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I. Short answer (1.5 pts each). No partial credit — only the response will be graded. Suggested
time 1 hour.

1. Find functions f : R — R and g : R — R such that f o g has the rule (f o g)(z) = |2* + 7].

(a) g(x) =2 fla) = la] +7. (b) 9(a)= |z +7, f(z) =2,
(©) 9(a) = lal, f(z) = a® +7. @ g(@) =" +7, f(2) = la)-
(&) g()=2+7, f2) = [a°). () 9@) = a+7], f(2) = 22

2. Circle the letter for the correct statement about the function f:Z — Z with rule f(z) = 2.
(a) [ is one-to-one and onto. (b) [ is onto but not one-to-one.
\f is one-to-one but not onto. d) f is neither one-to-one nor onto.
\\

3. Suppose g : R — R has the following property for all real numbers z and y: if < y then
g(x) > g(y). (I.e., g is strictly decreasing.) Which of the following is true?

(a) g must be 1-1 but is not necessarily onto R.
(b) g is onto R but is not necessarily 1-1.
(¢) g must be both 1-1 and onto R.

(d) g is not necessarily 1-1 and not necessarily onto E.

o

2.4t
4, Write down the initial term and common ratio of the series E 5
43 - E’—E L:!: i=3 Q L{B’ ;) LI 4
s najiw " 5 - 7‘3—— " — € i
&: . . £ ow o= s
initial term: 5 common ratio: S ? -+ SL‘,

5. Write down the initial term and common difference of the progression (4, -3,—-10,-17,...).

initial term: LJ\ common difference: 7 ]

6. Suppose f:Z — R has the rule f(n) = 2n — 3. Circle the letter corresponding to the range of f.
(a) the set of natural numbers {0,1,2,...} (b) Z @ the set of odd integers

(d) the set of even integers (e) the real numbers (f) the rational numbers

Tote) 9
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n
7. Using the Binomial Theorem, find the sum of the series Z (n) (-1)"7,

j=

A AW
@2 (k) 2 o= S (5) 9

(c) 21 (d) -1 H=0

@)0 (f) 1 X =-\ ; =

8. What is the probability of rolling a multiple of 3 on a fair 6-sided die?

(a) 1/6 () 2/6 (c) 3/6
(d) 4/6 (e) 5/6 () 1

9. Recall the following properties of a relation R C A x A (saying a Rb is the same as saying

ZFB (a,b) € R:

Reflexive: Foralla € A, aRa.

Symmetric: For all a,b € A, if a Rb, then b Ra.
Antisymmetric: TFor all a,b € A,if a Rb and b Ra, then a = b.
Transitive: For all a,b,c € A, ifaRband b Re, then a Re.

Check the boxes to the left of the properties satisfied by the relation R< = {(z,y) € R? |z < y}.

I:I reflexive
D symmetric
[X{ antisymmetric

IZL transitive

10. A fast food restaurant offers 3 types of items: tacos, hamburgers, and chicken. Assume there is
an unlimited supply of each type of item. In how many ways can a very hungry person buy 5
items if the order of the items does not matter?

(a) P(5,3) (b) C(5,3) +ocos | "‘OW“OL“\Q’/‘S( chiclan
@ 600 3 Liag

O O

C(5+3-\ 3-1)

11. What is the minimum number of persons in a group necessary to guarantee that at least 4 of
them were born on the same day of the week?

@s @2 N= (kDo 1

(c) 20 (d) 4

(e) 28 (£) 21 N= 23 -F +| = 22

Tote\ &
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12

13

14.

15.

16.

. Recall that the power set P(S) of the set S is defined to be the set containing all subsets of S.

Let S = {1,2,3,4}. In the blank to the left of each statement, circle T if the statement is true,
and F if false. (Therefore this question has 5 answers!!)

@F (i) {1,3) € P(S) T @) @) {L3crE) DF @ {2 PE)
T® ) WcrE)  @F Gv) {21{4}} S P(S)

Which of these assertions is correct concerning the statement “If z® is irrational, then z is
irrational?”

(a) This statement is true, as can be shown most easily using a direct proof.
@ This statement is true, as can be shown most easily using a proof by contraposition.
(c) This statement is false because a counterexample can be found.

