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ABSTRACT OF THE DISSERTATION

Chip-Firing Gameswith Dirichlet Eigenvalues

and Discrete Green's Functions

by

Robert B. Ellis, I11
Doctor of Philosophy in Mathematics
University of California, San Diego, 2002

ProfessorFan Chung Graham, Chair

The combinatorial Laplacian of a graph is the adjacencymatrix of the graph subtracted
from the diagonal matrix of its vertex degrees.The Laplacian governsmany di®usion-like
problems on graphs sudh as electric potential, random walks, and chip- ring gamesor
other balancinggames. We survey properties of the eigensystemsf Laplaciansfor graphs
with and without boundary, concerrating on the smallest eigervalue of the Diric hlet
Laplacian for a graph with boundary. A method for extracting eigervectors of the
Diric hlet Laplacian from thoseof the Laplacian is given. We presert methods for deriving
discrete Green's functions, the inversesor pseudo-irversesof Laplacians, for products
of regular graphs with or without boundary. Explicit formulas are derived for tori of
‘xed dimension. We de ne the Dirichlet chip- ring game, a discrete balancing process
in which chips are remaoved from the game if they are red into the boundary of the
graph. We give bounds on the length of the game, and examine the relations among
three equinumerousfamilies, the set of spanning forestsrooted in the boundary, a set of
\critical* con gurations of chips, and a cosetgroup, called the sandpile group assciated
with the graph. An algorithm is givenfor computing the critical con guration determined
uniquely by an arbitrary con guration. The Diric hlet gameis applied to solve a problem

in microchip manufacturing in which 1l metal is addedto balancesurfacemetal density.



Chapter |

Intro duction and Terminology

As the eld of graph theory matured in the last half-certury, it becamepopular
to uselinear algebrato study correlations betweenproperties of graphsand properties of
typesof adjacencymatrices assaiated with them. Graphs can be assaiated with matri-
ceswhich record edge-ertex incidence or vertex-vertex adjacency A natural extension
of the so-calledvertex-vertex adjacency matrix is the combinatorial Laplacian, which is
constructed by subtracting the adjacencymatrix from the diagonal matrix comprised of
vertex degrees.Spectral graph theory is the study of the eigervaluesand eigervectors of
these matrices arising from graphs, and of information about the graphs which can be
deducedtherefrom; thusinverseproblemsare conspicuousn the eld (asin x-ray crystal-
lography). More recenly, spectral graph theory hasbegunto include problemsof a more
geometric °avor, suc asthe construction of expander graphswith both a small number
of edgesand a small diameter, the determination of bottlenecks and other isoperimetric
problems, and the behavior of processeson graphs such as electrical current, random
walks, and a discrete load-balancing game called chip- ring . This thesis cortributes to
the corpus of spectral graph theory by characterizing properties of a certain chip- ring
game in which chips are removed after crossingthe boundary; by dewveloping compact
formulas for discrete Greerls functions, or matrix inversesof Laplacians of products of
regular graphs; and by applying both advancesto computational problemsin chip- ring
gamesand random walks.

For an introduction to graph theory, see[119, and for a more advanced treat-

ment, see[20]. Algebraic graph theory, which sharesmany linear algebraic techniques



with spectral graph theory, is preseried in [10, 12]. The authority on spectral graph
theory, especially with respect to newer problems, is [29]; more traditional texts include
[38, 41]. This documert is divided into four chapters. Chapter | is a substartiv e intro-
duction to Laplaciansof graphs,including properties of the spectra of Laplaciansand the
primary examplesand techniquesthat will be usedin the subsequen chapters. Chapter
Il intro ducesdiscrete Green'sfunctions, developsformulas for discrete Green'sfunctions
for products of regular graphs, demonstratestheseformulas on tori, and discussesmpli-
cations for computing hitting times and other quantities for random walks. In Chapter
[11, the Dirichlet chip- ring gameis described and certain con gurations of the game
are showvn to be equinumerouswith a set of rooted spanning trees on the graph and the
elemeris of the critical group, or sandpile group, assaiated with the graph. A bound on
the length of the Dirichlet chip- ring gameis obtained in terms of the smallest positive
eigernvalue of a Laplacian of the underlying graph, and this result is combined with the
discrete Green's function to allow fast computation of the con gurations in question.
Chapter IV concludesthe document by preserting a major application of the Dirichlet
chip- ring gameto a microchip layer manufacturing processin which discrete units of
1l metal are distributed acrossthe surfaceof the chip in order to balance overall metal
density.

Before presening a more detailed summary of the contents of this chapter, we
mention someimportant cortributions to the eld of spectral graph theory. An early
fundamertal problem in the study of the spectra of graphs wasthe question of whether
a graph is completely determined by its spectrum. This questionwas quickly resolvedin
the negative, and graphswith the samespectra, or isospectral graphs were investigated
[25,41, 48, 72, 95]. Other early papers, suc as[5], consideredboundsfor eigervalues of
the Laplacian, taking motivation from the study of eigervaluesof Laplacians of compact
Riemannian manifolds (e.g.,[24]). More recen work includescharacterizations of general
properties of spectra [43, 78, 92, 96, 97] and of eigenspace$39, 40]. The second-smallest
eigervalue, alsoknown asthe algebmic connectivity of a graph [58, 59, 60], hasbeenscru-
tinized repeatedly due to its connectionswith graph diameter [33], expansionproperties
[3], isoperimetric number [98], mixing times for random walks [86, 87], and with appli-

cations sudh as bandwidth and minimum-sum problems in graph layout [76]. Articles



which survey properties of the second-smalleskigervalue include [93, 94,99, 100,101. A
more careful treatment of the spectrum of a Laplacian yields improved results on mixing
times of random walks from Sobolev inequalities [30, 47]. The heat kernel of a Laplacian
employs the ertire spectrum and can be used, for example, in courting spanning trees
[31]. The readeris referred to [29] for additional applications.

The remainder of this chapter is divided as follows. Section |.A de nes the
conmbinatorial Laplacian and normalized Laplacian, gives a list of basic properties in
Lemmal.l, and presers generaleigervaluesand eigervectorsin Theorem 1.3. Examples
of Laplaciansand their eigensystemsre givenin Sectionl.B for three families of graphs:
complete graphs, complete bipartite graphs, and hypercubes. Section I.C de nes the
Dirichlet versionsof the Laplaciansintroducedin Sectionl.A, which arisefrom specifying
a setof boundary vertices. Basic properties of Dirichlet eigervaluesare given by 1.5, and
generalproperties of Diric hlet eigensystemsare obtained by inspecting the corresponding
non-Dirichlet eigensystems(Theorem 1.7), and by techniques of the Courant-Fischer
Theorem (Theorem 1.8). An important lower bound on the rst positive eigervalue of
various Laplaciansin terms of diameter is obtained from a more generalbound in Section
I.D. In Section |L.E, the eigensystemof the Laplacian of the cycle is derived from the
theory of circulants, and then usedwith Theorem 1.7 to derive the Diric hlet eigensystem
of the path. The cycle and path with boundary form the basisfor the major examplesin
Chapters |I-1V. Sectionl.F de nes Cartesian products of graphs, givesa formula for the
eigensystemsof their Laplacians in terms of the factor graphs, and applies the formula
to cyclesand paths with boundary to obtain the eigensystemsof tori and grids with

boundary, respectively.

I.LA Laplacians and their spectra

The basic de nitions of spectral graph theory follow those of [29]. A more
deliberate introduction may be found in [41]. Let | = (V;E) be a simple graph (with
neither loopsnor multiple edges).Let x;y 2 V bearbitrary vertices;x » y i®fx;yg2 E
is an edge. Unless otherwise noted, the matrices de ned are square matrices indexed

in the rows and columns by the vertices of j. The adjacency matrix A is de ned by



A(x;y) = A(x » y), where A(X) is the indicator function of the evert X . The diagonal
degree matrix T is de ned by T(x;y) = A(x = y) tdy, whered, is the degreeof x in j. We
de ne dmax(i), or dmax Whenthe context is apparert, to be the maximum degree over all
X 2 V. The volume of a vertex subsetS u V is vol(S) = P v2s Ov, and vol(j) = vol(V).

The combinatorial Laplacian, L = T j A, of j is
8
§ dy; ifx=vy
L(x;y) = 3 i1 ifx»y

0; otherwise.

The normalized Laplacian, L = Ti 12T 172 js

8

§ 1 if x =y
i1

2

L(xy) = :p dydy; if x»y
0; otherwise.
The discrete Laplae operator ¢ is
8
5 1,  ifx=y
¢(xy)= : i 1=d; if x»y
: 0; otherwise.

Wereferto L, L and ¢ asthe Laplacian, normalized Laplacian and Laplace operator,
respectively. In general,the following relations hold betweenlL, L, and ¢, provided that

i hasno isolated vertices:

L = T¥FLT¥ = T¢
L = Ti l=2LTi 1=2 _— T1:2¢ Ti 1=2 (|1)
¢ = TilL = TiRLT:

The Laplace operator satises¢ = | j P, where P is the transition probability matrix

determined by P(x;y) = A(x » y)=dk. Thus P governsthe random walk on j where a
walk in state x at time t transitions to an adjacert state y at time t+ 1 with probability
1=d.

Throughout this documert, we label the eigensystemsof L and L as follows.
The eigervalues of L are % - % - @¢¢ - % 1 with corresponding eigervectors

Ag;Ag;::: ;Ajvji 1. The eigenvaluesof L are, o - ,1- ¢¢¢- _;y; 1 With corresponding



necessary We now list someimportant and relatively straightforward properties of L

and L, mostly following the preseriation of [29, pp. 6-7].
Lemma I|.1 (Eigensystems of L and L). Supmsej hasn vertices.
. P P
(@ (Y% =vol(j) ,and ;- n.
(i) L andL are positive semide nite, and sothe %'s and | j's are real and nonnegative.

(i) i hasi + 1 connected components if and only if ¥%;:::;% = ,0;:::;,i = 0 and

Va1, 041 > 0.

(iv) ForallO- i- nj 1, wehave¥% - 2dmax and,; - 2. Equality is achievel for
¥, 1 If and only if a connected component of | is dmax-regular and bipartite, and

for , n; 1 if and only if a connected component of i is bipartite.

Proof. For (i), simply considerthe tracesof L and L. Equality is achieved i® there is no
isolated vertex.

For (ii), sinceL and L arereal and symmetric, it suxcesto show that hf;Lf i |
Oand hg;Lgi , Ofor all functionsf;g:V ! R. Without lossof generality, we assume
i hasno isolated vertices, sothat Ti 172 exists. We have

X X X
HiLfi = f0 (Fi fy) = (i foN? (1.2)

X y» X X»Yy

which as a sum of squaresis nonnegative. Also for L, we have
D

E
hg;Lgi = T2, Ti1R2 7227192 = HoLfi; (1.3)
whereg = T1%?f denesf in terms of an arbitrary g. Therefore L and L are positive
semide nite and have real nonnegative eigervalues.
For (iii), suppose;j is connected.Let A be an eigervector of L having eigervalue

0. Thus LA = 0, and by (1.2)

X o
(AX) i Ay)?= 0

X»y

Therefore A must be constart on all connectedcomponerts of j, and the eigenspaceof L

corresponding to the eigervalue 0 is 1-dimensional. The eigenspacef L corresponding to



eigervalue 0 is also 1-dimensional, becauseany eigervector A with eigervalue 0 satis es
LA= 0; by (1.3),

X
PALA = (f(x)i fy)? = O

x»y
where A = T1%%f ; therefore . 1 > 0. When j is not connected, the result follows from
the de nitions of L and L; in particular, L and L may be block diagonalizedin terms of
the Laplacians and normalized Laplacians, respectively, of the connectedcomponerts of
i

To show (iv), we characterize the largest eigervalues %, 1 and , n; 1 in terms

of the Rayleigh quotient, which for a given matrix M and vector x is de ned as (cf. [73,

pp. 176])
hx; Mxi
h:xi -

In particular, the Rayleigh quotient for matrix M and eigervector x evaluates to the

(1.4)

corresponding eigervalue. Noting (1.2), the Rayleigh quotient for L is

P
Lfi f(x)i f(y)?
LEi x»y!g x)i f() ; (15)
H o fi « F2(x)
and so %, 1 is determined by (cf. [73, Theorem 4.2.2])
P
HLf i woylf )i F(Y)?
79 = = } . .
il = A T OMAX f2(0) (16)

P
Now ., ,(F()i f(YD?- 4, ,(f 2(x) + 2f %(y)) with equality achieved if and only
if f(x) =i f(y) whenewr x » y. Combining this with (1.6), we have

=)
2
3yﬁi 1 - SUDZAM . 2dmax:
f « F2(X)

If % 1= 2dmax, then Ay, 1(X) = i Ay, 1(y) for all x » y, forcing | to have a bipartite
connectedcomponert on which A 6 0, and dy = dmax for all x 2 V for which A(x) 6 0,
forcing j to be dmax-regular in that componert. On the other hand, if j hasa bipartite
dmax-regular componert, we can simply chooseA,, to be +1 on one part of the vertices,
i 1 on the other part in that componert, and O elsewherein j.

The argumert for | »; 1 is similar, exceptthe Rayleigh quotient for L is, noting

(1.3),

. . P . 2
hgLgi _ MiLfi o o000 TO)T

g TR T T F20d (-9



whereg = T¥2f . Therefore , »; 1 is given by

P 2
IR
i 1 60 S f2x)dy

Again, | n, 1 = 2canonly beadhievedif A,; 1(x) = | An; 1(y) 8 Ofor all x » y everywhere

on someconnectedcomponert of j. O

Recall that the eigens@ce E  of a squarematrix M corresponding to an eigen-
value , is the setof vectorsE = fx : Mx = | xg. In particular, E_ is a vector space.
When i is connected,L and L both have a null space,or 0-eigenspacepf dimension 1

corresponding to an eigervector with all-positive entries, described as follows.

Lemma 1.2 (Null space eigenvector). Let be connected. Then 1 (T121) spansthe

eigens@ce of L (L) corresmpnding to eigenvalueO.

Proof. The eigenspace®f L and L corresponding to eigervalue 0 both have dimension 1
by Lemma I.1(iii). Sinceevery row of L sumsto 0,Lt= 0,and L(T¥21)= Ti ¥ 1=
0. O

The corresponding normalized eigervectorsfor Tand T2t are Ag = 1=p V(i) |
and Ay = T¥1=vol(j). An immediate consequenceof Lemma 1.2 is that, when j is
connected, eigervectors corresponding to all other eigervalues are negative in at least
one coordinate.

For the rest of the eigensystemswe may specify the eigervaluesand eigervectors
of L and L by using the Rayleigh quotient, de ned in (1.4), and applying the Courant-
Fischer Theorem (cf. [73, Theorem 4.2.11]). The following theorem appearsin [29, pp.
5-6].

Theorem 1.3 (General eigenvalues and eigenvectors). Letk = 0;:::;nj 1. Then

the eigenvalue¥, of L satis es

P o0 ()2
Y = min oy 01 Tl : (1.8)

60 f?Ag;AK 1 X f 2(X)

where Ay is the eigenvetor achieving %, and the eigenvalue,  of L satis es

P o001 ()2
opl )1 YD (1.9)

= min f
f60; T1=2f 2 Ag;iniAy, 1 Xf 2(x) dx

where A, = T¥?f for a vector f achieving, i is the eigenvetor for | .



We note that for k = 0 minimization is over all nonzerovectors. We justify the
use of maximum instead of supremum becausewe can further restrict the maximum to

be over all vectorswith norm 1, sothat the set of vectors consideredis compact.

[.B Examples of Laplacians and their spectra

We now give examplesof Laplacians of families of graphsand their correspond-
ing eigensystems. These examplesare well known, appearing, for example, in [29, p.
6]. The reader may wish to revisit Example 3 after inspecting the material on product

graphsin SectionI.F.

Example 1 (Complete graph K,). Let i = K, bethe completegraph on n vertices.
The Laplacians of K, are given by
8
< hi 1 oy =
ni 1, x=
L(x;y) = ! y and L = _LL;
. i1 X6y nj 1

sinceK, is (nj 1)-regular. L has eigervector T with eigervalue 0. Label the vertices

i, latvertexi+ 1andO elsewhere.Then the f;'s arelinearly independert eigervectors
of L eat with eigervalue n. SinceL = L=(nj 1), L hasthe sameeigervectors with

corresponding eigernvalues multiplied by 1=(nj 1).

Example 2 (Complete bipartite graph Km.n). Let | be the complete bipartite
graph on m + n vertices, where the vertex bipartition is the disjoint union V(j) = A[ B

with jAj = m and jBj = n. Then the Laplacians of K, are given by

8
% n, x=yandx2A
m; Xx=yandx2B
L(xy) = and
%il; x2Aandy2B
* 0; otherwise
8
E 1; X=y
Lixy) = 5 i 1=P mn; x2Aandy2B

0; otherwise.



Label the verticesof | by A = f1;:::;;mgand B = fm+ 1;:::;m+ ng. Fori =
1;:::;mj 1de ne the vector f; to be 1 onvertexi, j 1 onvertexi+ 1 and 0 elsewhere.
Forj = m+ 1;:::;m+ nj 1de ne the vector g; to be 1 on vertex j, j 1 on vertex
j + 1 and 0 elsewhere.De ne the vector h to ben on A and j m on B. Then 1 is an
eigervector of L with eigervalue O, the fi's are mj 1 linearly independert eigervectors
of L with eigervalue m, the gj's are nj 1 linearly independert eigervectors of L with
eigervalue n, and h is an eigervector of L with eigervalue m + n.

Now de ne the vector hy to be P n on A and P m on B, and de ne the vector
h, to be P non A and j P m on B. Then h;i is an eigernvector of L correspnding to
eigervalue 0, h, corresponds to eigervalue 2, and the fi's and g;'s already de ned are

eigervectors of L all corresponding to eigervalue 1.

The next example shows how the combinatorial structure of the graph may be

exploited in order to compute the eigensystemsof its Laplacians.

Example 3 (Hyp ercub e Q). Werequirek , 1. The 2X vertices of the hypercube Qy
can be labeledby the setof vectorsx = (x1;:::;xx) 2 f0; 1g¥. Two vertices are adjacert
i® their corresponding vectors di®er in exactly one coordinate. The Laplacian of Qy is

given by

Lxy) = i1 x»y and L= —L;

8
3 ki x=y
3

0; otherwise

since Qy is k-regular. The eigervectorsof L and L are the same,but the eigernvaluesfor
L are obtained by multiplying those of L by 1=k. From now on we concerirate on the
eigensystemof L only.

Suppose for a xed j 2 f0;:::;kg we could construct a vector f with the
following property. For any vertex x, f (y) = j f(x) for j neighborsy of x, and f (y) =
f (x) for the remaining k j j neighborsy of x. If such a vector can be constructed, we
would have

Lf (x) = kef (x) +j ¢f (x) i (ki j)¢f(x)= 2 ¢f (x);

shawing f to be an eigervector of L with eigervalue 2j .



10

In fact, there are 2¢ ways to construct a set of orthogonal f's of the above
form, and they can even be indexed by the vertices themselesin a natural way. Let

v 2 f0;1g* be a vertex. De ne
fu) = (O™

Setj = hv;vi and considerthe valuesof f on x and its neighborsy » x. If y di®ersfrom
x in a coordinate i for which v; = 1, then fy(y) = j fv(x). Otherwise, f\(y) = fy(x).
Therefore x hasj neighborsy for which f(y) = j fv(x) andkj j neighborsy for which
fv(y) = fy(x), and sofy is an eigervector of L with eigervalue 2j .

