)V‘\ JZOB (u un(&éﬁ,ﬁ\ @

er\, Be L

11. Determine whether U(176) @ Zj is isomorphic to U(140) & Zs. Give a justification for
each step. If any of the theorems on the cover apply you could just cite them.

WD LU U w140y x W ® uHEU cince. UlsD=UOUE)
Lolim %Ccl(_c)L) ).
QU s Ze@ 2,02y uwo) x L, 0By @7, by Thn U
LNy 7,22 & 7,673  ullio)x 202,020 by w1
w(17Dr 232,® 2.0Ls  Siow L7001 ond ZOL% 7
ok Thw T

Nwahre WD = U(110)S2s
© 7
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III. Proofs. (10 pts ea.) Part of the score is determined by careful formatting of the proof
(forward and reverse directions, assumptions, conclusions, stating whether the proof is direct,
contrapositive, contradiction, induction, etc.). Partial credit will be awarded for this as well.

12. Let 3 be some fixed odd permutation in S,,. Prove that every odd permutation in S,, can
be written as the product of J and some even permutation. (If you make an assumption
along the way, clearly state it.)

(Direch

L—’lft A6 5 b dn es P.QJ\VVLU\_TCEHDV\.
Sin e @ s oééj se (S ]BH (ota ¢ st of /—‘rn 5

ad= B(R'WY, whew By s even as
+How ?m(‘L\x(‘:‘ owﬂ Q. odo (QQJ\mbcl—aﬁDm.Q
T hre vﬁw\c Oy 20 o € S Can ‘e wocitlem e

+he ()(DC’K\PCjV OF QQN\O\ SSOVYNL o N \pQr\(\quf“ofHDVl- D

13. Let G be a group of order 49. Prove that either G is cyclic, or g = e for all elements
gedq.

D‘rQC{"> o
L@V; La%\@y%e‘s Thasuan | iy oleand aels seNsfreQ l%\\rel ,
(since (gl= l<g7\ oond 29> ¢ G D
The STOSEAS of 161 o l}i} ,HA,
Cose A S e dg_\rxf\QJ\J\T. | 1 o
.’\' hen & 1S Cuéc\t'galh,d WM‘QQ\ bés A ¢ e lewy .
Cewe > G has only  prdin T avd 1 elewendT
[t %(EG (4) = 1 =2 Cg:@-
l%l: ) ﬁj ﬂq-: 7 - e

ﬂw&'&.vw aftthen 6 s c,\%c\ic SO —e Al elewandT geé
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Prove ONE out of 14-15. Clearly indicate which proof you want graded.

14. Suppose that G is a finite Abelian group that has at least 3 elements of order 3. Prove
that 9 divides |G].

15. The ezponent of a group is the smallest positive integer n such that z" = e for all z in the

group. Prove that every finite group has an exponent that divides the order of the group.
(Le., that min{n € Z* |Vz € G, 2™ = e} divides |G|.)

4. (Direct).
] LéT [Xéé hQU_Q)\_ {brds-ﬂ/\ 2 Thon <o CLQJ.QD C’\ajflﬂd CH"CLQ.
let b el  he o +hicd LicHad ocdin R dlewan of & .
m,‘\_’_f’fiﬁmp*“@ H= Fa'k | 0<iy£3%.
Clam H £ G .

’l AMLJD:\(_/\C o’ bo 2 4 & H e G lc)jil

_  Rugin
closing/ hwane  Let 4,9 e H. Then §,=Q b , 8a7@
. A

for O€T, 80l 20
. Lo Sl 0T L Gy s\ LYy
%‘%;l - a'b (anb)) = a'b l(ba) Ca )
i ({,'L\ L)Ju lo*_s:ta‘tn - Of\—t) bi;\l’._\D g.vrt\Ul (@A'b-ﬁ.\lﬂ\ﬂ '
e A A P Ghace LY 4> 2

—_

Thes q,95 € H.
B [-step capgrup fest NG Thie provel The claim.
cochanee A=A ghee o'l e wnigualny difenmined
by (5,05 2R = 2" g Do 7k L€
o odRetealy
d =k amd 522 h
By Laganges Thasam,  [HI| 6], omd  co
q\ o) ]

C(g on rx%\)\ﬂz\flﬁQ,\



5. (Direct)

LQlL G be Qn\iﬂg %mu@
Lot = cmallecl posthrt integen guch thad q"=c fenalt aeh.

T lailn fnall geb
tem (g ¢ qeGy is fhe SmellosT PD;HW:AQ— i Fopn
cuch Pt gl | Anoalt geb
Two  h= chx[@i%ééﬁ.

b, Legrogo Daswn,  Ig] | 6] Ay all ge6. Thux

6l

P;u\ff n ‘[S ’H\L LQ(LQ’(' Ogmwmy\/\ VI Hj\d% ) Oﬂk@Q SD n