(d) This statement is false because the negation of the statement can be proved easily by
contradiction.

Suppose you want to give a proof by contrapositive of this result for all integers:
“If a is odd and b is even, then a + b is odd.”
Circle the letter of the assumption you would begin the proof with.

(a) ais odd and b is even. @ a + b is even. (c) aisevenor b is odd.
(d) a is even and b is odd. (e) a+bis odd.

Suppose you want to prove a theorem about the product of absolute values of real numbers |z|-|y|.
If you were to give a proof by cases, what set of cases would probably be the best to use?

(@) z>yz<yz=y
(b) =z divides ¥; y divides z; ged(z,y) =1

@ Both x and y nonnegative; one negative and one nonnegative; both negative
(d) Both z and y rational; one rational and one irrational; both irrational.

(e) Both z and y even; one even and one odd; both odd.

According to De Morgan’s laws, RU (SNT) = ? r\@ﬂ\)) = R n( g UT)
(a) En(SNT). (b) BU(ENT). () Rn(EuT).
(d) Ru(sSnT). () RN(SNT).
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17. An algorithm prints out each bit in a bitstring of length n. What is a reasonable operation with

18.

19.

23.

which to measure the complexity of the algorithm, and what is the best big-oh notation for the
number of these operations assuming the algorithm is efficient?

operation: P{\'\ ~'\JV 5 ! JF big-oh complexity: C(_ ih

Circle the letter corresponding to the true statement.
(a) If f(z)is Q(g(x)) then g{z) is Q(f(x)). @ If f(z) is ©(g{x)) then g(z) is O(f(z)).
(c) If f(z) is O(g(x)) then g(z) is O(f(z)). (d) If f(z) is Q(g(x)) then g(z) is O(f(x)).
19
Is 133 prime? (Circle one.) 3 ‘%3 7 123
dige i
b . i3 53
. Compute ged(23 - 34 . 73,25 .52 . 72).
Answer: _ 2 7
. Compute the following: 32 mod 7= L{ —30 mod 9= @
3= 4 F+4 -30= 49+
. Suppose that P(n) is the statement “n+1 = n+2." What is wrong with the following “proof”
that the statement P(n) is true for all nonnegative integers n:
You assume that P(k) is true for some positive integer k; that is, K+ 1 = k£ -+ 2. Then you add 1
to both sides of this equation to obtain &£+ 2 = k + 3; therefore P(k+ 1) is true. By the principle
of mathematical induction P(n) is true for all nonnegative integers n.
(a) The proof is incorrect because the statement used in the inductive hypothesis is incorrect.
(b) There is nothing wrong with this proof.
(c) The proof is incorrect because you cannot add 1 to both sides of the equation in the inductive
step.
@ The proof is incorrect because there is no basis step.
For which of the following is the recursively defined set S equal to the set of odd positive integers?
Jpos
{IES;3ES;JJES—>;E-£-4ES. (b) 9eS;reS—z-2€85

(c) 2eS;zeS—z+2€ 8§ (d) 1eS;zeS—-2z+1€ 8

(e) None of these

Tot\ /0.5

—
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24

A recursive algorithm for computing the Fibonacci numbers is as follows:

procedure fibonacci(n : nonnegative integer) (s S
if n = 0 then return 0 B o0 AN (: (©)
else if n = 1 then return 1 ‘

else return fibonacci(n — 1) + fibonacci(n — 2) 5

How many times is fibonacci(1) called in order to compute fibonacci(4)?

(a) 0 (b) 1
(c) 2 @ 3
(e) (1) 8

5. How mauny different passwords are available if a password consists of 5 lowercase letters followed
by 2 decimal digits (from {0,1,...,9})?
(a) 5-26+2-10 (b) 26° +10° (c) P(26,5)- P(10,2)
(d) P(26,5)+ P(10,2) (e) C(26,5)-C(10,2) @265 - 10?