To show that ff, : v 2 f0;1g¥g is the ertire set of eigervectorsof L, it suxces

to show that H;fi = O for all u & v. This inner product is just the sum

fu(X)fv(X): (1.20)
x2f 0;1gk

We show this sum is 0 by matching every vector x with a distinct vector y sud that
fux)fv(x) = j fuly)fy(y). The necessarymatching is provided by nding the rst
coordinate i on which u and v di®er, and then setting y = x on all except the ith
coordinate, at which y; = 1 x;. Thus either fy(y) = j fu(x) and fy(y) = fy(x), or

fuly) = fu(x) and fy(y) = i fv(x), and the summandsfor x and y in (1.10) cancel.
¢
j ¢

L areff, : v 2 f0;1g%g, with '}‘ orthogonal eigervectors corresponding to eigervalue

2j . Additionally , we note that if © and 4 are the all 0's and all 1's vectors, respectively,

There are ways of choosing distinct vectorsv with j 1's, and so the eigervectors of

then f4 = 1, corresponding to eigervalue O, and f4 takes opposite values on any pair
of adjacert vertices, and so corresponds to eigervalue 2k, achieving the maximum in

Lemma I.1(iv).

I.C Diric hlet Laplacians and their spectra

Consideragain a simple graph j, and supposewe wish to restrict our attention
to only those functions f : jVj ! R which satisfy f ©~ 0 on a certain speci ed set of
boundary vertices. Suc a restriction is called a Dirichlet boundary condition for j.

In particular, let S u V be a subsetof the verticesof j. Then %S, or the set of
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boundary vertices of S, is de ned by
1S=fy2S:y» xandx 2 Sg:
The set of boundary edges @5, is de ned by
@ =ffx;yg:x2 S;y 2 +Sq:

i( S) is the subgraph of | induced by S, and E(S) is the set of edgesin j( S). We
usually assumeV = S| S, revising our conception of the parernt graph i if necessary
Howewer, in generalthe choice of S partitions V into three sets: the \playing area" S,
the \b oundary" 1S and the \spectators" V n(S[ S). The reasonfor this appellation
of V n(S[ £S) is that we generally ignore the behavior of functions on the \sp ectator"
vertices, and are only concernedabout their behavior on S and +S; howewer, for some
graphs, suc as the path with boundary in Section I.E.2, the behavior of functions on
V n(S[ £S) is important. We are particularly interested in casesin which j( S) is
connectedand S 6 ;. It is also reasonableto think of casesin which every connected
componert of the subgraphinduced by S is incident to a boundary vertex. Otherwise,
we could consider a connected componert of S not incident to any boundary vertices
separately

A function f : V ! R is a Dirichlet function provided that f(x) = 0 for
x2VnS. Thusf ~ 0on the boundary £S, which is the Dirichlet boundary condition,
andf = 0onV n(S[ 1S), sincethe region of importanceis S. De ne D(j ;S) asthe set
of such Dirichlet functions, which has dimension jSj as a vector subspaceof RIVI. We
wish to consider those Dirichlet functions which behave like eigenfunctionson S; i.e.,

those Dirichlet functions f and g for which

Lf (x) £ (x) 8x 2 S, and
Lg(x) = ,g(x) 8x 2 S:

(1.11)

In this casef is a Dirichlet eigenfunction of L corresponding to Dirichlet eigenvalue¥;
and similarly g is a Dirichlet eigenfunction of L corresponding to Dirichlet eigervalue
.. When the context is clear, we may drop the adjective \Diric hlet"; also, eigervectors
and eigenfunctions will be used interchangeably We do not require (1.11) to hold on

1S for Dirichlet eigenfunctions, becauseDirichlet functions are xed at 0 on £S. In
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fact, forthcoming in Example 4 are Dirichlet eigenfunctionsfor which Lf 6 ¥ on the
boundary %S.

De ne the Dirichlet Laplacian Ls to be L restricted to the rows and columns
of of S. The Dirichlet normalized Laplacian L s and the Dirichlet Laplace operator ¢ g

are de ned similarly. Just asin (I.1), Ls, Ls and ¢ s are related by

Ls = T¥2LsT¥™ = T¢s
LS = Ti 1=2LSTi 1=2 _— Tl=2¢ STi 1=2
¢s = Ting = Ti 1:2LST1:2:
The Laplace operator ¢ 5 again satises ¢ s = | | P, where P is the transition prob-

ability matrix of a simple random walk on j, but now with absorbing states +S. The
following Lemma, similar to Lemma 8.2 of [29], describeshow a Dirichlet eigenfunction
of a Laplacian can be consideredsimultaneously asan eigenfunction of the corresponding
Dirichlet Laplacian. We de ne f js to be the restriction of the function f : V! R to the

domain S 12 V.

Lemma 1.4 (Diric hlet eigenfunctions). A Dirichlet function f : V ! R is a Dirichlet
eigenfunction of L i® f js is an eigenfunction of Ls. Similarly, a Dirichlet function g:
V ! R s a Dirichlet eigenfunction of L i® gjs is an eigenfunction of Ls. Furthermore,
the eigenvalue¥sof L g correspnding to f is given by (1.5); i.e.,

P . 2
ORI

Y% = :
« F2(x)

and the eigenvalue, of Ls corresmpnding to g is given by (1.7); i.e.,

P 2
_ X»w(f (X) l f (y)) .
> - F2(x)dy ’

wher g = T¥f .

Proof. We givethe proof for L; the proof for L proceedsanalogously Let f be a Diric hlet

function onj. Thenforall x2 S

- X -
dxfjs(X) i fis(y)
)5(28;y»x

dxf (X) i f(y) = Lf (x):
y2V;y» X

Lsfjs(x)
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Thusfor all x 2 S, Lf (x) = ¥ (x) i®Lsfjs(x) = ¥ js(x). The Rayleigh quotient of Lg

shows that ¥ssatis es s

P . . P .
. Hjs;Lsfjsi x2s Fis(X) fis(X)dx i yzs;y»foS(Y)
/4 = . . . - = P -2
PHJSvaS| ﬁZSfJS(X)
Xy 2ES)| asfx)i f (¥))? _ _ fxyg2Ed) fx)i f(y)? )
v2s f2(X) « F2(x) ’

sincef ©~ 0 on £S. O

This crucial obsenation allows us to simultaneously view Dirichlet eigervec-
tors as vectors acted upon by the corresponding Laplacian and as eigervectors of the
corresponding Dirichlet Laplacian. From now on, we may usef to represen both the
function on V and its restriction f jg to S, if the corntext is clear. Letting n = |Sj, we
label the Dirichlet eigervaluesof L by % - ¢¢¢- %, with corresponding Diric hlet eigen-

vectors Ar;:::;A,. Similarly, we label the Dirichlet eigervaluesof L by , 1 - ¢¢¢- |,

Dirichlet eigervalues and eigervectors from non-Dirichlet eigervaluesand eigervectors,
we will write 3/§S) or, j(s) for the Dirichlet eigervaluesand Ai(s) or A®) for the Dirichlet
eigervectors. We start numbering the eigervaluesat 1 becausewhenewer j is connected,

%;,1 > 0, asargued by the next Lemma.

Lemma I.5 (Diric hlet eigensystems of L and L). Letn = jSj for S ( V(j), and

assumezS = V nS. The following hold for the Dirichlet eigensystemsof L and L.
H P n P n
0] -1 = vol(S),and _;,i- n.

(i) Ls andLg are positive semide nite, and so the %'s and | ;'s are real and nonneg-
ative. Furthermore, %;, 1 > 0i® every connected component of the sulgraph j( S)

induced by S is incident to a vertex in £S.

(i) The sulgraph j( S) induced by S hasi boundary-lessconnected components if and
only if 3% = ¢¢¢= 3% =, 1= ¢¢= ,; = 0and %41, i+1 > O.

(iv) Forall1- i - n, wehave¥% - 2dmax and ,; - 2. Equality is achievel for
Y If and only if there is a dmax-regular bipartite connected component of j( S)
a boundary-less connected component of j( S) is , and for |, if and only if a

boundary-lessconnected component of j( S) is bipartite.



14

Proof. For (i), simply considerthe tracesof Ls and Ls. The inequality is equality i® no
vertex in S is isolated.

For (i), note that Lemma I.4 expresseghe %'s and | j's in terms of Rayleigh
quotients of L and L, respectively, which are all nonnegative. Therefore all Diric hlet
eigervalues are nonnegative. For the positivity of the smallest eigervalues, we give a
proof for the caseof % and leave the similar computation for , 1 to the reader. Using
the Rayleigh quotient for Ls and Lemma (1.4), we have

_ i X y!gf )i f(y)? :
f2D(j ;S):f 60 « F2(x)

The only way for %, to be positive is for every Dirichlet eigenfunctionf to have f (x)
f (y) for somefx;yg 2 E(S)[ @. In other words, % > 0 if and only if there does
not exist a nonzeroDirichlet eigenfunctionwith f (x) = f (y) for all fx;yg2 E(S)[ @5,
if and only if every connectedcomponert induced by S has at least one of its vertices
adjacen to a vertex in the boundary %S.

For (iii), block diagonalizeLs and Ls rst in terms of the boundary-lesscon-
nected componerts of j( S), and then any remaining vertices. The result is a block-
diagonal matrix whereall but the last block are Laplacians of connectedgraphs (without
boundary), and the last block consistsof connectedcomponerts of j( S) all having ver-
tices incident to boundary verticesin £S. Lemma I.1(iii) shows that ead of the blocks
corresponding to a boundary-lessgraph yields exactly one eigervalue of 0, and (ii) shows
that the last block yields no zero eigervalues. Therefore setting i equal to the number
of boundary-lessconnectedcomponerts of j( S) givesthe result.

The proof of (iv) follows directly from the proof of I.1(iv) by noting that requir-
ing f (x) = j f (y) for all connectedcomponerts of j( S) meansthat all such componerts
incident to the boundary £S require f = 0 on the componert. Only on a boundary-less

connectedcomponert of j( S) canf (x) = j f (y) 6 0, and equality be achieved. O

Sometimeseigenfunctionswill actually be Diric hlet eigenfunctions,but not al-

ways, as illustrated in the following example.
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Example 4 (T ransfer of eigenvectors). Considerthe cycle C4 on verticesf0; 1; 2; 3g,

and let S = f0;1;2g. Then S = f 3g, and the LaplaciansL and Lg of C4 are

2 3
2 i1 0 1 2
2 i1 O
il 2 i1 O
L = ; and Ls=6;1 2 1/
0O i1 2 j1
0 1 2
il 0 j1 2

L has eigervectors Ag = (1;1;1;1), Ay = (1;0;j 1;0), A, = (0;1;0:j 1) and A3 =
(1;i 1;1;i 1) with eigervaluesO, 2, 2 and 4, respectively. Howewer, only A; = A£S> is
a Dirichlet eigervector for L with respectto S and boundary +S. The other Diric hlet
eigervectors are A{® = (1; p?; 1;0) and A® = (1;; P
2 P 2 and 2+ P 2, respectively, giving (%4>; %> ?/és)) = (2 P 2,22+ P 2). Note in
particular that LA{>(4) 6 0and LAY (4) 6 0, and soA{> and AL are not eigervectors

2;1;0) with Dirichlet eigervalues

of L. Furthermore, 28§ P 2 are Dirichlet eigervaluesbut not eigervaluesof L.

Becausethe Dirichlet eigervaluesarise from the principal submatrix Ls of L,
they are cortrolled by the eigervaluesof L to a degreewhich dependsupon the number of
rows and columns deletedto obtain L. This is known asthe inclusion principle, which

appearsin [73, Theorem 4.3.15],and is presened herein the context of the discussion.

Theorem 1.6 (Inclusion principle). Lets = jSjandn = jVjsothat nj sis the
numkber of columns and rows deletel to obtain Ls from L. Then for each integer k such
that 0- k- sj 1, wehave

Yoo B Ve s (1.12)

Theorem |.6 could also be stated in terms of L and Ls. Note that in Example
4, the inclusion principle guarantees a Dirichlet eigervalue of 2, sincethere 2 = ¥, -
345) - ¥ = 2; the three Dirichlet eigernvaluesare otherwise guaraneed to be staggered
sequettially betweenthe eigervaluesof L. Determining which Dirichlet eigervalues of
L are also eigervalues is in general dizcult, becauseas soon as the number of rows
and columns deleted from L to obtain Ls increasespast 1, the cortrol given by (1.12)
markedly decreases.There might be a Dirichlet eigenfunction A(S) of L corresponding
to Dirichlet eigervalue % where A(S) is not an eigenfunction of L but %is an eigervalue

of L.
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Whenewer a Laplacian has an eigenspaceof high dimension, if the Diric hlet
Laplacian is large enough as a principal submatrix, Theorem 1.6 guarantees Diric hlet
eigervectors with the sameeigervalue. However, we can exercisemore care in how we
treat the \sp ectator" regionV n(S[ £S) in order to construct more Diric hlet eigenfunc-
tions from a high-dimensional eigenspaceof a Laplacian. Let 2 5, be the eigenspaceof
L corresponding to eigervalue % and let © be the eigenspaceof L corresponding to
eigenvalue , . For nite setsU and W with U p W and a set of functions F mapping
W to R, de ne the restriction Fjy = ffjy : f 2 Fg. The idea of the next theorem is
to construct a Dirichlet eigervector f with Dirichlet eigervalue ¥2by choosing an eigen-
vector f92 2 5, such that % 0on+S, andf 2 D(j ;S) is de ned to agreewith f®on

S| 1S asfollows: 8
< f9qx); x2 S[ 4S

f(x)=.
. 0; x2Vn(S[ £S):
The crucial obsenation is that the maximum number of linearly independert Diric hlet
eigenfunctionsconstructed in this fashion dependsonly on the behavior of 2 5,0on S| 1S,
and not on the \spectator" regionV n(S[ +S). This is an improvemert over Theorem
1.6, in which the number of linearly independert Dirichlet eigervectors guaranteed to

have a particular eigervalue is limited by the sizeof V n(S[ %S).

Theorem 1.7 (Diric hlet eigenvector extraction). The dimension of the set of
Dirichlet eigenfunctions with Dirichlet eigenvalue¥swhich agree on S| +S with eigen-

functions in 2 g, is

dim(D(i ;S)js{s\ ? wisp+s) = dim(® yjs[:s) i diM® 3j:s) (1.13)
and similarly for L,

dim(D (i ;S)js{+s\ © jsjzs) = dim(© jsizs)i dim(© jis):

Proof. We prove the result for L and note that the proof for L proceedsanalogously The
left-hand sideof (1.13) is the dimensionof the vector subspaceof Diric hlet eigenfunctions
with Dirichlet eigervalue %2 which can be extracted as described previously. The proof

proceedsby shawing the two inequalities corresponding to

dim(D(j ;S)js{+s\ ® ws[+s) + dIM® yjss) = dim(® sjs[ +5):
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rows of a matrix with columnsindexed from the left by 1S, S, and then V n(S[ 1S),
and obtain a row echelon form of the matrix by Gaussian elimination. In the row
edhelon form, let r.g be the number of linearly independent rows with nonzero entries
in columns indexed by S, and let rs be the number of linearly independert rows with
only zero ertries in columns indexed by S (in particular, r = rs + r.g). Then by the
properties of a row echelon matrix, dim(® sj.s) , ris, and the restrictions to S| %S of
the bottom rg rows lie within D(j ;S)\ 2 3js[+s and are also linearly independert, so
dim(D(i ;S)js{+s\ 2 %is[+s) . Ts.

For (- ), let rs = dim(D(j ;S)jsf+s \ 2 #ss) and let rig = dim(® yjss).

by inspecting the linear combination

Xs Xes
afJsiss+  BRsiss = O
j=1 k=1
Sincefﬁs[ +«s OonzSforall1- j- rs, andthe g\'s are linearly independert on %S,
b = Oisforcedforall 1- k- r«s. Thusa = Ois forcedfor all 1- j - rg sincethe
fﬁs[ +s'S are linearly independent. Thereforedim (® 3js[+s) , rs+ rss, Which completes

the proof. O

The practical usageof Theorem 1.7 is the row reduction in the proof of the
“rst inequality, which yields a linearly independert set of Dirichlet eigervectors from
the eigenspace. The proof of the secondinequality shows that this set is as large as
possible. This technique will be usedin Lemma .14 to derive the Diric hlet eigensystem
of the path with boundary. In general, Dirichlet eigenfunctionsand eigervaluescan be
determined by applying the Courant-Fischer Theorem (cf. [73, Theorem 4.2.11]) to the
Rayleigh quotient of the Dirichlet Laplacian, asin [29, p. 128].
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Theorem 1.8 (General Diric hlet eigenvalues and eigenvectors). Letn = jSj and

let 1- k- n. Then the Dirichlet eigenvalue¥x of L satis es

P
f(x)i f(y)?
Y% = i oy ; .14
k f80;f2D(j ;sr,T)];IQ?Al;:::;Ak. 1 X f 2(X) ' ( )

where Ay is the Dirichlet eigenvetor achieving %, and the Dirichlet eigenvalue,  of L
satis es

P 00 ()2
opl 1 YD (1.15)

= min f
f80; T1=2f 2 Ar;iAc 1 xf 2(X)dx

wher A, = T1¥2f for a vector f achieving,  is the Dirichlet eigenvetor for | .

I.D An eigenvalue diameter bound

Bounds involving the smallest positive eigervalue of a Laplacian appear fre-
quertly in the literature in terms of graph diameter [33], expansionproperties [3], and
the isoperimetric number and Cheegerconstart [98], for example. In this section,Lemma
1.10 preseris relationships between the diameter of a graph and the smallest positive
eigernvalues of its Laplacians, L, Ls, L and Ls. Variants of these results, which are
almost folklore, have appearedin [3, 18, 29, 32]. Lemma l.10 follows easily from the next
technical lemma, in which the Rayleigh quotients are minimized over a more generalset

than those usedto obtain the rst positive eigervalues.

Lemma 1.9. Letj be a connected, simple graph with diameter D. For ; 6 U u V, let
D"(j ;U) be the set of nonze Dirichlet vectors f 2 D(j ; U) which satisfy f (u)f (v) - 0
for someu;v 2 V. Letd 2 RIVI be a nonnegative vector such that f 2(x)d(x) > 0 for at

least onex 2 U. Then

P
L pe0iton? 1
f2D°(j ;U) « F2(x)d(x) > «ou d(x)D

(1.16)

Proof. Let f 2 D(j ;U) and chooseup 2 V to maximize jf j. The assumptionson u and
v guarantee a choice of vg 2 V sud that f (ug)f (vo) - 0. Let P be a simple shortest
path in j from ug to vg. Then

P . 2 P ) 2
xpy(f x)i f(y) f!\sngP(f X)) i f(y)
«f 2(x)d(x) ) xou f 2(ug)d(x)
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3

1 P . , 2
D Ij__)x;ngF’(f (X) | f (y))

! qufz(uo)d(x) (1.17)
L (f (uo) i f(vo))?
- b .
0 2(U0)d0) (1-18)
> D X2U d(x)

where (1.17) is by Cauchy-Schwarz, (1.18) is by telescoping, and the last inequality is
becausgif (uo) i f(vo)j, jf (Uo)j. O

Lemma 1.10 (Eigen value diameter bounds). Letj bea connected, simple graphwith
diameter D. Let; 6 S ( V induce a connected sulgraph j( S). Then the eigenvalues¥y

and , 1 and Dirichlet eigenvalues? %) and s (18) are related to D as follows:
() ¥a, 1=(ViD),

(i) %, 1=SiD),

(i) ,1, 1=(vol(j) D), and

iv) .Y, 1=(vol(S)D).

Proof. We apply Lemma 1.9 in all four cases.For ¥ and 3/515), let d(x) = 1, and for , 1
and | (15), let d(x) = dx. Let U =V for % and , 1, and let U = S for 3 ) and , (15). The
results all follow by noticing that the Rayleigh quotients (1.8), (1.14), (1.9) and (1.15)
usedto obtain the eigervaluesare minimized over a set of vectors which in ead caseis

corntained in D°(j ; U). O

The fact that all four results follow from the generalizedLemma 1.9 is strong
evidencethat there is room for improving these bounds. Nevertheless,the results are
usefulasis, and Lemma 1.10(ii) will be cited later in SectionlI1.B to bound the number

of stepsin a chip- ring game.

