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Math 430 Final, Fall 2006

I. Examples, Counterexamples and short answer. (4 pts ea.) Do not give proofs, but
clearly indicate your proposed example or counterexample, or short answer where appropriate.

1. Define what makes a group cyclic. Give an example of a cyclic group with order > 1.

C)ﬂC\[LZ }ESGG sch That G = ggh . ne z-g :4%7
Fx. G.‘: ZZL

2. Define what makes a group Abelian. Give an example of an Abelian group which is not
cyclic.

Maton: ¥aheG, C,SL“:L‘%
EX v G: Zz_@ZZ

3. Define the center of a group. Give an exawmple of a non-Abelian group G such that its
center Z((G) has more than one element.

e Z(B) 1= faeb 1 Bxxg Voxe@ §
Ex. G=Ty

4. At least two types of groups we have studied have order > 1 and trivial center, i.e.,
|Z(G)| = 1. Give an example of such a group. (We could say that examples 1-4 represent
a decreasing hierarchy of “Abelian-ness.” The next step might be simple groups, which
have no normal subgroups other than {e} and the group itself.)

Ex. 6= D=
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Prove ONE of 18-19. Clearly indicate which proof you want graded.
18. The elements of the Quaternion ) group are {+U, +1,+J, £ K} with identity U, where
P=PP=R2=-U,IJ=K,JK=I,KI=J,J]=~K, KJ]=-I, IK =-J,
and —’s can be factored through; ie., (—G)(—H) = GH and —(—G) = G. Classify the

possible homomorphic images of ) up to isomorphism.

n .
19, Tet S = {7— :m,n € Z and n is odd}. Prove or disprove that S is a subring of Q, the

rationals ul?del‘ addition and multiplication.
B Me woveal Slpfoups ot G e TUE | U {3, 43> ey
OV~ |
Tiu hoeusweBue jrages are Of) foa N2 QY
®/ fuy ~ QR
®/<:‘:7 X Q/<37 - Q/HQ ~ 2,
B/ v Se's.
7 5 2
For Qley @ neve (T ewd) = (34 () = (Ko = ud
So No onden, H ‘31'13 '
'\/\m\,@ Q/(-—\,L5 ~ Z?,@ Za

14, Subgroup: O €S Sty O:%) | od0.

M m ab

‘ G= — W= My e, ng € Z, Ny o200,

I\JD'( C\L-)\r\ €g =L N . -~ 5 ) 3y y''z ) J

ah= BT o maesmats g, 0dd D gTh €S
" i ﬂtﬂl

P’\_’] \—Q-\—(ﬁ) SLL‘\Q—S—J’OLL? W/ g:-_ @ ’
C loSuue TR (N VW’W\L+:

Wi g, € S it Foam alsue
W Mio% ) Wi NN vl = QM€£4

Q
Vi, Vo
S e a Subevg o Q.
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ITI. Proofs. (12 pts ea.) Part of the score is determined by careful formatting of the proof
(forward and reverse directions, assumptions, conclusions, stating whether you are proving by
direct proof, contrapositive, contradiction, induction, etc.).

this as well.

Prove ONE of 13-14. Clearly indicate which proof you want graded.

13. Assume that whenever a, b, ¢ belong to the group G, if ab = ca, then b = ¢. Prove as a
result that G is Abelian.

14. Prove that if a,...,a, are distinct elements of the group &, and b € G, then ba,, ...
are distinct elements of G.

2, Lﬂj—(}\née

b

= ([@ha

= \(\ - C\lh\ \Q\j oSS bLW\PJ\@
ho = 9&\"\ N A

/‘XYQSU&Y\\Q, @ Q, yarg An ai etk OUV\Q\\ Q SSuvwg

ba; = ooy fon 135

Partial credit will be awarded for
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II. Constructions and Algorithms. (12 pts ea.) Do not write proofs, but do give clear,
concise answers, including steps to algorithms where applicable.

11. (a) On the left side, list all Abelian groups of order 180 up to isomorphism, by expressing

them as external direct products of cyclic groups of prime power order.
(b) On the right side, for each group in your list on the left, re-express it in the form

Ly Ly, ® -+ &Ly, where nj|n;_; forall 1 < i < k.