DAk A6 Ao ¢ (D10
A standard deck of playing cards consists of 52 cards, which correspond to the set
{A,2,3,4,5,6,7,8,9,10,J,Q, K} x {,{, 0, &}, so that each card has one of 13 ranks and one
of 4 suits. How many 5-card hands are a full house, that is, consisting of 3 cards of one rank and
2 cards of a second rank?
13.12- C(4,3) - C(4,2) (b) C(13,2)-C(4,3) - C(4,2)
(c) P(13,2)-P(4,3) - P(4,2) (d) 13-12.P(4,3) - P(4,2) )
piclc triple wawlC: 13 veuwe pc tipe sWds €L, 3) waye

(3\";\’\ poir fanlC: X Lt Qg Prc[( pair Suvs  C (4,9 S AP

S \/‘l,kle D'IC- C‘i“_k.i!\/\:h;\,ej

27. How many permutations of the letters in the word MISSISSIPPI are there? A
(a) P(11,4)- P(11,4) - P(11,2) (b) 11!/10 (c) 111/(2-41421)
(d) C(11,4)-C(11,4)-C(11,2) 111/(41-41'2!) Il letteas
I\ My S
LIEY L

28. What is the best big-oh notation for the number of comparisons used by mergesort to sort a list

of n numbers?

Answer: _ (O n Qb%\ﬁ
To'\'dk \ } g
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29. Suppose Q(u,v,w) is a predicate where the universe for u, v, and w is {0,1}. Also suppose that
the predicate is true in the following cases — Q(0,0,0), Q(0,0,1), @(1,0,0), Q(1,1,1) - and false
otherwise. Circle the letter of the true quantified statement.

@ JuTvVw Q(u,v,w

)
(b) FJuIwVe Q(u,v,w)
(c) Fuvovw Q(u,v,w)
(d) Yudwvv Q(u,v,w)

30. Circle the letter of the negation of Vz3y (z < y).
(a) JoTy (x> y) Javy (z>y) (c) Vady (z>y)  (d) Javy (z<y)

31. Circle the letter of the statement which makes the implication about sets true. If § C T', then

@ TCE. (b) TCSNT. (c) T—-S
(d) T-8c8-T. (e) SUT=S8NT.

32. Circle the letter of the inverse of the statement “If it is a warm day, then I go hiking.”
(a) IfI go hiking, then it is a warm day.
@1 If it is not a warm day, then I do not go hiking.
(c) If I do not go hiking, then it is not a warm day.

(d) It is a warm day, and I do not go hiking.

33. Assume that a, b, and c are all positive integers larger than 1. Circle the letter of the negation
of the statement “a is prime, and b and ¢ are composite.”

(a) ais composite and b and ¢ are prime. P A % A
(b) a is composite, and either b is prime or ¢ is prime. ?" (o ? g

(c) If a is composite, then b is prime or ¢ is prime.

Q' o conpos de
@ a is composite or b is prime or ¢ is prime. ST 9 Cm\?:&' ( le

(e) Either a is composite, or b is prime and c is prime.

Tofal +5
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Part II. Computation, Algorithms, and Examples (5 pts ea.). Show work for full credit.
Suggested time 25 minutes.

34. Use the Euclidean algorithm to find ged(132,102).
132= 1102 + 30
[(02=3-30+ [2
30=2 1)
2=20 + O

Sch:CQ

35. Give an example of a function with domain {0,1, 2,3} and codomain {r,s,t} which is not one-
to-one and not onto.



e=l 21 4 3
La I 2 4 3
=2 1 24 B
=3 | 24 3

2 4 3
2 42
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36. Trace through the Insertion Sort algorithm on the list 2,4, 1, 3 by writing down the order of the
list after each increment of j or 1.

procedure insertionSort(ai, ..., an: reals with n > 2) Trace
. g — 2 - "

]f;,c::ggn- ton initial list: 2 1 4 3
iy i=2i=1 | Q2 4 3
while a; > a; . . .

i=idl i=3i=0. 1 Q2 4 3
™m = a; j=3, i=ak | 2 4 %
fork:=0toj—i—-1 a2 “

Ujf 1= Qj_f—1 3=3 =3 243
a; == m :)-;L{ (= | l o Lt 3

end , .

J:L{ L :fa ‘ 2_ Li g
;=413 1 234

'EQ %QMQV\ QKGC‘H% U \iV\CJ\SLV\\Q}J\j__‘

O\ﬂ\ﬁ:ﬁ' | 2 24

37. Draw the “dots and arrows” representation of a relation on a nonempty finite set A that is
symmetric but not transitive. (An arrow from dot a to dot b means that a is related to b. See
the multiple choice for definitions of symmetric and transitive.)