I.LE Primary examples

In this section we consider the Laplacians of cycle graphs and the Diric hlet

Laplacians of path graphs along with their eigensystems.We rst derive eigensystems
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for cycle graphs by considering their Laplacians as special casesof a class of matrices
called circulant. We then describe how a cycle canbe mapped onto a path with boundary
in order to obtain the eigensystemof the Dirichlet Laplacian of the path in terms of the

eigensystemof the Laplacian of the cycle.

I.LE.1 Circulan ts and cycles

A squarematrix is circulant if ead row is obtained by cycling the row above
it to the right one position. It is straightforward to determine the eigensystemof a
general circulant matrix using properties of roots of unity, and then to specialize to
obtain eigensystemsof Laplacians which happento be circulant. We will proceedin this
fashion to obtain the eigensystemof the ¢ycle graph Cr,.
Fork=0;::::nj 1,let c(K) = ci(jk) be the m £ m squarematrix satisfying
8

i <1, jii  k(modm)
]

0; otherwise

Therefore C() is simply the matrix which acts on a vector f by setting COf (i) =
f (i + k (mod m)), and ewery circulant matrix M can be uniquely expressedas a sum

P ..
M= 1 bCX. We have the following well-known theorem.

P ..
Theorem 1.11 (Eigensystem of a circulan t matrix). LetM = i lbC®k bean
m £ m circulant matrix whoserows and columns are indexed by 0 - i;j < m. Then an
eigensystemof M is (A | )
Xi 1 '
bSE, tpM=1
k=0

whete p rangesover all mth roots of unity, and £, is dened by £ (i) = W

unity, £, is an eigervector of C() corresponding to eigervalue L. In this event, £, is
simultaneously an eigervector for each C, and the eigervalue of £, for M is taken
directly from the coezcients describing M as a linear combination of the C()'s. Now

"X k and p and note that

CMME (i) = £,(+ k (mod m))
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ui+k

HEE u(i);

for all 0- i < m, which completesthe proof. O

This theorem immediately raisesthe question of which graphs have Laplacians
which are circulant. We now de ne the classof graphswhich correspondsto the circulant

Laplacians.

graphs and circulant matrices.

Lemma 1.12 (Circulan t Laplacians are from circulan t graphs). The Laplacian

of a simple graph j is circulant if and only if j is a circulant graph.

P ..
only if L= Q,'hC® and b = by, k 2 f0;1g for 0< k < m. But this occursif and
only if fi;jg2 E(j) exactly whenij j~ k(modm)orij j  mj k(modm) for
those 0 < k < m for which by = 1. This is true if and only if j is a circulant matrix on

m verticeswhereS = fk: 0< k- bm=2c and by = 1g. O

P ..
Since all circulant graphs are regular of degree j E":'lle in the circulant
represettation, the normalized Laplacian L satises L = L=bgy, and determining the
eigensystemof L or L are essetially equivalent. We now presen the eigensystemof the

cycle graph C,, which will be usedin Chapter I1.

Lemma .13 (Eigensystem of Cy). Let m , 3. The normalized Laplacian L of the

Yol TONP | %

1
1i = A :0-j< X
i cos o VA J m ;
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where
i 1 H _21/4xﬂ
A (x) = PﬁeXp il

P .
Proof. Cp, isacirculant matrix, and L is circulant with represenation L = = it b, C(®),
wherelp = 1 and by = by, 1 = | 1=2. By Lemma I.11, eadr mth root of unity p

cortributes an eigervalue 1j (pt + p™i 1)=2 with corresponding eigervector £ u de ned

by £,(x) = u*. We write the roots of unity as po;:::; hm; 1 Wherep = exp(ij 2% i=m)
to seethat £ (x) = exp(j 2%} xi=m) is an eigervector of L corresponding to eigervalue
3 ’ 3 ’
WL+ pmi L exp i 124 +exp i%4
1j —— = 1j
2 n q 2
1
= 1j cos % :
m

We verify that we have an orthonormal eigensystemby cheding the inner product of

Xi 1
AL = ARG
x=0
%, Mo x|
x=0 m m
Xty S
= = AGmi)

sinceany m consecutive integral powers of any nontrivial mth root of unity canceladdi-

tively. O

I.LE.2 Paths with boundary

The path graphwith boundary Py, can be thought of asa contiguous pieceof a
very large cycle on the verticesV = f:::;0;1;:::;m;m+ 1;:::.gwhereS = f1;:::;mg
and the boundary is £S = fO;m + 1g. In this formulation P, is a regular graph, and
the Dirichlet Laplacian of Py, is a m £ m tri-diagonal matrix with 2's on the main
diagonaland j 1's on the sub- and super-diagonals. The Diric hlet normalized Laplacian
is obtained by multiplying by 1=2. Thus the Dirichlet Laplacians are both tri-diagonal
and Toeplitz; that is, having all ertries mj; dependonly oni j j [73, p. 27]. The latter

is important becauseinformation about the eigensystemof a Toeplitz matrix can be
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gleanedby studying a corresponding circulant matrix; however, we will take a di®erert
approac below for Py,.
Subjectively, we will seethat the Dirichlet eigervectors of the Laplacian of

Pm can be thought of as standing waves, anchored on either side at vertex 0 and m + 1.

a string of length m + 1 held xed at both ends,the Dirichlet eigervectors are obtained
by reading o®the valuesof the rst m harmonics of the string at the the vertices. Thus

we will show that the harmonics

H kl/zxﬂ

m+ 1

sin X (k=1;:::;m)

are the Dirichlet eigervectors for Py,. For an introduction to standing waves, see[61],
for example.
We now compute the Diric hlet eigensystemof P, by extracting Diric hlet eigen-

vectors from the eigenspace®f Cy(m 1) , following theorem 1.7.

Lemma .14 (Diric hlet eigensystem for Pp). Letm , 1. The normalized Laplacian

eigensystem Yoyl u 01 ¥,
1j cos KBS ‘1-j<m ;
: m+ 1 A : '
where r U
. 2 JRZ
A(x) = m+1sm 1

© , of the normalized Laplacian L are given by Lemma 1.13. For 1 - j - m, ,j =

,2m+1);j = 1i cos(¥4=(m+ 1)), and © , is 2-dimensional,spanning the set
. Y.
. LA _ 2 u ]/4)( ﬂ U ]/Xﬂ 4.
fA,j’A,Z(m+1)ijg - exp i |m+1 , eXp Im+1

tator" regionisV n(S[ £S) = fm+ 2;:::;2m + 1g. Following the row reduction

step in Theorem 1.7, notice that A (0) = A, . .. (0) 6 0 andthat A (m+ 1) =
1).

A (m+ 1) 6 0. Thusdim(© ,)j:s = 1. Note further that A (1) 6 A

s2(m+1) jj

Therefore dim(© | )js;ss = 2, and A]-(S) =A, i A

s 2(m+1) j j

2(m+1) j j (

is a Dirichlet eigervector
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for Py, corresponding to Dirichlet eigervalue ,j(s) = ,j. As ] rangesover f1;:::;mg,

the , j(S)'s are distinct, and sothe A']-(S)'s are orthogonal. The coezcient P 2=(m+ 1) is

preciselywhat is necessaryfor normalization. O

I.F Product graphs

Most product graphs are constructed by choosingtwo factor graphs and build-
ing edgeson the Cartesian Product of the vertex setsof the two factor graphs according
to somerule. Various sud rules and their resulting product graph formulations appearin
[71, 79). Here, we considerthe graph Cartesian Product, de ned asfollows. Let j( V;E)
and | {V%E9 be simple graphs. The graph Cartesian Product j £ j © has vertex set
VE:=V(i £i9=VE V%andedgeset

EE=EG£i9 = x5 (:x%:fxyg2 E() g
ff (% x9; (x;y99:fx%y% 2 E( 9g:

From now on we will simply refer to the graph Cartesian Product as the product of

graphs. The Laplacian L® of | £  %is
8
§ dexoy; i 069 = (v;y9)
i 1, ifx=yandx% y°
LE((x; x%; (y;y9) = _
g i 1, if x» yandx0=y°

0; otherwise,

where dixx0 = dx + dyo. Examples of graphs with a high degreeof product structure
include tori (products of cycles), grids (products of paths), and hypercubes (repeated
products of a single edge). Processeson these sorts of product graphs can often be
broken down into processe®n the constituent factor graphs (e.g., [46]).

If factor graphsi and i © are preseried along with speci ed subsetsS p V (j)
and S° u VY; 9, we may consider the Dirichlet version of the product graph. The
\playing area" of j £ j %is S¢ := S£ SC the \b oundary" is +S* = S£ +S°[ +S£ SO

and the \sp ectator area" is

i ¢ i ¢ ¢
VE n(SE[ +5E)= '+S£ 250 [ 'V £ VOn(SO[ 59 [ 'V n(S[ +S)£ VO ;
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SO +S0  vOn(SO[ £59
| | | |
[ | | |
S St +GE
+S +GE
T spectators
V n(S[ £S) VE n(SE [ +SE)

Figure I.1: Regionsof a product graph whosefactor graphs have boundary

asillustrated in Figure I.1. Of course,the playing area S* of a product graph could be
chosenafter the graph is constructed, but we are primarily interestedin the casewhere
St isinduced by S and S%in the factor graphs. Moreover, all de nitions and results on
Dirichlet Laplacians hold for product graphs with boundary conditions.

When both factor graphs are regular, the eigensystemof the Laplacians the
product graph can be easily recovered from knowledge of the eigensystemsof the Lapla-
cians of the factors. This can be donefor both Laplacians and Dirichlet Laplacians, and
when the factor graphs are both regular but not of the samedegree.In terms of bound-
ary, there are three casesof product graphs: the product of two graphs with boundary
(S( V, S V9, the product of a graph with boundary and a graph without boundary
(S( V, S%= V9, and the product of two graphs without boundary (S = V, S°= V9,
Here a graph without boundary condition is denoted, without lossof generality, by spec-
ifying S = V. The three casesare conmbined in the following lemma, which is preserted

for the normalized Laplacian L.

Lemma 1.15. Let and j°be d- and d%regular, resgctively. Let Spu V and SOu V°

Supmse orthonormal eigensystemsof the normalized LaplaciansLs of | and Lgo of ©

aregivenbyf(, j;A):j 2 Jgandf(, 2;AD) : k 2 K g; resfectively. Then an orthonormal
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eigensystemof the normalized Laplacian L&, ¢ of i £ i Cis
Yol
fejx;Q) ] 21 k2Kg:=

do f 7
SAA j23k2K

dr @ " g ¢

Proof. Let (x;y) 2 S = S£ S@ By denition of the product graph,

X e
Ok (% x9) | %y’dg%

(Y;y92SE i(y;y9» (xx9)

LE: © (% x9)

Cgoea X AMARXY X AKAAYY
= ARG AWIALD, | AOORLY
0 y2Sy» x 1 y02 S0y 0 x0

_ IR0 @iy X A
a d+ d° @Ai (X) I ’s »XTA
0 yzoy 1
d% i X A0
A0y, X A,
u y02 SOy 05 x0
d dO 0
Tt grp Ow0ay);

and so©  is an eigervector of L’é£ corresponding to eigenvalue ajy = (d,j + d° ?)=(d+

d9. Secondly choosetwo eigervectors ©j, , and ©j,, and note that

X
r©j1;kl;©j2;k2i = Ail(X)Agl(X()Ajz(X)Akl(X%
%;x(’)zs£

X o
ALCORL() AL (XA (X9

x2S X 0
MG AL AR = A= j2) ¢A(KL = ka);

and sothe ©'s form an orthonormal eigensystem. O

Whenewer j is d-regular, the normalized Laplacian L s and the Laplacian Lg
are related by Ls = Lg=d, and sothe two matrices have the sameeigervectors, except
that the corresponding eigervaluesof L g are those of L s multiplied by d. This property

allows the derivation of the eigensystemof Lg from Lemma 1.15.

Corollary 1.16. Under the sameconditions asLemmal.1l5, an orthonormal eigensystem
of LE, is
a

©i ¢
F8jmi® i) i 29k2Kg:= %+ RAA j23k2K ;

whee % = d,; and ¥ = d® 0.
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Proof. The result follows easily from the factsthat Ls = dLs, Lso= ddL o, and L, oo =

(d+ do)l—ég S0 O

Becausethe Cartesian product of two graphsis assaiative, a graph formed by
repeated products may written as the repeated product of factor graphs in arbitrary
order. An orthonormal eigensystemof L€ for the graph product j @ £ ¢¢¢£ | (O, where

i ® is ds-regular, is
(A ® ! )

dl’ J(]1-) + CCC+ dt’]t Al ¢¢¢' . 2] . (I 19)
d1+ ¢ee+ dt ’A“ Ah s s .

@0 Q) 11s 2 Jsg 1=

given that orthonormal eigensystemsof L() for (9 are f{(, j(:);Aj(f)) :js 2 Jsg, for
1- s- t. This fact holds even when S p V() determinesthe boundary condition for
i : also, multiplying all eigervaluesthrough by the degreep ;:1 ds of the corresponding
regular product graph, asin Corollary 1.16, yields the result for the Laplacian L. Note
that the hypercube Qy is the product of k edges,or more formally, k K»,'s; Example 3
could be completely re-derived in terms of Lemma .15 and (1.19), using the eigensystem
f(0;[1;1]7);(2;[1;i 1]")g of the Laplacian of K .

We now preseri speci ¢ examplesof product graphswith and without boundary
which will reappear in Chapter Il. All factors involved in these product graphs will be
either cycleswithout boundary (Section |.E.1), or paths with boundary (Section |.E.2).
If the product of t such factors is viewed as being laid out on the grid Zgu) £ ¢0CE Zg(),
a cycle factor provides a periodic boundary condition in its coordinate, and a path factor

provides an absorbing boundary condition in its coordinate.

I.LF.1  Tori

The t-dimensional torus Cp,, £ ¢¢¢£ Cy,,, wherems , 3for1- s- t,isthe
graph product of t factors which are all cycles. Using (1.19) and 1.13 for the eigensystem
of each factor, the eigensystemfor the normalized Laplacian L of Cy,, £ ¢¢¢E Cpy, is

given in the next lemma.

Lemma 1.17 (Eigensystem for Tori). An orthonormal eigensystenof the normalized

Laplacian LZ of the t-dimensional torus Cm, £ ¢¢£ C,, wherems, 3forl. s- f,
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is A T ! )
1 2% s .
t 1i cos Oy 10 Js<mgile se t ]
t Mms
s=1
where for (x1;:::;%¢) 2 f0;::::mqj 1g£€ ¢C¢£ fO;:::;m¢j 1g= VE,
A !
..... _ 1 . ” X J sXs
O ((Xas 115 Xe)) = EWGXD i 2va 5
s=1

The eigensystemof the Laplacian L of the t-dimensional torus is obtained

from Lemma 1.17 by multiplying the eigervaluesby 2t, asthe torus is 2t-regular.

I.LF.2  Grids with boundary

The t-dimensional grid Py, £ ¢¢¢E Py, wherems , 1for1- s t,isthe
graph product of t factors of paths with boundary. Thus travelling in either direction
on a single coordinate of the grid will evertually reach the boundary. Unlike the cycle
on 1 or 2 vertices, the paths P; and P, are simple graphs, and so we may considerthe
casesng = 1; 2. Having a factor of P; is an interesting case,becauset meansthat every

point in the resulting grid will be adjacert to the boundary in either direction on P1's

Using (1.19) and Lemma 1.14 for the eigensystemof ead factor, the eigensystemfor the

normalized Diric hlet Laplacian Lg£ of Pm, £ ¢CCE Py, is givenin the next lemma.

Lemma 1.18 (Diric hlet Eigensystem for Grids). An orthonormal eigensystemof
the normalized Dirichlet Laplacian Léi5 of the t-dimensional grid Py, £ ¢¢¢E Py, , where

mg, 1forl.- s- t,is
A !
(A % u Hoy, )
i 1i cos T 1 ; :
s=1 Ms

2=2 v M j sYx ﬂ_

p sin
(m1+ 1)¢ee(me + 1) ms+ 1

O (X1y i X)) =

The eigensystemof the Laplacian ng of the t-dimensional grid is obtained

from Lemma 1.18 by multiplying the eigervaluesby 2t, asthe grid is 2t-regular.
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I.LF.3  Hybrids

The product graph construction and Lemma I.15, which describeshow to gen-
erate the eigensystemof the product graph's Laplacian, do not require the factor graphs
to be of the sameclass. Factor graphs may be chosenfrom any classof simple regular
graphs with any choice of boundary conditions. Products of cycles and paths are of
particular interest becausethe structure of the \playing area" is naturally a nite rect-
angular grid with absorbing or periodic boundary on any given coordinate. Examples
of physical applications for which the underlying structure of the model is a product
graph of this general hybrid classare the Ising [104] Potts [120], and sandpile models
[6, 7, 45]. One interesting intersection of vertex-transitiv e (degree-regular)graph prod-
ucts, the Potts model, and the Cheegerconstart appearsin [107], which investigates

phasetransitions on generalhomogeneoudattices.



Chapter 11

Discrete Green's Functions for

Pro ducts of Regular Graphs

Discrete Green's functions are the inversesor pseudo-inversesof combinatorial
Laplacians, which were introduced and discussedin Chapter I. Green'sfunctions in the
continuous caseare usedin the solution of di®ereriial equations; the seminal work on
Green's functions is [70], summarized more recertly in [69]. A treatment of Green's
functions for partial di®ererial equationscan be found in [10§. Examples of cortribu-
tions to the literature in which the Green's function is computed or approximated for
a discrete region are [42, 84, 85]. The rst major work on discrete Green's functions as
the (pseudo-)inversesof combinatorial Laplaciansis [35], wherein formulas are found for
generalfamilies of graphs, and the Green'sfunction is usedto solve the discrete Laplace
equation. Just as Green's functions in the continuous casedepend on the domain and
boundary conditions, discrete Green'sfunctions are assaiated with the underlying graph
and boundary conditions, if any. Thus a new set of discrete Green's functions must be
determined for ead new classof graphs. Certainly, a discrete Green's function can be
determined by brute force (pseudo-)inversion of the corresponding Laplacian, but this is
no advancemen toward compact or closed-formfunctions.

In this chapter, we consider such compact formulas for discrete Green's func-
tions. Results are illustrated with the cycle, torus, and the t-dimensional torus. Section

[I.LA presens the necessaryde nitions and badkground. Section I1.B illustrates these

30
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de nitions by deriving the Green's function for the cycle. In Section II.C, we derive
formulas for products of regular graphs with or without boundary, extending a result
of [29]. In Section I1.D, we illustrate the caseof products of regular graphs without
boundary by deriving the Green's function for the t-dimensional torus and addressing
its computational complexity, with explicit Green's functions givenfort= 2 andt = 3.

The hitting time for a random walk on the torus is discussedin Sectionll.E.

II.LA  Preliminaries

The necessaryde nitions related to LaplaciansL, L and ¢, and Dirichlet Lapla-
ciansLs, Ls and ¢ s, are found in Chapter I, primarily in Sectionsl.A and I.C. We
again considera simple connectedgraph j, and for the Diric hlet versionsspecify a subset
S UV = V(j), whoseboundary verticesare £S = fy 2 S :y » x and x 2 Sg. For
simplicity, we take the subgraph generatedby S to be connected.