10T 101D = &2 22.2.3.5

M@?g A

BT LPEs 70s® 27,
7.DT, 1Ol &L 2,.®7Z,,
Uy @Zg@73®'£§ Zipo @ Zg
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5. What is the order of the element 6 + (8) in the factor group Zs/(8)?
(oS (L+<8NZ Yve8y + 263
(Lot @DU+EN = 2427 2 483
(G+<@N (247 = L8

l(gf(??{ :L‘

6. Find all elements g € U(9) such that (g) = U(9).
wEy= $4L,2,4,5,1,8 %
20:4 4229 .23 .. WH=K27

4= =1 o
£.465=F F5=¢ §s=4 45=7.. we@)=d5?
73=4 4=l

$%= )

(S‘(nu uC“Ui‘C Z(o} %(W\:Q = liz,gjs\

7. Find a homomorphism ¢ from Z to some other group G such that Z/Ker¢ ~ Zg.

Afae W 7 = P
‘OUS LQ((\\': L Y\I\DC\ Le

V]
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8. Find the number of order 2 elements in Dg & D,. For partial credit, it is necessary to
describe each element you find, or at least explain the combinatorial enumeration.

D Q@ojnym;Fu
n Oyt Rwe, Eiyoey By : fuple
Counbiry Ko @eloph (R ,R@) )@#ﬁm{% v

bl =47

9. Write the permutation (12345) as a product of 2-cycles.

(12345 = CHUNHUR) (2

10. Write 1 as an integer combination of 11 and 19.

\C(::\’va‘?

9 =40 4]
2720+ 0 L s o (j-e8)- (-8
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12. A certain group of order 6 is generated by the elements a and b, where |a| = 3, |b| = 2 and

ab = ba®. Complete the Cayley table for the group, expressing each group element in the
form a™b™ or b™a™ with n, m > 0.

e la |6 |of|ab | ba lal=R & QQ#Q)G
elle |a |o |a"|ob|be| =2 ¥ =b-
alla |a"|ob|e |ba|b lal=2 ® [a*1=3 +b
bl |bale |ab|a | O
b lab| dale ab as @ now eleward
abllab | b |a |[baje | o oz & = g=bizb &
balba s | ol b | 0| e Ao D L-e X
Q\O:b ":3 0 ne >?/<
-p@f\ oot

| [.: t'?” :’3 Q:b
&a\o: Q\Jarl: \oaq;‘oa b=z @

dole be as a w0 RS
boze = ol b X
beza = 9= € ¥
bcﬁ:bts A K
be=al=> bxa X
bo = @[9 :Jga:L :\ o= €& XX

Moo C::M\PL‘QJW e '{73&_)\@.

0\0‘.(0: bf—\
QbO\ pet jDExg

Z
bob= \D\OC&l =a
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Prove ONE of 15-17. Clearly indicate which proof you want graded.

15. Let C* be the nonzero complex numbers under multiplication, and let U = {a + bi € C :
Vva? + b? = 1}. Assuming that C* is a group, prove that U is a subgroup of C*.

16. Prove that there is no largest finite subgroup of the nonzero complex numbers C* under

multiplication.

17. Let G = { [ {1] T :I 'n € Z}. Prove that GG under multiplication is isomorphic to Z under
addition. (Don’t skimp on the steps!)
1S U petemphy ¢ VFOTEQ sme VI(0° =] .

LQ){‘ &Jh“g\& | S:ado\" e cea O

' = a+bl -4 ) - @Cﬂ-bd\ + \oc—acAS :@cﬂod)
ﬂ Cedi (C—AL) ¢t ar -{-‘L‘([og-(?\(.!
w\k—\f\ s dod g @Ci—'ocﬂ Qac—a \ = (;; +2ab€cﬂ {Ed *Q?CY‘%E\DC;\\L
@

m+b”“(c «d%) = (a%i)(cha% L >gitel
By lshep Subogroup et W €™
\LQ Let ne Zso, QF az/n e.(f}*‘ <§i7€: @%) and
':@.(Zﬂ/q>ﬂ ) Cﬁi?ﬂ/%) i H}/\ lé—'_r)iﬂ
$o \d@"\:(\~ lad n=d o= FQD,\AN\Q el wwn .

B Db w627 by (TN =
[\ Sue(aoge LQCC&\: G ( L\\’ oML .
6m (AN, b C5™) A ee m 7

o~ DNZm oy So Gk
peor Ak neZ, hea (HN166 and € (LY=o

o oo (03 ICL D) =L DY = men =R DeA(E)
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