T
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38. Determine whether the following two propositions are logically equivalent:
—pV(g—r), ¢g—=(=pVr)

O(g|r g>c| mpvig=D| Tpvr %—\;("(D\lf‘l
TIT|T| T T T 1;
Ctitlel e JF | F 4 -F- —_
TIF{T| T T | .
TIF\F] T 1 E T
F(T V| T T T I
FlTF{ P | 2 T LT
Flelr|T T T T
Flrlel T \ T T l \

:

39. Compute the number of binary bit strings of length 8 that either begin with two Os or end with
three 1s.

B = desired sof

8= T 00bs-tog | B o €T B0C=T00d,dds 1| dydyydse
C = Ec.-"-Csl\l\ C'}‘,)Cgeib,\ﬁi} ED)WS}
A= QUC
IAl= (BuCl:

—

tl

18| + ¢ - [BrC]
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42. For sets R, S, and T, prove that (RN SNT)=RUSUT. Use any of the three proof methods
we discussed, but be sure to show the details. Venn diagrams only are not a proof. 3

Ce I Mombpship Tcabgla Set e%mf by preo

cnsoTl Baset] 73] TlRusuT | RONT= ixlxe BAsyT )

i 5 Tololo| © = fx|x ¢ R030TS |

0 \ O D] ( l :?_;Q[-'(xeRaxéS-nxeT)}
0 | ol L ‘ = $x [UxeR)V T (xeS) v (xeTYs
0 1 Ol ]! _ _ —

O 1 ' (O o | :ixlxéRVKGS_vxéTE
D \ Llofv ) 1 :EK[XE—T&UEUT}

O 1 o] ! . BuT LT o

D l Ul L | - UsSoT.

43. Prove or disprove: For all integers a, b, ¢, if a divides be, then a divides b or a divides c.
Di S P!’D 0-(\’ (aﬁ Cou d:@\ exa v P\s:_ .
o= b, b=, ¢=32.

a\b.c since G\l Dut (ork& and (DJ(E (A
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Part III. Proofs (5 pts ea.).

Write complete line-by-line proofs for full credit
Substantial partial credit for good proof structure. Suggested time 35 minutes

40. The Fibonacci numbers are defined by f(0) =0, f(1) =1, and for all n > 2, f{n) = f(n —1) +
f(n —2). Prove that for all positive integers n > 2, f(n) < 272,

-
Forall inteepn €22, let PUD be tha sioomond Qch\ .o
[Roses =g @(a\ﬂpuwﬁco), (+0= | 2 %=}, PAD T
e, OB = EED+PN= 14 s s ;>3'°‘ =q. P2 Teve.

Tnduchive otep et R be 1ategn=3 and assume PO, -, P4 true.
ClkaD) 2 PRY~ Q) since Re122. (R

R, R sinc DzR-1<R, by induchue acsumgfion
2 a‘q"";‘.l. Q‘W"D‘ Slace %3, D\%a

Z
=

2 Z-l
p Q(I_Qtr\fa

Thus Plle+V) is Tvuwe .

BL}S S‘lYDr\% ‘mckudﬁm) e(n) s rue Por ol iv\’hec&m Rz . T

41. Use Mathematical Induction to prove that any positive integer amount of postage of at least 14
cents can be composed of 3 and 8 cent stamps.

For all r/\’f‘{%ﬂi\ Rz \{, let P(J@ b the gt’hal%ﬂ{' "R centS can he Cmn‘ODS@cl it
3 owwd avd € cend S“\t\mps

oy POY) frue Siace It¢ =8¢ +3¢ +34

p((S) e Stace 15¢ = Bh+ 3¢+ 328+ 3¢ 24
PO true Snce b &= Q&+ 84

Tnduetine tha() Let R be inJr@%e;\ z e ond acsume P(4), - O(4=2) vue
fel = SO k-Q =

cmdn - () 3¢

ond  PR-2) true bt;b inductom Stnce Hel-a< e
Thas Pl D) true.

@\% stronc, induchon ; p(n) trwe B all nheens nz 1Y N