When S ( V, Ls, Ls and ¢ g are invertible, and the Greens function G,
the normalized Greeris function G and the fundamental matrix Z are de ned by their

relations with the corresponding Dirichlet Laplacians:

LsG = GLS = IS
LsG = GLs = g (||.l)
¢tsZ = Ztgs = g

Therefore by (1.1) on p. 4, the Green's functions are related to one another as follows:

G = Ti¥Grilt2 = zTi!
G = Tl=ZGT1=2 - Tl=ZZTil=2 (”2)
Z = GT = Ti=Gr¥2

We say that Z is the fundamertal matrix becauseof the literature on random walks (e.g.,
[1], but we may also think of Z asthe discrete Green's function corresponding to the
Dirichlet Laplace operator ¢ s. We can tie thesede nitions to random walks as follows.
Let P = [pxy] be the transition probability matrix for the simple irreducible transient
random walk on S with absorbingstates+S, wherethe probability py, of moving to state

y from state x is 1=dy if x and y are adjacert and 0 otherwise. Then¢ s =1 P, and
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(i P)il=1+P+ P2+ ¢0¢gives

X
Z(xy) = Pn(Xy); (11.3)
n, 0

where P, (X; y) is the n-step transition probability matrix (cf. [112 p. 31]).

When the graph has no boundary vertices, which may be thought of aswhen
S = V, the Laplacians are not invertible, and we require an alternate de nition of the
Green'sfunctions. Recalling the properties and labeling of the eigensystemsof L and L

from Sectionl.A, we de ne G, G and Z asfollows:

X 1. .
G = AT
%>0
X 1. .
G = —AN; (1.4)
>0’J

Z = TilPGr=2
Throughout the chapter, we omit the subscript of S from the non-singular Green'sfunc-
tions becausethe presenceor absenceof a boundary condition can be determined from
the Laplacian it is assaiated with. In (11.4), the A's and A's are taken to be or-
thonormal eigervectors of L and L, respectively, and as usual A; and A correspond to
eigervalues¥ and | j, respectively. Recall from Sectionsl.A and |.C that the eigervalues
are labeledin increasingorder. SinceL and L are real Hermitian, the A's and A's could
be chosento have all real ertries, but sometimesa more natural eigervector is preferred

(e.g.,Lemmal.13). The de nitions of G and Gin 1.4 are equivalent to the two pairs of

relations
GL = LG = 1 Ro = 1 AdAj;
and GRy = 0
o (11.5)
GL = LG = I|iRo = I|i AA:
and GRy = 0

where Rg = ApAj§ is the rank 1 projection of Ag, and Ro = AgA] is the rank 1 projection

of Ap. By Lemmal.2 in Section |.A,

Ry = —J; and

Ro(x;y) 8x;y2V:

vol(i)
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It is alsoimportant to note that when G is invertible, the de nitions in (11.1) and (11.4)
are equivalent; we simply considerthe sumsin (11.4) over the Dirichlet eigensystems.
The de nition of the fundamertal matrix Z in I1.4 is exactly what is required to have

the relations ) ¢ ¢
ITi 1=ZGT1=2 ITi 1=2|_T1=2
Ti12(1j RoTH
11.6
1 D, (11.6)
vol(j)

Z¢

and ZDy = 0
where Dy(x;y) = dy for all x;y 2 V. The relations corresponding to thosein (11.2) also
hold for G, Gand Z. The de nition of Z in (11.6) is equivalert to the de nition of Z
more often usedin random walks; i.e.,
R
Z(x;y) = (Pa(Xy)i ¥4); (1.7)
n=0
where Yiis the stationary distribution of the random walk on j. To verify this alternate
de nition of Z, simply verify that T1¥ZTi 17 satises (11.4) or (11.5) when used to
replaceG. Wethink of Z asthe Green'sfunction corresponding to the Laplace operator.
See[l, Ch. 3, p. 17] for relationships between Z and hitting times and [49] for an

intro duction to random walks.

[I.B  Green's function for the cycle Cy,

In this sectionwe illustrate the de nition of the Green'sfunction Gin the case
of the cycle, which hasno boundary. The high degreeof symmetry in the cycleallowsthe
matrix equation involving the Green'sfunction to be corverted into a linear recurrence.
The techniques dewveloped here will be used in Section I1.D to construct the Green's
function for a t-dimensional torus.

Denote the vertex set of the cycle C,,, be denoted by f0;1;:::;mj 1g. The
various Laplacians are related by ¢ = L = L=2. Applying the de nition in (I1.5), the

normalized Green'sfunction G is determined by the relations

1
GL = LG = 1| —J
m

(1.8)
and G = 0



34

where Ay(x) = P 1=m, and J is the m £ m matrix with entries all 1's. In deweloping a
formula for G, it is usefulto obsene that the cycleis invariant under translation. Thus
the valuesL (x; y) and ((x; y) depend only on the distancejy Xj betweenx andy, and

the following de nition of G(a) is well-de ned: for all 0- a< m,
Ga) = Gx;y); ifa=jyi xj.

Since distance between x and y on the cycle can be measuredby travelling in either

direction, for all 0 < a < m we have
Ga) = G(mj a):
We are ready to derive the Green'sfunction for the cycle.

Theorem 11.1. Letm, 3. For 0- Xx;y- mj 1, thecycleCy hasnormalized Greerls

function
oy M+D(mi 1) (Y X)?
G(x;y) = om AR (1.9)
Proof. From (I1.8) we have the recurrence
8
<

2i 22m; x=y

2G(x;y)i Gx;yi 1)i Gxy+ 1) or

i 2=m; x6y;

AN "

2i 2=m; a=0;
2G(a) i G(ai 1)i Ga+ 1)

i 2=m; a> 0
provided that we de ne G(j 1) = G(1) for simplicity of represeiing the casea = 0. The
following recurrenceon di®erencegesults:

Gla+1)j Ga = Gai Gaj 1) + % i 2A(a= 0): (11.10)

The secondconstraint in (11.8) determinesthat the sum of G acrossany row must be 0;
ie.,

i 1
Ga = O (11.11)

a=0
By consideringthe di®erence(G(a+ 1) G(a)) i (G(a)i G(aj 1)) = 2=min 11.10 for
a> 0, G(a) is quadratic in a with leading coexcient 1=m, which we write as

aZ
G@) = —+Ba+C: (11.12)
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In order to obtain B, setG(a) = G(m | a) to seethat

2 )
%+ Ba+C = (Mi&°, B(mj a)+ C
Ba = mj 2a+ Bmj Ba;
from which B = j 1. Now applying the row sum constraint (11.11) allows us to compute
the value of C = (0).
r)(i lp Zﬂ
0 = Cij a+ —
a=0
r)(i 1”‘ azﬂ
mC = aj —
a=0 m
(m+ 1(mj 1)
CcC = : .13
om (1.13)

Plugging B and C into (I11.12) and letting a= jy i xj achievesthe desiredresult. O

Using the alternate de nition of Gin (I1.4) we have a whole classof identities
formed by choosing any orthonormal eigensystemfor C,,, and equating (11.4) for G with
(11.9). The following version arisesfrom the orthonormal eigensystemfor C,, derived in

Lemmal.13.

Theorem [1.2. Letm, 3andlet0- X;y < m. Then

1X 1expi(Z%j =m)(y i X)¢ _ (m+ )(mj 1)

m j=1 1i cos(2%=m) 6m Y X

(i x)%
e

II.C Green's functions for products of regular graphs

In this section, we extend Theorem 4 of [35] to include the normalized Green's
function of the Cartesian product of a graph with boundary and a graph without bound-
ary. Originally, [35] givesthe normalized Green'sfunction of the product of two graphs,
ead with boundary. Next, we preseri the normalized Green's function for a product of
two graphs without boundary. The key obsenation for the secondformula is as follows.
When both graphshave an eigervalue of 0, the residuesof the contour integral assciated
with the normalized Green'sfunction of the product graph are lesseasily calculated, and

a separateformulation is needed. On the other hand, the normalized Green's function
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of the product graph is easyto calculate not only when both graphs have boundary [35],
but also when one has boundary and the other doesnot; in either subcase,at least one
graph doesnot have an eigervalue of 0.

Throughout the remainder of this chapter, we will usethe following notation.
Letj = (V;E) andj °= (V% EY besimple connectedundirected regular graphsof degree
d and d° with speci ed vertex subsetsS p V and S°u VO respectively. For simplicity,
we require the subgraphsgeneratedby S and S°to be connected. In the caseof S = V,
recall that Ls = L and the subgraphinducedby Sis i( S) = j.

For any ® 2 C, let Gy denote the symmetric matrix satisfying the relation

(Ls+ ®Gp=lg, if S( V; and the relations

|s i Po; and

(Ls+ ®Gp
GPo = O (11.14)

if S=V (Ls issingular). In either case,this is equivalent to

X 1
Ga(x;y) = —

>0}

A () A (y); (11.15)

wherethe A 's are the orthonormal eigenfunctionsof L s assaiated with the eigervalues
.j- We call G the geneanlized Greeris function; it is a rational function of ® which will
be usedin a contour integral to derive the normalized Green's function of the product
graph. The analogousde nitions of L2, G3, A2, and ,  are made for j °

Recalling the de nitions in Section|.F, the Cartesian product £ j ®has\play-

£

SE and normalized

ing area" S¢ = S £ SO boundary +Sf, normalized Laplacian L
Green's function Ggg . The orthonormal eigensystemof Lé£ is labeled by eigernvalues
o with corresponding eigervectors ©;, becausethey are expressedin terms of the
eigensystemsof the factor graphs. Throughout the rest of the chapter, we may refer to
a Laplacian in terms of S, S or S* to emphasizewhether it is a Dirichlet Laplacian or

not.

[1.C.1 At least one graph has boundary

SupposeS ( V, sothat S generatesa connectedsubgraph with boundary in

i. Weallow S°u VOto generatean arbitrary connectedsubgraphin j © Recall that the
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,j'sareorderedby 0< , ;- ¢¢¢- ;5. We considertwo caseswhere the factor graphs

are regular of the samedegreeor regular of di®erent degrees.

Factor graphs are regular of same degree

Let C denote a contour in the complex plane consisting of all ® 2 C satisfying

We have the following minor extensionof Theorem 4 in [35].

Theorem 11.3. Letj = (V;E) and j®= (VA E9Y be d-regular, and let S ( V and
S VO The normalized Greeris function GE of the Cartesian product j £ j © with

St = S£ S%and boundary S is
Z

g Gy @eCydde
C

G (6 x9; (y;y)) =
Proof. By Lemma .15, the eigervalues of the normalized Dirichlet Laplacian ng of
i £Caref(,;+,2)=2:j;kg, with corresponding orthonormal eigervectors©; = AjAD.
Starting from the formal de nition of GE in (I1.4), we have

X (% x90x(y;¥9

5 0
ik N N

158X A ORDAROR o

G ((6x%:(y;y) = 2

Acia AL ®
_ : Q
= g Gl y)G (X% y)d@
where the integral is simpli ed by using (11.15). O

Note that the above contour integral picks up exactly the residuesat ® = E.

For example, the residueat ® = | ? is exactly

X Y A (WA TUVAO (v O AD (00 X
A(x)ﬁ((yj)AlK(E)fbAK(y%z A2 ORT(YY G s (xy):  (11.16)

LRnR=Eapim R=.7

Becausean eigenspacemay be multi-dimensional, there could be many | ﬁ 's equalto a
particular | 8. For convenience,for a xed k we assignthe term of the residuein (11.16)
corresponding to K = k to , 2. This obsenation givesus the computational formula for

Gt in the following corollary.
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Corollary 11.4. Under the same conditions asin Theorem 1.3, we have
c X P —
G (5 xYyyN =2  AREIRKIG(xy):
k
In practice, the corollary may be applied to a product graph in order to com-
pute a closedformula for G, or to generatea non-trivial identity involving G and the

eigensystemsf Ls, Lso, and LE, .

Factor graphs are regular of di®erent degrees

Supposewe have the sameconditions as Theorem 11.3, exceptthat the graphs
i and j©are d- and d%regular, respectively. By Lemma 1.15, the eigervalues of the
normalized Dirichlet Laplacian of the Cartesian product S £ S®are

d d°

. 0.
d+ ! " dv a©

with corresponding orthonormal eigervectors ©;x = A A). The poles of Gg=¢ are at
®= i d,j, and the polesof G’_p are at ® = d° . Let C denote a cortour in the

complex plane consisting of all ® 2 C satisfying j® dj = d°+ d,1=2; thus C contains

to Theorem 5 of [35].

Theorem 11.5. Letj = (V;E) andj°= (V2E9 be d- and d%regular, respctively, and
let S ( V and SO VO The normalized Greeris function Gf of the Cartesian product
i £i%with S2 = S£ S%and boundary +S# is

d+ dOZ

G (X% (YY) = 5550

_ Go=d() & g-p(x% y)d@

Proof. Beginning with the denition of Gf in (11.4), we have

X d+ do
d,j+doQ

G (% x9; (v;¥9) Ok (% X904 (y; Y9

ik
d+ % B X A (0K ()AL (XIATYY
24 (d,j + ®)(d° 2 ®)

Cji=1 «

d+ % X A )& (A XIRD
24dd® ¢ (j+ @i &=d)
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Z
d+ d° e .
idgo . =G o= y)d@ 0
Analogous to Corollary 11.4, by inspecting the residuesof the above cortour

integral at all values®= d® 9, we have the following.

Corollary 11.6. Under the same conditions as Theorem II.5, we have

d+ d°X

GO XD vy = =~ ACIRYIGE =X ¥):
k

[1.C.2 Neither graph has boundary

Here we consider the caseof S = V and S°= V@ in other words, there is
no boundary condition onj, % orj £ i ° We desireto compute the (non-invertible)
normalized Green's function for the product graph. In particular, let m = jVj and

n = jVY. Again, we considerthe casesd = d®and d 6 d°

Factor graphs are regular of same degree

Recall from Section I.A that the orthonormal eigensystemsof L and L° are
f(A;,j)):0- j - mij lgandf(A2;,9): 0 - k- nj 1g, respectively. By Lemma
.15, the eigervaluesof LE of | £ jCare (,j + , 9)=2, with corresponding orthonormal

eigervectors ©;;x = Aj Aﬁ. Let C denote a corntour in the complex plane consisting of all

Theorem 11.7. Letj andj °be d-regular and without boundary. The normalized Greeris

function Gt of the Cartesian product j £ j °is
Z

GE((xx9;(y;yY) = % Ge(X; )G p(x% yYd®+ %G(x;y)+%G°(x0,y‘5:
C

Proof. By Lemma 1.2, The eigervector Ay corresponding to eigervalue 0 is determined
by Ag(x) = P (dy=vol(j)). Starting from the formal de nition of G& in (11.4), and noting
that dy = dyo = d, vol(®) = d¢m, and vol(a9 = d ¢n, we have

XL @4 (% X9© x(Y: YO

0
P +
j=1 k=1 217 ek

G ((xxilyy)) = 2
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+2

X 01006 x900(v1Y9 |, ™ Goi(x; X)0x (¥:Y9
j=1 . ] k=1 R
Z R IK 1A (VA V) A
_ 1 A ()A () A9 AYO)
% < ke Ci+ O ;@)
dodye XA OAD) |, G X AXIAGT
ZV0|(i 9o i vol() ., LR

= % c Ga(X; Y)G,O®(x0. y%d®+ %G(x, y) + %GO(XO; y%,

d®

where the integral is simpli ed by using (11.15). O

Analogousto Corollary 11.4, inspecting the residuesof the above contour inte-

Corollary 11.8. Under the same conditions asin Theorem 1.7, we have

Nl

G(OsxNyy) =2 AREIRYIG(xy)+ %G(x; y) + %Go(xa,yo):
k=1

Factor graphs are regular of di®erent degrees
Supposewe have the sameconditions as Theorem 11.8, exceptthat the graphs

o and a9 are d- and d%regular, respectively. By Lemma .15, the eigervalues of the

normalized Laplacian Lg,S of the Cartesian product j £ j ®are

d . &
d+ d*) " d+ doK

with corresponding orthonormal eigervectors ©; ¢ = A A). Let C denote a contour in
the complex plane consisting of all ® 2 C satisfying j®; (d°+ d° 9=2)j = d° By Lemma
1.1Gv), d%9. 1 - 2d% and C cortains d° 9;¢¢¢;d° 0. 4, but not j d, o;:::5 d, m; 1 OF

d® 8. We obtain the following theorem.

Theorem 11.9. Let i and j °be d- and d%regular, respectively, and both without bound-

ary. The normalized Greeris function GF of the Cartesian product j £ j %is

d+ dOZ

G (Oax%i0y) = Zgge  Ce=ali NG p=pl(xy)d@

d+d° d+ d® o o o
+ an G(X,Y)"’WGO(X,Y%-
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Proof. Beginning with the de nition of G& in (11.4), we have

£ . «(rg- XX d+ do . .
G ((X! Xc)v(yvycb) - d .+ do 0©j;k(xv X%©],k(y’y()
j=1 k=1 )} > k

+

jo

X td+ ¢ -
~qo0 Cox(x; x)Cox (y; Y9
s k

©;;0( X3S 0(¥: Y9

k=1
Z . -, [
_ d+d ddA A ACIALT 4o
2Y/iddO (d,j + ®)d° | ®)
d+ d® dyodyo d+ d® dyxdy
d _vol(j 9 d vol(j)
_od+d . 0 Q
= m c G®:d(X1 Y)Gl ®:00(X !y%d®
d+ d°
+
dn

cAx%y9

G(x;y) +

d+ d°
G(X;y) + —— 2y9: O
() + ~ g —CY)
Analogous to Corollary 11.4, by inspecting the residuesof the above contour
integral at d, $;::::d, gi 1» We have the following.
Corollary 11.10. Under the sameconditions asin Theorem 1.9, we have

o 1
G x9;(yyy) = 4+

T ARG g=(x Y)
k=1
ks OIOG(><: y) + %)GO(XQ y9):

[I.D Green's functions examples

Application of the integral formula in the previous sectionto speci ¢ examples
is limited only to caseswherethe necessaryaw materials can be computed. The results
in Section I1.C.1 for the product where at least one graph has boundary require the
eigensystemof one graph and the generalizedGreen's function Gg of the other graph.
As written, Corollaries 11.4 and 11.6 assumethat the generalized Green's function is
known for the graph with boundary, and the eigensystemis known for the graph without
boundary; howewver, corresponding versionscan be easily re-derived when the reverseis
true. For example, the version of Corollary 11.4 used is important when considering

the Cartesian product of a cycle and a path with boundary. The Green's function and
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generalized Green's function of a path with boundary appear in [35], along with the
integral formula for products of paths with boundary.

The results in Section [1.C.2 for the product of two graphs without boundary
require knowledge of the eigensystemof one graph, the generalizedGreen's function Gg
of the other graph, and of the Green's functions G and G° of both graphs. Thus if we
desireto compute G for a product graph, we can look for any possibledecomposition of
the graph into two factor graphs for which this information is known. This obsenation
is particularly usefulin building the normalized Green'sfunction inductiv ely where eat

additional factor graph is from a speci c family.

[1.D.1 The torus C, £ C,

Following Corollary 1.8, determination of the Green's function of the torus
requires the Greens function G and generalized Green's function Gg of the cycle. In
obtaining a compactformula for the torus, it is critical to simplify Gg asmuch aspossible

beforeincorporating it into Corollary 11.8.

Theorem 11.11. Letm;n, 3. For 0- x;y- mj land0- x%y°. nj 1, the torus
Cmn £ C, hasnormalized Greenris function

£ O o = 20 o 0C

G (xx%; (y;¥9) = o exp (2Vak=n)(yTi X9 |
k=1

N Tm=2;j yi xj(2i cos(2vk=n))

(1i cos(2¥k=n))(3 i cos(2¥k=n))Uny=2; 1(2i cos(2¥k=n))

1
m(1li cos(2¥k=n))

vl
2" (m+)(mij 1) . (Vi X)?

+ﬁu - VAR Rl .
2 (n+(nj 1) . g (y% x9?

fwo e WA

where T and U are the Chebyshewolynomials of the ‘rst and second kind, respectively.

Note that the formula depends only on the distances betweeny and x and
betweeny® and x% which is expected due to the translational symmetries of the torus.
The rst step of the proof is to obtain a closedform for Gy for the cycle C, (G was
determined in Theorem I1.1). The proof of Theorem 11.11 is deferred until after Cor.

11.13.
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Theorem 11.12. For acycle C,, with vertices0;1;:::;mj 1, complex®, and0- X;y -
m i 1, the normalized Greeris function Gg satis es

2 2(r M=20 Xi Vi 4 pi M2+ X0 yiy
m(r+rilj 2) (rj rily(rm=2j rim=2) °

Go(x;y) = i

where 2(1+ ®) = r+ ri L,

Proof. BecauseC, is vertex-transitiv e, Gp(x; y) dependsonly on the distance min(jy i
Xj;mij jyi xj) betweenx andy. Therefore de ne Gg(a) := Gs(X;y), wherea= jyi Xj;
this inducesthe additional relation Gg(a) = Gp(mj a) forl- a- mj 1. From equation

(11.14), we have

1

Ax=y) | = (Ls+ ®) Go(X;y)

= 2@+ @G0y | Golx+ 1Y) | GelXi Ly)

1i ) ¢
El(r +riNGe(XY) i Ge(x+ Ly)i Ge(xi Ly) ;
where L s is the normalized Laplacian of C,. We can rewrite this as
2 " 1
Go(xi Ly)i rGe(xy) = —i 2Ax=y)+ —(Ge(xy)i rGe(x + 1Ly));

which for a> 0 becomes

Go(a+ i rGo(a) = =+ T (Ge(@)i rGo(ai 1)
2 1 2 1
= Saewr S S (G rGe(0):  (117)

When a = 0, we have

Go(1) i 1Go(0) = 2 2+ T (Gal0)i ¥ Ga(m i 1)

and since Gg(1) = Gg(mj 1), we obtain

il
Go(D) = i1+ Ge(0)
1 pr+ril
(D) i 1Go(0) = i 1+ T G0) (11.18)

From this point, the reader who wishesto verify details is encouragedto employ any

standard computer algebra system. (11.17) and (11.18) de ne a recurrence and initial
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condition on di®erencesof Gp, which is resolved by substituting Gg(1) i rGe(0) from

(11.18) into (11.17) and simplifying the geometric series.For a, O this yields
. a M . il ﬂ
Go(a+ 1) rGola) = —2 i 1", ria 1o, %G@(O) . (11.19)

railm 1 r m

Now denote the right-hand side of (11.19) by Dg(a); thus for a > 0 we have

Ge(a) rGe(ai 1)+ De(ai 1)

r3Ge(0) + rdi 1Dg(0) + rd 2Dg(l) + ¢+ r’De(aj 1):  (11.20)

A careful but straightforward summing of geometric seriesin (11.20) yields, for a> 0,

1+ r2a

1

Go(a) = 3Go(0)—
™ o.u T
2 1 1jra"1+r2 ral 1+r21; m

— + +
mrai2i1jr 1jr2 1jr 1+r 2r
Now using (11.21), we set Gp(1) = Gp(m j 1) and solve for Gg(0), obtaining
2 2r(L+r™)
J— + .
m(ri 1) (rzi )™ 1)

(11.21)

Ge(0) = i (11.22)

which together with (11.21) and simpli cation yields
2ira:2i ri a=2¢irm=2i a=2 i ri (r:‘zzi a=2)¢

Ge(0) |

Ge(a)

: = P
(r | ri 1) rm—2 | ri m=2
1 — s m=
. m=2 m=2
+ ri
i 2 2r ) r ®

_ + i v
M) (g oh) 2y

2'ra:2i ri a=2 'rm:2i a=2 i ri (m=2j a=2)
H ¢

i — —
(ri rif)rm=2j rim=2
i 2 2(rm:21j Xi Y 4 ri m=2+ jX;j y])

+
m(r+rilj 2) (ri ri)(rm=2; rim=2)

Substituting jy i Xj for a givesthe desiredformula for Gg. O
By the de nition of ® and r, we may use the substitution r = e" to rewrite
(re+ri#)=2= coszp and (r*j ri?)=2i = sinzy. Togetherwith the de nition of the

Chehyshev polynomial of the ‘rst and secondkinds, T,, and U,, respectively; i.e.,

Th(X) := cosnp and
_ sin(n+ p,
Un(x) := sinp '

where x = cosy, we obtain the following corollary to Theorem I1.12.
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Corollary 11.13. For a complex® and 0 - x;y - mj 1, the normalized Greens
function Gg for a cycle Cy, with vertices 0;1;:::;m | 1 satis es

1, Tm=2ij yi xj(1+ ®)
m® &2+ ®)Up=; 1(1+ ®)

Go(X;y) = i
where T and U are the Chebyshevpolynomials of the rst and second kinds, respectively.

Proof of Theorem I1.11: The theorem follows by applying the integral formula for prod-
ucts of graphs without boundary in Corollary 11.8 to the torus, wherej = Cp, j °= Ch,
the A%s are the orthonormal basis described in Lemma 1.13, G and G° are given by

Theorem I1.1, and Gg is given by Corollary 11.13. O

Combining Theorem [1.11 with (I1.4) using the orthonormal eigensystemof
Lemma I.13 for both C,, and C,, yields the following nontrivial identity.
Corollary 11.14. Let 0- x;y- mj 1and 0- x%y%. nj 1. Then
o ¢ i ¢
1 X exp (2% =m)(yi x) exp (2¥k=n)(y%i x9

N iws0o  Li cos@A=m)=2 cos(2k=n)=2"
2X G 1
= — ik = ; ;
n,._ exp (2vik=n)(y*i X} i m(1l; cos(2¥k=n))

N Tm=2;j yi xj(2i cos(2¥k=n)) :
(1 cos(2¥k=n))(3 i cos(2¥k=n))Um=2; 1(2i cos(2¥k=n))
L memi 1) dyi X, (i %)?

3mn ! n mn
LD 1) y0 x (0 x9?,
3mn : m mn '

where T and U are the Chebyshevpolynomials of the ‘rst and second kinds, respectively.

The Laplacian of C, has a 1-dimensional eigenspacecorresponding to eigen-
value 0, and a secondl-dimensionaleigenspaceorresponding to eigervalue 2 i® C, is bi-
partite (when m is even). Otherwise, all eigenspacesire 2-dimensional,since, j = | m; j
forall1- j - mj 1. This meansthat Corollary I11.14 is only one of a classof identities
constructed by choosingorthonormal eigensystemdor C,, and C,, for the left-hand side,

and a possibly distinct orthonormal eigensystemfor C,, on the right-hand side.
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I1.D.2  The t-dimensional torus Cn, £ Cp, £ ¢GCE Cp,,

Computation of the normalized Green's function for the repeated product of
cyclesby useof Corollary 11.8 requiresa careful decomposition into factor graphs. Under
the factor decomposition we are considering, the bottleneck lies in the computation of
the generalizedGreen's function Gy, which we now have for the cycle Cy,, but not for
the torus for t | 2. This leadsto a decomposition of the repeated product into j = Cp,
and | °= Cp, £ ¢G¢Chp, .

Before giving the normalized Green's function of Cy,, £ ¢¢¢E C,, We presen
the information on the componerts still needed. Chooseand label the eigensystemof
eath Cp, by

FCAD) 00 js - mei 1g

wherems , 3,0= 8 < . gg. fﬁ)sl ., and the fA]-(j) :0- js- msj 1gare
orthonormal. The eigervalues of Cr,, £ ¢¢CE Cy,, are averagesof the eigervalues of
the factors Cp,, and the corresponding eigervectors are products of the eigervectors of
the factors. This is summarizedin the next lemma, whose proof is a straightforward

induction on Lemma 1.15.

Lemma [1.15. The eigenvaluesof Cy, £ ¢¢C¢E Cy,, are

@ (t)
S P oAy I
]2 ]t t | 1 I

wher 0. js- mgj 1lforall 2. s- t, with correspnding eigenvetors
v A(S)
Oy (X255 %) = AT (Xs):

For the following theorem, let G be the normalized Green's function for Cp,
from Theorem 1.1, and G°the normalized Green's function for Cm, £ ¢CCCpy,.
Theorem 11.16. Lett, K 2 LetO- Xj,;Yjs* Msi 1wheems, 3forl.- s- t. The

t-dimensional torus C,, £ ¢¢¢£ Cyy, hasnormalized Greeris function

X
GE((xw:ixe)i (Y inw) = t Ok (X2; 11 X)Ok (Y25 1115 Y1) Ga e (X13Y1)

-~ ¢¢¢m G(X1;Y1); (11.23)
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[1.15, and Gp is de ned asin Corollary 11.13.

Proof. The proof proceedsby usingj = Cp, and °= Cp, £ ¢0¢E Cp,, in Corollary 11.10.
The degreeof j is d = 2, and the degreeof j ®is d°= 2(tj 1). The result follows. [

Although G°in Theorem I1.16 may not already be known, it can be computed
inductively from repeated applications of the theorem. Determination of Gg for any
small product C1 £ ¢¢¢£ C;o would allow the reduction in the number of applications

required by a factor of t°

Corollary 11.17. For O X1;Y1;X2;¥2;X3;¥3- mij 1where m  k 3, the 3-dimensional
torus Cm £ Cy £ Cy has normalized Greers function

. 3 X h 4 ¢
G™ (X2 X3); (yi¥2iys)) = — exp (2vij =m)(y2i X2)
(1:k)8(0;0) .
i ¢ :
exp (2¥ik=m)(ysi Xs) Q1 cos(2vj=m)=2i cos(zl/kzm):2)(x1;yl)

3 X ¢
+ m2 exp (2¥ik=m)(ysi Xa) Qi cos2v :m))(XZ;YZ)
j=1

1

L3N menmi (s xe)?
m2 6m i J¥si Xg m .
M . . 2

3 m+ 1)(mj 1 . . X
T ( 6)r(nl )ijyziX21+(y2|m2)ﬂ
M ) . 2

3 m+ 1)(mj 1 . . X
+W( 6)r(nl )iJY1iX1]+(yllml) :

where Gp is de ned asin Corollary 11.13.

Proof. The proof proceedsby applying the inductive formula for t-dimensional tori in

Theorem 11.16 twice, where we st take the product of j = Cy, with = Cp £ Cp,
and then the product of j = Cp, with | = Cy,. Substitution for all values gives the
result. O

Thesecompact formulas for Green'sfunctions of tori o®ervery fast alternativ es
to computing pseudo-irversesof their Laplacians directly. This is mainly becausethe
Chehyshev polynomials T,, and U, arising from the integral formula can be computed
in O(log n) time. Various algorithms for computing T, and U, are given in [80], and a

more theoretical treatment of types of polynomials computable in O(logn) appearsin
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[57]. The following corollary to Theorem 11.16 is signi cant becausethe Laplacian (L,
L, or ¢) of the torus on n verticeshasrank nj 1, and socomputing its pseudo-irverse

provides along the way the inverseof an (nj 1)£ (ni 1) matrix.

Corollary 11.18. Matrix pseudo-inversionof the Laplacian of the t-dimensional torus
with n vertices via its Greeris function is O(t ¢n? *tlogn), provided that the matrix

itself is not completely reconstructed.

Proof. We assumethe t-dimensionaltorus is Cyy, £ ¢¢¢E Cp,,, wherems , 3forl:- s- t

and Q

=1 Ms = n. It suxcesto compute onerow of the pseudo-irverseof the normalized

Laplacian in order to know the ertire inverse,due to the translational symmetry of the

torus; i.e., since

(In fact, becausejys i Xsj canbe replacedby mi jysi Xsj (mod m) without changing

Qq

the value of GF, only ., dms=2e of these entries must actually be computed.) Order
the coordinates of the torus sothat m; , ¢¢¢, m;. Then the summation term on the
right-hand side of (11.23) hasat most nli 1=t summands,which can ead be computed in
O(tlogn) time. The secondand third terms can also be computed in O(t n'i *tlogn)
time, and we must compute n terms total to know all ertries of the pseudo-irverse of

L. O

For example, the time complexity of computing the Green's function for the
torus Cm £ Cm £ Cpy is O(n°2logn), where n = m?3 is the number of vertices. Suc
a quick pseudo-irversion formula is surprising, since matrix inversion in generalis the
samecomplexity asmatrix multiplication (see[21]). Matrix multiplication is now known
to be O(n'), where2 - | . 2:376 (see[36]). Surprisingly, for large n we can compute
all of the valuesfor the pseudo-irverseof the Laplacian for the torus faster than we can
write down the whole matrix. Of course,requiring the presenation of the whole matrix

rather than just the rst row increasesthe complexity to O(t nti tlogn + n?).
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[I.LE Hitting times from Green's functions

Sincethe normalized Green'sfunction G for a graph without boundary is equiv-
alernt under similarity transformation to the fundamertal matrix Z in (11.7), many quan-
tities in random walks may be computed using G. The hitting time Q(x;y) of a random
walk starting at vertex x with target vertex y is the expected number of stepsto reach

vertex y. In [35], Chung and Yao shaw the relationship betweenG and Q as follows.

Theorem [1.19 (Chung, Yao). The hitting time Q(x;y) satis es

Q(x;y) = %G(y;y) [ %G(x; y):
x Yy

We immediately have a computational formula for the hitting time whenewer G

is known. For instance, wheneer j is regular with n vertices,

Q(x;y) = n(Gly;y)i G(x;y)): (11.24)

The resulting formula in the caseof the torus is obtained by using G from Theorem 1.11
or 11.16. Figure II.1 illustrates numerical values of hitting times for the 2-dimensional
torus C49£ Cy9. The verticesof the torus may be laid out asa squaregrid if we imagine

the boundary to be periodic, making opposite endsadjacert. The vertical axis plots the

o W v v
N e o W e e
———— -——-———
— --_-—-

L
6000 See=e
e

4000

2000

Figure 11.1: Graph of the hitting time of the torus Csg £ Cyg, laid out as a squarewith

periodic boundary
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hitting time of a random walk initiated at (0;0) with target (x;y). The hitting time at
(0;0) is 0 sincethe walk starts at (0;0), and levels o®at just above 6000stepsto reach
vertices furthest from the start of the walk.

If (11.24) is computed using techniquessud as Corollary 11.13, the hitting time
expressionwill involve orthogonal polynomials. Aldous and Fill claim in [1] that orthog-
onal polynomials may appear whenewer j has sutcient symmetry, but the dependence

remains largely unstudied.

Ac knowledgemen t

The material in this chapter is largely derived from [52], the writing of which

bene tted from many valuable discussionswith the author's advisor, Fan Chung Graham.



Chapter 111

The Diric hlet Chip-Firing Game

Chip-ring is agameplayedon agraph j. Each vertex of j cortains anintegral
number of chips. A vertex may be red provided that it has at least as many chips as
its degree,and upon ring it sendsone chip along eat edgeto the other vertex incident
to the edge. The game proceedsby ring a sequenceof verticesin successionwhereby
‘ring leadsfrom one con guration of the gameto another, terminating when no vertex
may be red. Interesting questions include the number of rings before termination
(game length), the structure of the intermediate con gurations which might arise, and
the determination of a suitable represenativ e set of terminating con gurations known as
critic al con gurations. Precursorsof chip- ring include balancing gamesof various kinds,
concerning sets [103, vectors [108, 109, 110], and matrices [8, 9]. Another forerunner
of chip- ring is the prokabilistic abacus introduced by Engel [53], which relates certain
discrete con gurations to Markov chains. Chip-ring has been studied previously in
terms of classi cation of legal game sequenceg17, 18], critical con gurations [14], and
by use of the chromatic polynomial [15], the Tutte polynomial [14, 88], and matroids
[89, 90]. Issuesof computational complexity are discussedin [54, 66, 111, 116]. The
lattice structure of game con gurations is consideredin [67, 83]. Parallel versions of
chip- ring, in which all ready vertices re simultaneously, are studied in [50, 79, 105.
Variants of chip- ring include a generalized ring game[113], source-reersalin directed
graphs [68], node- ring [55], and chip- ring on graphs where edgesmay be added or
deleted during the game [56]. Chip-ring is closely related to self-organizel critic ality

[6, 7], avalanchemodels[62], and the alkelian sandpilemodel [64, 65, 102,117],intro duced

51
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by Dhar [44, 45].

The two most important aspectsof chip- ring gamesare the classef algebraic
and combinatorial objects related to game con gurations and game play, and the close
ties betweenchip- ring and random walks. Critical con gurations of the basicgameare
in bijection with both the set of spanning trees of the graph and the elemers of the
critic al group [13], or sandpile group [37], of the graph. The set of legal game sequences
of many types of chip-ring gamesforms a language called a greedoid [18, 19, 81], for
which certain exchange and con°uence properties hold. The number of steps neededto
reach a terminating con guration is related to the mixing time of a random walk (the
authority on relationships between chip- ring and random walks is [87]).

In this chapter we considera new variant of the chip- ring game,in which chips
are removed from the gamewhen they are red acrossa boundary. This modi ed chip-
ring gameis motivated in part by communication network models in which the chips
represen padkets or jobs and the boundary nodes represern processorswith unlimited
computational power. We will refer to this variant asthe chip- ring gamewith Dirichlet
boundary condition, and hereafter simply refer to it asthe \Diric hlet game" unlessoth-
erwise speci ed. The Dirichlet eigenvalues(de ned in Section|.C) of the Laplacian of
the graph with rows and columns of boundary vertices deleted are important in analyz-
ing the game. After preliminary de nitions in SectionIll.A, in Section!ll.B we obtain
a bound on the length of the Dirichlet gamein terms of the number of chips and the
Dirichlet eigervalues of the graph. In SectionslII1.C-111.E we considerthree families of

structures assaiated with an induced subgraph of j on a subsetS of vertices:

(1) The set of spanning forestson S with roots on the boundary of S;
(2) A set of \critical con gurations" that are special distributions of chips (detailed
de nition to be given later in Section11.D);

(3) A cosetgroup, that is often called the \sandpile" group.

As it turns out, all three families have the same cardinalities. We will discussthe
bijections among these three families. Some questions and remarks are included in

Section|l1.G.
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I1ILA  Preliminaries

The Dirichlet chip- ring game takes place in the setting of a simple loopless
connectedgraph i = (V;E) = (V(j) ;E(j)) with vertex setV(j). The notion of bound-
ary is the sameas is deweloped in Section|.C. Let S denote a xed proper subset of
V (j), calledthe playing area. S inducesa boundary +S := fy 2S:y » x and x 2 Sg
and the spectators V n(S[ +S). For corvenience,throughout the chapter we will make
the following assumptionson j with respect to S. The induced subgraph j( S) must
be connected;otherwise, we could decompmpsethe gamewith respect to connectedcom-
ponerts of j( S). The boundary £S of S is nonempty; otherwise, the game reducesto
the basic chip- ring game already studied. Furthermore, we assumeV(j) = S| %S,
since chip movemert ignores the spectators, and that the subgraph j( £S) induced by
the boundary £S has no edges,since chips cannot move betweenboundary vertices.

We begin by placing a nonnegative number of chips on ead vertex in S. Any
vertex v 2 S is ready to be red if it has at least as many chips as its degree. Firing
a vertex sendsone chip to ead of its neighbors. If the ring of one vertex causesa
secondvertex to go from not ready to ready, then we say the rst primes the second,
or the secondis primed. Chips red from a vertex in S to a vertex in S are instantly
processedand removed from the game. Thus a con guration c of the Dirichlet gameis
avectorc:V(j)) ! Z*[ fOg which satis es the Dirichlet boundary condition c(v) = 0
for all v 2 £S. A con guration is stable if no vertex v 2 S is ready. Let ¢y denote the
initial con guration of a Dirichlet game. We may re vertices in successionprovided
that they are ready at the time of their ring, yielding a nite ring sequene (elsewhere
known as a record) F = (F(1);F (2);F(3);:::) (niteness is proven in Lemma I11.5).
The nal con guration achieved after the ring sequencewhen no vertices are ready, is
denotedby ce. In general,if a ring sequence- leadsfrom a con guration c; to another
con guration cp, we sa that c; yields c; under F. The swre of a Dirichlet game with
Ting sequenceF is the vectorf : S! Z* [ fOgdemned by f(v) = Fi(fvg), where
f (v) may be interpreted as the number of times the vertex v 2 S is red during the
Dirichlet game. The length of the Dirichlet game may thus be de ned as the total

_. P _ . . . . _ .
number of rings,  , f (v). A con guration cis recurrent if there exists a con guration
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b and a ring sequenceF sud that c+ byields c under F. We think of this as being
able to add chips to the con guration c¢ and play the game until returning to c. A

con guration is Dirichlet-critic al if it is both stable and recurrert.

I11.LA.1  Chip-ring and Laplacians

The combinatorial Laplacian L of a graph j (de ned in Sectionl.A) may also
be dened by its operation on a vector f 2 zIV( i

X
Lf (u) = f(u)j f(v):

v» u
Let xy be the standard basisvector (0;:::;0;1;0;:::;0) 2 ZV(® with a 1 in the posi-
tion corresponding to v. Firing a vertex v 2 S which has no neighbors in £S at the

con guration ¢ to obtain the con guration ¢j+1 may be expressedas
G(u)i G+1(u) = Lxy(u);
but in generalfor the Dirichlet game, this must be expressedas

< Lxy(u) ifu2s
G(Ui g+1(u) = | _ (111.1)
: 0 if u2 1S,

More generally, if f is the scoreof a Dirichlet game,then Lf = ¢cgj cg on S.

In this chapter we are interested in the eigervalues of the restriction Ls of L
to the rows and columns correspnding to S. Ls is the Dirichlet Laplacian (de ned in
Sectionl.C) of j with respectto the playing areaS. A chip con guration in the Diric hlet
game can be viewed simultaneously as a honnegative function on S or as a nonnegative
Dirichlet function on V (equal to 0 on £S). Recall that the set of Dirichlet functions
on j with specied playing area S is D(j ;S). If we identify a vector f 2 ZISI with a
Dirichlet function g2 D(j ;S) satisfying g(v) = f (v) for v 2 S, then we have

Lst (v) = Lg(v)

for v 2 S. As an alternative to (I111.1), we may encade ring a vertex v 2 S in the

con guration ¢ to obtain the con guration ¢j+1 by
8
< .
Lsxy(u) ifu2s
Gu)i Ge(u) = e (111.2)
: 0 if u2 S,
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where this time xy 2 ZISI. Dueto (I11.1) and (111.2), we will interchangeably consider
con gurations and score vectors of the Dirichlet gameto residein either ZIVi or ZSI,
Recall from Section|.C that the Dirichlet eigervaluesof j with respect to vertex setS

and boundary set £S are the eigervaluesof L g, and are written in order as
0<% - ¥% - ¢c¢. s/fsji

In particular, if f js is the restriction of f to S, ¥ satis es the following:
hf js; Lsfjsi
fjs60 l'fjs;f -si
. 2
— inf X» y.éf (X) | f(y)) .
f2D( ;S);f 60 L« F2(x) ’

3/:1:

(111.3)

where the secondin m um rangesover all f satisfying the Dirichlet boundary condition
and the \ P x»y  can be thought of asranging over all unordered pairs of verticesx and y
sothat x is adjacert to y and at leastoneof x andy isin S. Becausewe are dealing with
a restricted Laplacian, there is no eigervalue of 0, and sothe in m um is over all nonzero
vectorsf instead of over all vectorsf orthogonal to an eigervector for the eigervalue O.
Furthermore, we can take the in m um to be over all vectorsf with norm 1, which is a

compact space,and sothere is an f which achievesthe in-m um.

[1LA.2  Chip-ring variants

Analysis of the Dirichlet gameis similar to that of three other gamesalready
studied: the basic chip- ring game, the dollar game, and the abelian sandpile model.
Proofs of facts about thesethree gamescan be corverted to proofs of similar facts about
the Dirichlet gameby constructing the appropriate graph.

The basic chip- ring game or basic game is simply the Dirichlet game with
empty boundary. This is the game called the \chip- ring game" in [18]. Chip con g-
urations and scorevectors in the basic game are de ned over the ertire set of vertices
of the graph. Vertex readinessand ring are the sameasin the Dirichlet game, except
that chips are never removed from play since there is no boundary. Firing a vertex is
encaded by the Laplacian of the graph asin (111.1), where+S = ;.

The dollar game de ned in [13], is the sameasthe basic gameexceptthat one

vertex q is resened as the \governmert," which may only re when no other vertex is
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ready. Chips in the game may be consideredas money, and q is red only when the
\economy" gets stuck. The value of the con guration at qis de ned to be nonpositive,
sud that the total number of chips in the gameis 0. The dollar gameis nearly equivalent
to the Dirichlet gamewith boundary size j£Sj = 1, where g plays the role of £S, except
that +S newer res. In particular, a con guration in the dollar gameis critical i® the
samecon guration in the Dirichlet gamewith +S = fqg is Diric hlet-critical.

The Dirichlet gamewith j+Sj = 1 is equivalert to the akelian sandpile model, or

vertex X, is calledthe root and never topples ( res); X playsthe role of a singleboundary
vertex in the corresponding Dirichlet game. Con gurations of the sandpile model are
sometimesallowed to take on negative values, and the value of the con guration at the
root vertex is arbitrary sinceit cannot re. We now presen seweral de nitions and
theoremsassaiated with the sandpile model from [37] and discusstheir implications for
the Dirichlet game.

In order to distinguish de nitions, we add the modi er \sandpile" in front of
terms related to the sandpilemodel. Also, givenany vector c 2 ZiVi, the vector t is equal
to cexcepton =S, wheret ™ 0; this is to allow seamlesdransfer of con gurations between
the sandpile model with root x,, and Dirichlet game with S = fx,g. A nonnegative
con guration c is sandpile-stableprovided that c(v) < dy for all v 6 x,. Thusc is
sandpile-stablei® T is stable. A nonnegative stable con guration c in the sandpile model
is sandpile-recurrent provided there exists a nonnegative con guration b suc that c+ b
yields c under some ring sequence.Thus cis sandpile-recurrer i® T is Diric hlet-critical.

We now de ne two special con gurations which facilitate the study of sandpile-
recurrent con gurations. The con guration + is de ned to have dy chips on ead vertex
x. In particular, +is not sandpile-stable,and * is not stable. For two con gurations c;
and c,, de ne c; © ¢, to be the terminating con guration resulting from playing either
the sandpile model or the Dirichlet gameon c; + c,; the game played will be clear from

the context. The con guration 2 is de ned to be
2 = ++ (xj O3

In particular, 2 is a nonnegative con guration. The following appears as [37, Lemma
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2.4].

Lemma I11.1 (Cori, Rossin). A con guration c in the sandpile model on j with
V(i) = fxq1;:::;Xng and root x,, is sandpile-recurrent i® c+ 2 yields ¢ under some ring
sguene.

This lemmacanbe adaptedto the Diric hlet gameto give a speci ¢ con guration
which can be added to a Dirichlet-critical con guration in order to certify that it is in

fact Diric hlet-critical.

Corollary 111.2. A con guration T on j with boundary %S is Dirichlet-critic al i® T+ 2

yields t under some ring sejuene.

Proof. De ne j °from j by cortracting all verticesof £S in into a singlevertex x,, where

con gurations ¢ and 2 to be de'ned on j © By Lemma l1l.1 and the discussionabove,
the con guration ¢ is Dirichlet-critical i® T is sandpile-recurren, i® T+ 2 in the sandpile
gameyields Tt under some ring sequencej® T+ 2 in the Dirichlet gameyields T under

the same ring sequence. O

An alternate characterization of sandpile-recurrert con gurations or Diric hlet-
critical con gurations is in terms of adding chips to those vertices adjacert to the root
vertex or the boundary vertices, respectively. The following lemma appearsas Corollary
2.6 0f [37] (the equivalent result for the dollar gameappearsasLemma 3.6 of [13]). De ne
the nonnegative (sandpile) con guration — to be g, on x;, where g, is the number of

edgesbetweenx; and the root x,, and j dy, on Xp.

Lemma 111.3 (Cori, Rossin). The con guration c is sandpile-recurrent i® c+  yields

The proof of the following corollary proceedsanalogouslyto that of Corollary
[11.2. De ne the con guration ~ for v 2 S by setting ~ (v) to be the number of verticesin

+S adjacert tov. Let  ~ Oelsewhere.Then — plays the samerole for a Diric hlet-critical

con guration as plays for a sandpile-recurrert con guration.
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Corollary 111.4 (Burning Algorithm).  The con guration T in the Dirichlet game
with boundary +S is Dirichlet-critic al i® T+ ~ yields ¢ under somering seguene which

is a permutation of S.

This result and its equivalent formulations for the sandpile model and dollar
game are called as \burning algorithms" becauseof the similarity to the progress of
forest re; ablazeignited in onelocation spreadsthroughout adjacert forested areabut
cannot re-burn charred trees. Thus every vertex is red (burned) exactly once. The
above results for the sandpile model hold when j has multiple edges. Implicit in the
construction of j %in Corollary 111.2 is the possibility of creating multiple edges although
our assumptionson the Diric hlet gamedo not explicitly allow multiple edges.We remark
that the Diric hlet gamecan be extendedin a straightforward fashionto allow for multiple
edges,and furthermore that the constructions used above can be thought of as a way
of bookkeepingfor the Dirichlet gamethat is actually occurring on the simple graph j.
Corollary 111.4 will be revisited in SectionI11.D, where Diric hlet-critical con gurations

are more explicitly characterized.

[1.B Convergence bounds for the Diric hlet game

Given the setting of a chip- ring gamewith Dirichlet boundary condition, we
may wish to determine the length of a gamebasedon its initial con guration. Starting
from an initial con guration cg, we re vertices successiely for as long as possible. A
game terminates when it reaces a stable con guration, in which no vertex v 2 S is
ready. That the game must terminate when j is connectedand +S 6 ; is a minor

variant on Lemma 3.1 of [18]:

Lemma II1.5. Every Dirichlet gamemust terminate in a nite numkber of rings.

Proof. With the sameassumptionson j asin Sectionlll.A, recall that only verticesin

S may be red, and that verticesin S immediately remove any chips that are sert to
=]

them. Let N = | co(v) be the total number of chips at the start of the game. Now

supposeto the cortrary that a gamedoesnot terminate. Then there is a vertex vy 2 S
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‘red in nitely often, then vertex vij+1 receivesin nitely many chips, and must also be
‘red in nitely often if it isin S. This is becauseeat vertex may have no more than
N chips at a single time. Therefore in nitely many chips are removed from the game,

which is a cortradiction. This completesthe proof of the lemma. O

A fascinating result on the characterizations of scorevectorsof gamesis that the
scorevector dependsonly on the initial con guration and not on the ring sequencaised
to gofrom the initial con guration to the nal con guration. As long astwo such distinct
ring sequencesire legal, they will have the samescore. We give the corresponding result

[18, Theorem 2.1] for the basic game, stated for our assumptionson j.

Theorem [11.6 (Bjforner, Lov@sz, Shor). Given an initial conguration, every basic
chip-ring gameeither continues inde nitely or terminates with the same sore and the

same nal con guration.

The proof considersproperties of the languageL of ring sequence®f all pos-
sible basicgames(the sameproperties appear in the study of greedoids[81] and antima-

troids [51]). For concisenessthe three properties consideredin [18] are that L is
2 |eft-hereditary, becauseany pre x of a ring sequences alsoa ring sequence;
2 |ocally free, becauseeither of two vertices may be red if both are ready; and

2 permutable becausethe readinessof a vertex dependsonly on the set of vertices

previously red and not the order of ring.

These properties are suzcient to shaw that a vertex is red the samenumber of times
in any terminating basic game. An argumert parallel to that of Lemma lll.5 givesthat
every vertex is red in nitely often in non-terminating basic games. The terminating

caseof Theorem I11.6 can be adapted for the Diric hlet gameas follows.

Corollary 111.7. Given an initial con guration, every Dirichlet gameterminates with

the samesmre and same nal con guration.

Proof. Extend the graph j of the Dirichlet gameto the graph j ® asfollows. Let N be
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and add N ¢j£Sj edgesconnecting eat of theseverticesto every vertex in £S. Consider

the basic game on the new graph with initial con guration c§ suc that ¢ = ¢ on the

i %is now larger than the number of chips in play, none of the vertices of +S are red in
any basic game starting from ¢8. Therefore a ring sequenceF is valid either for both
the basic gameon j °and the Dirichlet gameon j or neither. The scoreof the Dirichlet
gameis exactly the scoreof the basic game,and the nal con guration of the Dirichlet
gameis determined by removing all chips from £S in the nal con guration of the basic

game. 0O

Becauseevery Dirichlet gamehas the samescorevector f , the initial and nal

con gurations co and cg of a Dirichlet gameare related precisely by
Lsf = i Ce: (11.4)

This expressionof the scorevector in terms of the Diric hlet Laplacian leadsusto obtain a
=]

bound on gamelength | f (x) using Dirichlet eigervalues. By Corollary 111.7, we may

consider this bound simultaneously valid for all Dirichlet gameswith the sameinitial

con guration.

Theorem 111.8. Letf be the swre vector of a Dirichlet gameon . Then the length
of the gameis at most
X 1P 12
f(X)- — 2Nn—7°;
Ya
x2S

where N is the total number of chipsin the initial con guration, and n = |Sj is the size

of the playing area.

Proof. With the sameassumptionson j asin Section I1l.A, recall that ¢y and cz are
the initial and nal con gurations of the game;thus N = i «2s Co(X). Also, we have
eigernvalues0 < % - ¥ - ¢¢¢- 34 of the Dirichlet Laplacian Lg of j, corresponding
to orthonormal eigervectors A;;:::; A,. Accordingly, write f = P ajAi. We may bound

eadt a; using (111.4).

a H;Ai=%H;3/pAii

1 1 PURE T
3 LAl = oot Al = Zhmo i cesAl: (I11.5)
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The number of rings in the gameis simply the sum of the ertries of f ; i.e.,

X
f(x) = hlg:fi: (111.6)
x2S

Putting (I11.5) and (I111.6) together, we obtain

* + * +
X i X 1 L
f(x) = 1s; aA = I1s; ;hﬁoi ce: AT A
x2S i i
X 1 . -
= 3. Coi Ce; Al hlg; A
| ..,/4 ~
1 X A2 X -2
A heo i ce; Al hls; Aji (111.7)
Z)

i i
N
= gl cefiadilsiiz

1. 'c"p§
%JJCOI Ell2 ]9

where (111.7) is by Cauchy-Schwarz, and jjcgj Cejj2 - jicojj2 is bounded above by P 2N.

This completesthe proof of the theorem. O

This result can be stated in terms of the diameter of j rather than in terms of
%, by invoking the eigervalue-diameter bound developed in Lemma 1.10, which in this

context statesthat % , 1=(nD). We have the following corollary to Theorem I11.8.

Corollary 111.9. Let D be the diameter of j . Under the same conditions as Theorem
111.8, the length of the Dirichlet gameis at most

X p_ _
f(x) - D 2¢Nn*2

x2S

Theorem |11.8 can also be usedto addressthe game length of a terminating

basicgame. A result of Tardos[111]givesthat every terminating basicgamehasa vertex
which is never red. Otherwise if all vertices are red, considerthe vertex v whoselast
appearancein the ring sequences as early as possible. All neighbors of v appear in
the ring sequenceafter v, and sov is ready at the end of the ring sequencewhich

is a contradiction. This obsenation leadsto the following improvemert by a factor of

P 2n'2 over Theorem 4.2 of [18], which statesthat any terminating basicgameon i has
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length at most 2n°DN, where the quartities have the samede nition asin Corollary

I11.9.

Corollary 111.10. Every terminating hasic chip- ring gamewith N chips on a graph j

with diameter D has length at most Dp 2 ¢N n32 steps,where n = jV(j) j.

Proof. Given the initial con guration cy of N chips and the fact that the basic game
terminates, Theorem 111.6 givesthat every possiblegameplayed to termination starting
from cy has the same scorevector. By the result of Tardos discussedabove, there is
a vertex v which every possible basic game leavesun red. Then the basic gameon j
starting with ¢ is equivalent to the Dirichlet gameon j with S = fvg starting with
the initial con guration c8 obtained from ¢y by setting cg(v) = 0. The two gameshave

the same ring sequenceand length, which is bounded above by Theorem I11.9. O

[11.C A matrix-tree theorem for induced subgraphs with

Diric hlet boundary condition

For a graph j and vertex set S ( V(j) chosenaccordingto our assumptions
in Sectionlll.A, we de ne a rooted spanning forest of S to be a subgraph F satisfying
(1) F is an acyclic subgraph of i,

(2) F hasvertex setS[ S,
(3) Each connectedcomponert of F contains exactly one vertex in %S.

The following theorem relatesthe product of Diric hlet eigervaluesof S with the
enumeration of rooted spanning forests of S. The proof method is quite similar to the
original proof of the matrix-tree theorem aswell asthe proof in [34]. For completeness,

we will brie°y sketch the proof here.

Theorem [11.11. For an induced sulgraph j( S) of S in a graph j with £S 6 ;, the
numkber ¢(S) of rooted spanning forestsof S is
B
uAS)= %
i=1

where ¥%; are the Dirichlet eigenvaluesof the Laplacian Lg of j .



63

Proof. Let s = jSj. We considerthe incidence matrix B with rows indexed by vertices

in S and columnsindexed by edgesin j asfollows:

8
51 ife=fxygx<y
B(x;e) = il ife=fxygx>y

0 otherwise

We have
Ls=B B”" (111.8)

where B® denotesthe transposeof B.

We have

NS
[

deth

detB B”

X
detBy detBy

X

where X rangesover all possiblechoicesof s edgesand Bx denotesthe squaresubmatrix
of B whoses columns correspond to the edgesin X . This expansionover X, known as

the Cauchy-Binet expansion,is described in [82].

Claim 1: If the subgraphwith vertex set S| +S and edgeset X cortains a cycle, then
detBx = 0.

The proof is similar to that in the classicalmatrix-tree theorem and will be omitted.

Claim 2: If the subgraph formed by edgeset X corntains a connectedcomponert having
two verticesin 1S, then detBx = 0.

Let Y denote a connected componert of the subgraph formed by X. If Y contains
more than one vertex in £S, then Y has no more than JE(Y)j i 1 verticesin S. The
submatrix formed by the columnscorresponding to edgesin Y hasrank at mostjE(Y)ji

1. Consequetly, detBx = 0.

Claim 3: If the subgraph formed by X is a rooted forest of S with roots S, then
jdetByxj= 1:

The claim follows by de nition of By .
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Combining Claims 1-3, we have
bl X
% detLs = detByx detBy
i=1 X
jf rooted spanning forests of Sgj;

which completesthe proof of the theorem. O

We remark that the usual matrix-tree theorem can be viewed as a special case
of Theorem 111.11. Namely, for a graph j, we apply Theorem111.11to j with £S = fvg
for somevertex v in j. The rooted spanningforestsof S = V(j) nfvg are all spanning

treeson j.

[11.D  Diric hlet-critical con gurations and rooted spanning

forests

The Dirichlet-critical con gurations of the Diric hlet gamecan be characterized
in seweral non-trivially di®ereri ways, and as a set have the same cardinality as the
number of spanning forests of | rooted in £S. In fact, a bijection between the two
setsmay be obtained algorithmically by playing a chip- ring game using the Dirichlet-
critical con guration as a starting point. This bijection will be described after we state

and discussthe following useful facts on Diric hlet-critical con gurations.

Lemma [11.12. Letcbe a stablecon guration of the Dirichlet game. Then the following
are eguivalent:

() cis Dirichlet-critic al.

(b) There existsa con guration band a ring sequen® F suchthat b yields c
under F and each vertexin S appears at least once in F.

(c) There existsa con guration b and a ring sequene® F suchthat b yields c
under F and each vertexin S appears exactlyonce in F.

(d) Starting with c, if one chip is addal at every vertex v for each edgecrossing
into +S to obtain a second con guration b, then there is a ring sequen® F which is a

permutation of S suchthat b yields c under F.
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Proof. The equivalenceof (a), (c), and (d) follows directly from Corollary I11.4. The
chips addedto cin (d) correspondsto adding the con guration ~— de ned for Corollary
I11.4. The resulting con guration b= c+ ~ both certi es that c is Diric hlet-critical and
yields c under a ring sequencewhich is a permutation of S.

We have (c)) (b) trivially , and prove (b)) (c) as follows. Consider a con gu-

at least once such that b+ c yields c under F. We assumethe length of F is more
than jSj to avoid the trivial case.We will rearrangeF to obtain a new allowable ring
sequenceor the Dirichlet gamestarting in con guration b+ c whoselast jSj vertices are

a permutation of S. De ne the completetail T of F to be the shortest possible ring

T haslength lessthan |Sj. Let u = F (k). Then there is somevertex v 6 u in S which
occurstwice in T. Chooseas vV the vertex whosesecondoccurrencein T is as early as
possible. Let the rst two appearancesof v in T be denoted by F (r) and F(s), where

k<r<s- L. Letc; bethe con guration which b+ c yields under the ring sequence

the rst occurrenceof v in T at F(r) left in the sequenceto replace F (k); all vertices
it is moved over shift to the right one place in the sequence.Speci cally, this de nes a

new ring sequenceF % such that
8
E F(t+1); ifk- t<r

Ft) = F(r); ift=k
F(1); otherwise.
FOis also an allowable ring sequencefor b+ ¢ which yields ¢, and the complete tail
TOof FCis one vertex shorter than T. We replace F with F°and repeat the process

until the complete tail is of length jSj. Denoting this nal ring sequenceby F, let
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permutation of S. O

We note that the equivalenceof (b) with the other three properties was proved
independertly as Theorem 3.6 of [116]. An alternate way of obtaining the results for the
generalcasefrom the casefor j£Sj = 1, thus preservingthe structure of the boundary;, is
asfollows. Beginning with the Diric hlet gameon j, createj 4 by attaching a distinguished
vertex q by a single edgeto ead vertex in £S. Now take Sq = S[ +S and 1S to be only
this vertex g. For a Dirichlet-critical con guration c from the original game, de ne the

con guration cq on the new game by

8
5 c(v) ifv2s;
cq(V)=§ deg (V)i 1 ifv24S; (111.9)

0 if v=q

Whenewer c is Dirichlet-critical, cq is a critical con guration of the dollar game with
speci ed \governmernt" vertex g. All of the necessaryinformation about the Diric hlet-
critical con guration ¢ may be obtained by using existing theoremson cq for the dollar

gamein [15]. This leadsus to the main theorem of the section.

Theorem [11.13. The number of Dirichlet-critic al con gurations of the Dirichlet game

on j is the sameas the number of spanning forestsof j rooted in %S.

Proof. In the caseof jxSj = 1, Biggs and Winkler have proved the theorem for the
equivalent dollar gamein Theorems 1-3 of [15]. For completenesswe sketch the proof
in the languageof the Diric hlet gameas follows. Consider the Dirichlet gameon j with
boundary £S = fgg. Note that spanning forests of | rooted in £S can be viewed as
spanning trees of . Fix onceand for all a total ordering on the edgesof . Let cbea

Dirichlet-critical con guration of j. We require a bijective mapping
u: f Dirichlet-critical con gurationsg! fspanningtreesof j g:

De ne p(c) = T asfollows.

Algorithm A

() Initialize T = fg, the tree to be constructed.
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(i) Add chips to the gameasif qwere red (equivalert to adding ~ de ned in Section
[1LA.2 to ¢). The number of chips at g remains 0. Add fq;ug to T for ead u

adjacert to g which becomesready.

(i) Fire a vertex v that is ready. Ties are broken by ring the vertex v where the
shortest path from g to v has an ordered edgelist which is least possiblein the
lexicographic ordering on tuples of edges.If v primes any vertex u, add edgef u; vg

toT.
(iv) Repeat (iii) until all vertices have been red.

That this processis well-de ned and completeswith T a spanning tree of j is a result
of part (d) of Lemma I1l.12. We obsene that by Corollary I11.4, ead vertex is both
primed and red exactly oncein Algorithm A, and soT isin fact a spanningtree rooted
in £S = fqg. The details of proving that p is a bijection may be viewed in [15]. This
completesthe sketch of the proof for j+Sj = 1.

Now, let j be a generalDirichlet gamewith boundary £S where j£Sj, 1. We

require a bijective mapping

Hq : f Diric hlet-critical con gurations on j g'!

f spanning forests of | rooted in £Sg:

De ne g asfollows. Convert j to a Dirichlet gamewith boundary of sizel by construct-
ing i q from j as previously described, recalling that Sq = S[ +S and +Sq = fqg. Let
¢ be a Dirichlet-critical con guration of j. De ne a con guration cq of j q accordingto
(111.9). Usecqto construct aspanningtree T of j ¢ using Algorithm A. Remove the edges
fg,vgfor all v2 +S from T to obtain a spanning forest F rooted in +S. Let pg(cq) = F.
We must shaw that pg de ned in this way is a bijection.

First we show that pq is well-de ned. To show that cq is Diric hlet-critical for
the gameon j ¢, note that cq is stable. Also, ¢q must be recurrent. Adding one chip
to ead vertex adjacert to g in j q primes ead vertex in +S. Firing ead vertex of S
in successioncausesone chip to be added at ead vertex v 2 S for ead edgecrossing
into £S. Then by Lemma [11.12(d) for the Dirichlet gameon j, there is a permutation

in which the vertices of S may be legally red. Every vertex v 6 g has now been red,
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yielding the original con guration cq. By Lemmall1.12(d) for the Dirichlet gameon j g,
Cq is Diric hlet-critical. Also, we must shaw that F is a spanningforest of i rooted in +S.
But all that is required for this is that the tree T producedin Algorithm A cortain all
edgesfqg;vg for v 2 £S. This is true since Step 2 of the algorithm primes every vertex
in £S (recall that cq(v) = deg q(v) i 1forall v2 £S). Therefore F is a spanning forest
of j rooted in £S and yq is well-de ned.

Now we must show that g is one-to-one. The preparatory mapping from c to
Cq is one-to-onebecausethe valuesof c on S are presened. The Biggs-Winkler bijection
H gives a one-to-one mapping from the Diric hlet-critical con gurations on j q (critical
con gurations of the equivalent dollar game) to the spanning trees T of j 4. In going
from T to F, the exact sameedges ff g;vgjv 2 +Sg, are removed from T in ead case,so
this step is also a one-to-onemapping. Thus g as the composition of three one-to-one
mappings is one-to-one.

Finally, we must show that | is onto. Let F be a spanning forest of j rooted
in £S. Construct T in j q by adding all edgesff g, vgjv 2 +Sg. From the Biggs-Winkler
bijection p, we obtain the Diric hlet-critical con guration cq for j ¢ which corresponds to
this T. Becauseall edgesff g;vgjv 2 £tSg arein T, Step 2 of Algorithm A must prime all
verticesin 1S, and thus cq(v) = deg q(v) i 1forall v2 £S. De ne con S by restricting
cq to S. Sincecy is Diric hlet-critical, after adding chips to all verticesadjacert to q there
is a permutation in which all the other vertices may be legally red. This implies that
in the Dirichlet-game on j, after adding one chip to v 2 S for ead edgeincident to a
vertex in S, there is a permutation of S which is a legal ring sequenceand yields the
sameoriginal con guration, c. Thus c is Dirichlet-critical for j. Therefore py(c) = F,

completing the proof of Theorem I11.13. O

[I.E The sandpile group and rooted forests

The sandpile group originated from akelian sandpile model, sometimescalled
the avalanchemadel, which considersthe behavior of grains of sand piled onto the nodes
of a structure [44, 45]. Once the number of grains of sand at a particular node exceeds

a threshold condition, the sand topples down (res) from this more saturated node,
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possibly causingsandin adjacert nodesto exceedstability thresholds as well (th us the
notion of avalanches). On a graph, the threshold at a vertex is exceededvhen the vertex
getsa number of grains of sand(chips) equalto its degree. The sandpilegroup of a graph
models the allowable transitions which may occur when vertices topple in succession.A
starting sandpile con guration is a member of one of the cosetsof the sandpile group.
As we wish to view the toppling of sand asleaving the underlying structure or dynamics
of the sandpile unchanged, toppling is modeled by traveling to various other members

of the samecosetvia the allowable transitions.

root the graph j at vertex n. ConsiderZ" asa group under addition, and assaiate each
vertex i with the standard basisvector x; 2 Z". De ne

. X’] . .

¢ = deg (i)xii A )X
j=1

where deg (i) is the degreeof i in j and A is the adjacency matrix of j. ¢; may be
interpreted as the i row vector of the Laplacian of j; subtracting ¢ ; from a con gu-
ration correspndsto toppling (ring) vertex i. Then the sandpile group SP(j) of j is

the group

The order of SP(j) is the number of spanning trees of j; this is a restatemen of the
Matrix-T ree Theorem. In fact, a group structure may be imposedon the Dirichlet-
critical con gurations of the Dirichlet game with boundary j£Sj = 1 which yields a
group isomorphicto SP(j). For the equivalert dollar game,critical con gurations under
the operation "©' (de ned in Section|l1.A.2) are shawvn to be isomorphic to SP(j) in
[14]. For the equivalent sandpile model, sandpile-recurreri con gurations under ‘©' are
shown to be isomorphic to SP(j) in [37].

We now de ne a more generalsandpile group which is related to the Dirichlet-
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con gurations of the Dirichlet gameare in the samecosetof the cosetgroup SPs(j) if
one can be reached from the other by ring a sequenceof vertices. The size of SPs(j)

is given by the next theorem.

Theorem 111.14. Let SPs(j) be the generlized sandpile group on j with speci ed

vertex set S and boundary set £S. Then
iSPs(j) j = detLs = ¢(S);

whetre Ls is the restricted Laplacian of j, and ¢(S) is the number of spanning forests of

i rooted in #S.

Theorem 111.14 is a restatemert of Theorem I11.11, the generalized Matrix-
Treetheorem for rooted spanningforests. Thus we know that the set of Diric hlet-critical
con gurations has the same size as the order of SPs(j), which leads us to desire a
meaningful bijection between the two sets. We now state the main theorem of the
section, which Cori and Rossin proved as Theorem 1 of [37] for the equivalent sandpile

model with a unique root vertex £S.

Theorem 111.15. SPs(j) is isomorphic to the set of Dirichlet-critic al con gurations of

Proof. The proof may be had as an extension of the proof of Theorem 1 of [37]. We
now outline that extension. A con guration u of the Dirichlet game may be viewed as
an elemen of SPs(j) simply by extending u to be 0 on +S. For future reference,call
this extension A(u). Thus adding two con gurations of the game corresponds to adding
vectors in the group. Recall that we equip the set of Dirichlet-critical con gurations
with a candidate group operation © by de ning x © y to be the unique Diric hlet-critical
con guration obtained asthe nal con guration of the Dirichlet gameplayed with initial
con guration x+y. In order to prove the theorem by showing that © is a group operation
for which A is an isomorphism, it is su+cient to show that for any con guration u in the

Dirichlet gamethere exists a unique Dirichlet-critical con guration v suc that

Ui v2C¢Cs:=ht 10 C nemiXn+1o:i Xn+ml : (111.10)
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That is, every Dirichlet-critical con guration matches with exactly one coset of the
generalsandpile group for j. In order to shaw existenceof v in (111.10), there must be a
way of starting with any con guration u and obtaining a Diric hlet-critical con guration in
the samecoset. This is achieved by adding u together with a cleverly chosencon guration
u®2 ¢ g sud that u+ u®yields a critical con guration v under a ring sequence.We
may take u® = k2 for suzciently large k 2 N, where 2 is de ned in Section I11.A.2.
Sinceu®2 ¢ g, u and u + u®are in the samecoset, and the ‘ring rules are encaded by
elemeris of ¢ 5; u and v are in the samecoset. Thus the existenceof v is ascertained.
Uniquenessof v in (111.10) is shawvn by proving that if u and v are both Diric hlet-critical

con gurations with uj v2 ¢ g, thenu=v. O

Corollary 111.16. The mapping A from Dirichlet-critic al con gurations of j to SPs(j) ,
where A(c) is de ned by extendingc to be 0 on +S, is a bijection from Dirichlet-critic al

con gurations to cosetsof the geneal sandpile group SPs(j) .

IIl.F Finding Diric hlet-critical con gurations

By Theorem 111.15, every con guration in the Dirichlet gamecorrespndsto a
unique Diric hlet-critical con guration which is in the samesandpile group coset. We now
dewelop an algorithm which producesthe Diric hlet-critical con guration corresponding
to an arbitrary con guration. Subjectively, starting with an arbitrary con guration c, if
enoughchips areaddedto completely saturate the graph, playing the gamewill terminate
in a Dirichlet-critical con guration. Corollary 111.9 givesa bound on the length of this
game, but the bound depends on the number of chips the game starts with. If ¢ has
an arbitrarily large number of chips, the gamelength bound may be unfavorable. This
dixcult y is circumvented by preconditioning ¢ with the Green's function in order to
obtain a conguration c®in the samecosetasc but with a small number of chips. Then
¥ is saturated with enough chips to guarartee game termination in a Diric hlet-critical
con guration. For the sandpile game, Cori and Rossin show [37, x2] that any initial
con guration c satisfying c(v) , dy for all non-root vertices v terminates in a sandpile-
recurrent con guration. The sametechnique of extensionasin the previous sectiongives

the analogousresult for the Dirichlet game.
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Lemma |11.17. Let c be a con guration of the Dirichlet game with c(v) , d, for all

v 2 S. Then the gameterminates in a Dirichlet-critic al con guration.

The following lemma, extended from the caseof j+Sj = 1 [116, Lemma 8.3],
describeshow to precondition a con guration with a large number of chips. The proof

is due to van den Heuvel and is included for completeness.

Lemma 111.18. Let jtSj, 1. Given a con guration c in the Dirichlet game and the

(nonsingular) discrete Greeris function G of i, the con guration c®de ned by

® = ¢j LsbhGec

satis es jc{v)j < dy for all v2 S.
Proof. Lett = Gcj bGcec sothat 0- t(v) < 1forallv2 S. Then
Q

Lst = cj LsbGeec = c=

Integrality of c°is guararteed since ¢ and bGcc are both integral. Now for v 2 S,

cqv) Lst

X
t(v)dy j t(u):

u2S;u» v

The t(v)d, term cortributes strictly lessthan d,, and the summation contributes strictly

more than j dy. Combined with integrality of c® the result follows. O

The previous two stepsare combined to yield an algorithm for determining the

Diric hlet-critical con guration corresponding to an arbitrary con guration.

Theorem 111.19. Given a con guration c in the Dirichlet gamewith nonempty bound-

ary, computing the correspnding Dirichlet-critic al con guration requires at most
P 3=2
7 2vol(S)Dn

vertex rings and O(n') arithmetic operations, where D is the diameter of j, n = jSj,

and2- ! - 2:376is the power of the complexity of matrix multiplication.
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Proof. Applying Lemmalll.18 to c yields a new con guration c®which satis es jc{v)j <
dy for all v 2 S, and which is in the samesandpile cosetin SPs(j) asc. This is doneat
the costof O(n' ) arithmetic operations for matrix inversionand lesscomplexoperations.
The con guration 2, de ned in Sectionlll.A.2, requiresplaying the gameon +© %, which
by Corollary 111.9 terminates in at most Zp 2vol(S)Dn3% Trings, since (v) = d, for
all v2 S. By the de nition of 2, dy < 2(v) - 2d, forallv2 S,and2 2 ¢s. Thus
the con guration c®+ 22 has at least d, chips at ead vertex v 2 S and corresponds to
the same Dirichlet-critical con guration asc. By Lemma 111.17, playing the Dirichlet
gameon c®+ 22 terminates in a Diric hlet-critical con guration. Sincec®+ 22 hasat most
5d, chips at ead vertex v 2 S, applying the gamelength bound in Corollary [11.9 with
N = 5vol(S) yields the result. O

If the discrete Green's function G is already known, the number of arithmetic
operations required to compute c®is reducedto O(n?). If G is computed from a compact
formula such asthat in Theorem|1.16, facing the full computational complexity of matrix
inversion can be avoided. A result similar to Theorem 111.19 appearsas[116, Theorem
1.7], but usesedge-connectivily instead of diameter, and requiresa much more complex

analysis of a construct called the \oil game" to bound gamelength.

[11.G Problems and remarks

There are se\eral related versionsof the Dirichlet gamethat we will mention

here.

() The construction j ¢ in Sectionll1.D is usedinstead of cortracting all boundary ver-
tices into onevertex in order to emphasizethe geometry of the boundary £S. This
emphasismight be important in, for example, grid graphs with boundary along
the exterior. Thesegraphs appear in load-balancing problems and in applications

of statistical physics.

(i) The technique in Lemmalll.18 can alsobe usedin the caseof no boundary to nd

a \balanced" con guration c® corresponding to an initial con guration ¢ with N
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(vii)
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chips by setting

& = ¢j LbGce

The resulting con guration has the samenumber of chips and is balancedin the

sensethat jc{v) i N=nj < d, for all verticesv, wheren = jV(j) j.

The basic chip- ring game model is di®erert in that it has no boundary vertices
to processchips; therefore gamesmay proceedinde nitely provided that there are
enoughchips in the right con guration (see[18, Theorem 3.3]). A directed version

of the basic gamemay be found in [17].

The dollar game variant seemsto capture properties of critical con gurations es-

pecially well. Related results appearin [11, 13, 14, 15, 37, 88, 116].

The sandpile model, dollar game, Dirichlet game, and other chip-ring variants
have the special property that the resulting con guration of a gamewith a certain
score vector (de ned in Section I11.A) is independent of the order in which the
vertices appear in the ring sequence.This has led to parallel chip-ring games
[16]in which all the verticesthat are ready at onestageare red simultaneously. A
successiorof con gurations in a parallel chip- ring gameuwill alsobe con gurations
in the corresponding non-parallel game, but in generalnot vice-versa. An in nite

parallel chip- ring game will evertually stabilize with the same subsequenceof
con gurations repeated over and over again, which leads naturally to questions
concerningthe periodicity of suc recurrences. Parallel gamesare also considered

in [50, 79, 105].

Chip-ring onthe in nite path (in nite in both directions) hasbeenstudied exten-
sively in [4]. The initial con guration consideredis a nite number of chips placed
on a single vertex. Every vertex may be red. Resultsinclude the characterization

of the possible nal con gurations and bounds on the number of rings required.

Sandpilemodelson nite dimensionallattices have beenstudied in detail, especially
from the point of view of self-organizedcriticalit y. Computational complexity of
sandpileson lattices, and more speci cally, the inherent complexity of computing

stable and recurrent states, is treated in [102]. In fact, it is shavn that any problem
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solvable with a polynomial time algorithm may be reduced to determining the
‘nal state of a sandpile model on a nite lattice. The reader is referred to the
bibliography of this paper for referencego work done on sandpile model variations

of interest in physics.

There are numerous open questionsconcerningchip- ring which remain unsolved. Here

we describe someof these problems and mention assaiated remarks:

2 Of interest is to have an intuitiv e bijection betweenspanning forestsrooted in +S
and Dirichlet-critical con gurations that does not depend on a total ordering of
edges(cf. Theorem 111.13). Van den Heuvel [115 claims to have sud a bijection

for the dollar game.

2 There is an interesting connection between critical con gurations and the Tutte
polynomial by an 1-dimensional grading of critical con gurations in terms of the
number of chips [88]. In fact, it may be possibleto obtain other or ner (e.g.,

2-dimensional) gradings using the Tutte polynomial.

2 Chip- ring gamescan be usedto model seweral aspects of Internet computing, in
particular, in connectionwith routing and fault tolerance. One such model assumes
that chips are labeled by messagesvhich they carry, and studies the propagation
of messagesn terms of informed and uninformed nodesof the network. Numerous

directions remain to be explored.
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Chapter IV

Dumm y Fill as a Reduction to

Diric hlet Chip-Firing

In the manufacture of silicon wafer microchips containing extremely small metal
features, non-uniformity of the density of thesefeaturescan be a major sourceof lossin
manufacturing yield [63]. Micro chips are manufactured as successie layers of wafersand
metal microchip layout features; ead layer must be planarized before adding the next
layer. The current planarization standard is known as chemial-mechanical polishing
(CMP). Dummy metal featureswhich we call dummy T are superimposedon the layout
features of a chip layer sothat the total layout density is more uniform, and the logical
function of the chip is unchanged. Due to variations in CMP e®ects,density of layout

features and dummy 1l has a direct e®ecton variations in the height of the surface

Figure IV.1: Insertion of dummy featuresto decreasepost-CMP variation of ILD thick-

ness.
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of the microchip layer (interlayer dielectric height, or ILD height) after polishing (see
Figure IV.1). As theseheight variations are undesirable, it is of interest to reducedensity
variations in order to obtain a smoother, °atter microchip layer surface. A more detailed
explanation of the useof dummy 1l for layout density cortrol is found in [77].

In this chapter, we use a modi ed version of the Dirichlet game of Chapter
[l to achieve more uniform layout density. The microchip layer surfaceis divided into
equal parts by a rectangular grid, with ead cell of the grid corresponding to a vertex
in the game. Placemert of dummy 1l correspondsto a choice of chip con guration in
the game, where a chip corresponds to the smallest indivisible unit of dummy 1. We
describe the particulars of the modi cations usedto addressthe layout density cortrol
problem in SectionsIV.A and IV.B, discussproperties of the layout control game in
Section IV.C, and preser results on various real-world microchip layer density cortrol

problemsin SectionlV.D.

IV. A Layout density control in the r-dissection context

In practice, the post-planarization height of the chip layer dependsonly locally
on the density of the surrounding metal. This leadsto the choice of controlling layout
density by examining and cortrolling density in squarewindowson the layout surface. We
could examine and cortrol density in every possiblesquarewindow over the rectangular
layout surface,but a more computationally tractable choiceis to considera nite number
of evenly spaced, overlapping windows. To this end we consider the layout region as
being partitioned into squaretiles (cells) whosewidth is determined by the horizontal
and vertical spacing between adjacert, overlapping windows. A square window is the
union of r? tiles, wherer is a positive integer, and can be identi ed with the tile which
lies °ush in its upper left-hand corner. This formulation is known as the r-dissection

context (seeFigure IV.2). The following parameterscomeinto play:
2 M; N, the length and height of the rectangular layout region,
2w, the xed window width of the squarewindows

2 U, the upper bound on the density of ead window,
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2 L, the lower bound on the density of eath window, and

2 r, the number of tiles tting acrossthe side of a window (so that a window is the

union of r? tiles), assumedto divide both M and N evenly.

M

<1— |tile

window

- W —

Figure IV.2: An M £ N rectangular layout regionin the r-dissectioncontext with r = 4,

window sizew £ w and tile sizew=r £ w=r

We assumethat the tile width w=r divides both M and N ewenly; otherwise M and N
are rounded up to the nearesttile by padding with blank layout spacewhen necessary
Density boundsU and L lie in [0; 1]. For the sake of the reduction to the Dirichlet chip-
‘ring game,we neglectside constraints presered in [77], such as presenation of design-
rule correctnessand geometric constraints. We justify this assumption in practice by
referring to data which givesthe maximum number of dummy "1l units of a predetermined
shape which can be addedin a giventile in the grid; this data will introduce a new chip-
‘ring constraint { the maximum number of chips that a tile (vertex) may have.
Possibleobjectivesfor placing dummy 1l to cortrol layout density include the

following. Fill is placedin tiles sothat no window violates the upper or lower bound on

density, and

() (Min Variation) the variation in density of 11 among all possible windows is

minimized,

(i) (Max Fill) the minimum density of all windows is maximized,
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(@ii) (Min Fill) the total amourt of I is minimized.

The imposition of a designobjective suc asthe three above intro ducesa major
new considerationto the chip- ring paradigm; in particular, choicesof vertices (tiles) to
“re must be made with the imposeddesigngoal in mind, sothat the nal con guration
of the game satis es the objective. Becausethe nature of the basic chip- ring game
(de ned in Sectionlll.A.2) is to balancea load with static total value (total number of
chips), the most natural application of chip- ring is to approximate minimum variation
with a xed total amourt of 1I; therefore the pure minimum variation objective is more
ditcult to address. The maximum 1l objective can be pursued using the basic chip-
ring game by adding as many chips as possiblewhile still allowing termination of the
gamein a con guration which satis es all density constraints. The ditcult y here lies
in determining the quantity and location of chips to be added. The Dirichlet gameis
naturally adaptable to pursue the third density cortrol objective, Min Fill, which we

now presert in the r-dissection context.

IV.B  Reduction of Min-Fill objectiv eto the Diric hlet game

in the r-dissection context

The Min-Fill objective, described in [27, 28, 114], seeksto insert 1l so that

density of eadh window lies betweenL and U where the total amourt of inserted i
is minimized. In the r-dissection context, the entire layout region is partitioned into
an (Nr=w) £ (Mr=w) grid of tiles. We formalize the reduction of density cortrol with
Min Fill objective to the Dirichlet gamein the r-dissection cortext as follows. Let the
function f : fT j T atileg! R o denotethe quartity of xed features preexisting in
the tiles. Let s : fT T atileg! Z o denote the new capacity constraint, i.e., the
maximum number of chips ead tile may have. The Min-Fill objective is to determine a
function c:fT j T atileg! Z o sothat for every squarewindow W,

2 ¢(T) - s(T) for all tiles T,

2 L. P 1ow F(T)+ c(T)¢=irmax - U, and

P
2+ ¢(T) is minimized.
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Here, nhax is the constart of normalization which givesthe density of a window from
the total quantity of xed featuresand 1 in the tiles of the window. This constart
depends on manufacturing parametersbut is typically proportional to the areaw? of a
window. We pursuethe Min Fill objective by running the Dirichlet gameof Chapter |11
backwaids, adding chips from acrossthe boundary to satisfy the lower bound on density
for eadh window, in sudh a way that the upper bound on density is respected and the
total number of chips is approximately minimized.

Throughout the chapter, the normal Dirichlet gamerefersto the Diric hlet chip-
ring gamede ned in Chapter I1l. The reduction from the Min-Fill objectiveto Dirichlet
chip-ring presered here will be called the relaxed reverse 1| Dirichlet game or more
simply, the T1 game The gameboard i is de ned with S consideredto bethe (M r=w)£
(Nr=w) grid graph of tiles, along with boundary tiles £S consisting of all \tiles" in the
in nite grid of distance 1 from the gameboard. Edgesof | are exactly those induced
from the in nite grid graph (where eat vertex has4 neighborsin the cardinal directions)
exceptthat there are no edgesbetweenvertices of £S. It is a reversegame becausetiles
are red badkwards, or banked. When a tile is red in the normal game, it sendsone
chip to ead neighbor. When a tile is banked in the reversegame,it grabsone chip from
ead neighbor. It is a relaxal gamebecauseevery tile is allowed to go into de cit by at
most 4 chips (if ead of its neighbors banks while it has no chips itself). Relaxation is
required to avoid premature termination of the 11 gamebefore window density bounds
are satis ed. It is a Dirichlet game becausebanking a tile adjacert to a boundary tiles
causesa new chip to be created for ead boundary tile adjacert to the tile banked.

The list of relevant quartities for the reduction of the Min-Fill objective to the

11 gameis summarizedas follows.

2 Feature density. f :fT T atileg! R o denotesthe amount of density due
to xed featuresin a giventile. f (T) contributes additively to the density of eat

windows containing T.

2 Tile slack. Lets:fT T atleg! Z o denotethe maximum number of I
units (chips) that may be addedto atile T. Tile slack limits the ability of a tile

to be banked, when it grabs chips from its neighbors.
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2 Fill (chip) con guration. c:fTjTatileg! Z denotesthe distribution
of movable 1l units (chips) over all tiles T. Initially, ¢~ 0. ¢(T) cortributes
additiv ely to the density of each window cortaining T, and determinesthe number
of "Il units in play.

2 Windo w density. Density of a window W is

A !
X
F(T)+ o(T)  =dmax:
T2w

2 Least dense containing window. MinWin : ftiles Tg! [0;1] denotesthe

density of the least densewindow W cortaining a giventile T.

2 Most dense containing window. MinWin : ftiles Tg! [O;1] denotesthe

density of the most densewindow W cortaining a giventile T.

The I gamehasinitial con guration co©~ 0 and nal con guration cg. The
game progressesby banking a single tile and updating the con guration. This leads
to a sequenceof con gurations cp;C1;:::;Ce. The characteristics of the initial and nal
con gurations do not necessarilydepend upon the readinessstatus of tiles, asin Chapter
I11, but rather upon satisfaction of the Min-Fill objective. The banking rules, or the
readinessof tiles to be banked, are determined as follows. Any tile with de cit may

be banked. If there are no tiles with de cit, then atile T with MinW in(T) < L and

order in which tiles are banked. The length of the 1 gameisjBj = 1.

It is usefulto comparethe 1| gameto a normal Dirichlet game. With this in
mind, the relaxal forwards 11 Dirichlet game or more simply, the forwards 11 game is
just the TI gamerun in reverse. Thus the forwards gamestarts in con guration cg, ends
in con guration ¢y, and has ring sequenceF = BR := (b ;:::;by), which determines
the order in which tiles are red. The forwards gameis almost a normal Dirichlet game,
exceptthat tiles are allowed to gointo de cit (by at most 4 chips). In particular, chips
‘red from atile to an adjacert boundary tile are removed from the game. The length of
the forwards 1l gameis alsojFj= 1.

The augmenteal forwards 11 gameis constructed by adding enough chips (4

per tile sutces) to the initial con guration of the forwards 11 gamesothat ring tiles



82

accordingto the ring sequence= causesno tiles to go into de cit. If tiles may still be
‘red after that, gameplay continuesaccordingto the normal Dirichlet game. It will be
useful to note that the length of the augmened forwards Tl gameis at least the length
of the "1l game. This allows us to dewelop a bound on the length of the 11 game by
using the bound on the length of the normal Dirichlet gamein Corollary 111.9.

The banking rules of the 11 gameare summarized as follows.

(i) Negativ e 1l chip correction. Tiles in de cit, with ¢(T) < 0, are banked before

considering other tiles.

(i) MinWin prioritization. In a con guration ¢, atile T may be banked provided
that MinWin(T)< L, ¢(T) - s(T)i 4, MaxWin(T) < U, and there is no tile T°

in de cit.
(i) Game termination. The gameterminates when no tile may be banked.

The condition that ¢(T) - s(T)i 4 ensuresthat after T is banked, the T units in T do
not exceedthe tile's capacity for 11 units. The negative 1l chip correction stage may
in fact causec(T) > s(T), or an over lling of atile with I, but this over lling is never
by more than 3 units; furthermore, at the end of the 1| gamewe may either remove all
1 units exceedingslak, or attempt to migrate them to nearby tiles with excessslad.

Either choice hasonly a minor e®ecton window densities.

IV.C  Prop erties of the 1 game

In the beginning of the game, when there are no 1 chips, whatever tile is
banked createsa de cit of chips at its neighbors. These neighbors must be banked,
which causea de cit at their neighbors, etc., until all the tiles next to the boundary are
banked, and satisfy the de cit by \creating" chips corresponding to adjacert boundary
vertices. Then the next tile with satisfying the banking criteria is banked, negative chips
are expungedagain, and so forth.

After gametermination, we perform two post-processingsteps: migration and
greedy deletion. Migration is necessarywhen a tile T is banked in order to clear its

de cit, but endsup containing more chips than it has room for at the end of the game



83

(c(T) > s(T)). An attempt is made to move the surplus chips to neighboring tiles
having the sameM inW in value and excesssladk for chips. Chips that fail to migrate
are removed.

Greedy deletion occurs as follows. Greedily remove a single chip from any tile
T that hasa positive number of 1l chips (i.e., ce (T) > 0), and whoseremoval does not
violate the lower bound L on window density. This post-processingtakesno longer than
the gameitself; ead tile is cheded at most once,and removal of chips requires updates
of MinW in.

The result after migration and greedy deletion is the 1l solution for the Min-
Fill objective returned by the "1l game. Termination of the 1 gameis perhapsthe most

fundamental requiremert, but the extra density constraints make it dizcult to prove.

Lemma IV.1 (Conjectured). The relaxel reverse 11 Dirichlet game with Min-Fil |

objective terminates.

Sketchof possibleproof: It is conjectured that a given ‘1l game will correspond to a
uniquely determined augmerted forwards 1l game (which depends on implementation
choices). It is not clear that the 1 gamewill terminate, due to complexities intro duced
to mandatory bankings of tiles in de cit. The following is given as intuition towards a
proof of the lemma.

The length of the T gameis at most the length of the corresponding augmerted
forwards 1l game (the existenceof which is conjectured). The augmerted forwards 1|
gameis a normal Diric hlet game,and soby Lemmalll.5, it terminates in a nite number

of steps,and sothe 1l gameterminates in a nite number of steps. O

We now show how terminating con gurations of the 1l gameare closeto locally
optimal I solutions. A 1l solution describeswhereto add 1 to existing features. A
locally optimal 1l solution h : fT jT atileg! Z for the Min-Fill objective has the

following properties.

De nition of a locally optimal 1l solution. A "1 solution h is locally optimal

provided that the following hold.

() Feasibilit y.
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(&) Nonnegativit y. h(T), Ofor all tiles T.

iP ¢
(b) Densit y attainmen t. ! 1ow F(T) + h(T) =#nax, L, for all windowsW.

(i) Local optimalit y. For any tile T“, the candidate solution
8
S hT)j 1 ifT=T"
hra(T) = .
: h(T); otherwise

violates feasibility condition (i)-(a) or (i)-(b).

The expressionfor density in (i)-(b) is represenative of the calculation for
density, and is chosenwith the density boundsL and U in mind. In more generalterms,
the set of all nonnegative feasible 11 solutions h forms a partial order, whereh; * h,
provided that hi(T) - hy(T) for all tiles T. Starting with a feasible 11 solution h, we
may obtain a (possibly non-unique) locally optimal 1l solution by greedily decreasing
the value of h by 1 on any tile T suc that nonnegativity and feasibility are not violated.

Basedon the banking rules, the TI gamecan be viewed as iterativ ely banking
asingletile T with MinW in(T) < L followed by clearing any de cits that might result.
With this in mind, we de ne a bank and clear cycle of the banking sequenceB, or more
simply, a cycle of B, to be a contiguous subsequenceof B consisting of a tile banked
while not in de cit followed by as many tiles banked while in de cit as possible. Thus
a banking sequenceB has a unique decomposition as the concatenation of some nite
number of cycles. A cycle consistsof a head, which is a tile T banked when no tiles are
in de cit and MinW inT < L, and a body, which consistsof all tiles banked to clear

de cits beforethe head of the next cycle.

Lemma IV.2. Eachtile appears at most once in a bank and clear cycle.

c of the "1l gamejust before T; is banked has no de cit tiles, by de nition of a cycle.
Supposeto the cortrary that sometile T is banked twice in the cycleD. Let T, be suc
atile wherel- r - kis minimal. Becauser is minimal, at most 4 neighbors of T, bank
before T, banksthe secondtime. But then T, could not be in de cit when it banks the
secondtime, sinceit started not in de cit, previously banked 4 chips, and lost at most

4 chips to its neighbors. Therefore no tile appearstwicein D. O
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A starting con guration of a 1| game may admit many possible banking se-
guences,and thus many possiblecycles. The next lemma shows that the order in which
de cits are cleareddoesnot matter. The gameessetially dependsonly on the order in
which tiles are banked when there is no de cit. After playing sewral cyclesof the I
game, we might have a choice of how to play the next cycle; that choice dependsonly
on what the current con guration is. This is the setting of the next lemma, and the

techniquesin the proof are related to the languageproperties discussedin Section|I1.B.

Lemma IV.3. Let c be a con guration in the T| gamesuchthat ¢, O (there are no
tiles in de cit). Let D1 and D, be two cyclesfor that con guration with the same rst

tile T1. Then jD1j = jD2j and D is just a reordering of the tiles of D.

Proof. Without loss of generality, suppose jD1j - jDj. By Lemma IV.2, we know

iD1j;iD2j - n. Therefore we may write

D1

|
—
—
oy
—
™.
e
by
QD
>
o

D>

1
3
.
C
.
::
z

In D1, Ty isin de cit after T, is banked, so T, must appear somewherein D,. If not, D,
is not a cycle becauseit leavesT; in decit. Let Uj, = T, and construct D9 from D, by

moving U;, to the beginning after T;. We have

This move can only increasethe de cit of all tiles to the left of U;, in D, and leavesall
tiles to the right of U, in D, with the samedecit. Thus D is a cycle provided that
D- is a cycle; changing the order in which tiles are banked doesnot changethe resulting

con guration. Repeat the construction with U;, = T, forall 3- r - j to obtain

Thus D; is a pre x of DS. SinceDY is a cycle, and no tile is in decit after applying its

pre x Dj, thenj = k and D> is just a reordering of the tiles of D;. O

Lemma IV.4 (Conjectured). There exists a locally optimal T1 solution h, such that
the terminating con guration cg of the relaxeal reverse T | Dirichlet gamesatis esh* cg

and ce(T) - h(T) + 3for all tiles T.
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Proof idea: A successfuproof may arguethat the ring rules causethe gameto progress
in a suzciently monotone fashion sothat only a small number of chips can be removed
from cg beforeit becomednfeasible. In particular, it will be arguedthat at most 3 chips

needto be moved from ead tile beforea locally optimal solution is obtained. O

Corollary 111.9 givesa bound on the length of a Dirichlet game basedon the
number of chips in the game and the properties of the board, which may be applied
directly to the augmerted forwards 11 game. In the r-dissectionsetting, let the number
of chips in the augmerted forwards 1l gamebe " = P 1 (T), where by is the initial
con guration of the augmerted forwards 11 game. Letting ¢ be the total number of
tiles, the diameter of the grid (including boundary) is (Nr=w) + (Mr=w) + 2, which
is roughly 2IO ¢ = 2p N M r=w, by inspecting the distance between opposite diagonals.
Thus the bound on the length the gameis roughly 2Io 2 ¢2. In order to bound the I
game using the bound on the length of the augmerted forwards 1l game, we needthe

following lemma.

Lemma IV.5. By adding at most 4 chips per tile to the initial con guration cy ~
0 of the relaxal reverse 11 Dirichlet game, the game can be replaya with the same
banking sequene, disregarding ring rules, so that all intermediate con gurations are

nonnegative.

Proof. Sinceead tile appearsat most oncein a bank and clear cycle, never doesa tile
gointo de cit below j 4; the largest de cit occurs when all the neighbors of a tile bank
before the tile itself does, and the original number of chips at the tile is 0. Playing a
reversegame starting in initial con guration ¢~ 4 and using exactly the samebanking
sequencekeepsall tiles out of de cit. The augmerted forwards gameis simply this T

game played backwards. O

Combining the preceding(conjectured) lemmasand the Diric hlet gamebound

in Corollary 111.9 givesthe main result on the length of the "1l game.

Theorem V.6 (Conjectured). Let cg be the terminating con guration of the relaxel
reverse I | Dirichlet game. Leth® cg be the correspnding locally optimal solution, with

P
“h= 1 h(T). Let ¢ be the numker of tiles, and suppseM , N. Then the number of
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‘rings in the gameis at most

p H 1

2 200w g (79

Proof. Lemma IV.4 conjecturesthe existence of a locally optimal 1l solution h with

ce(T) - h(T) + 3 for all tiles T. Let B be the banking sequenceof the 1| game.
Lemma V.5 guaranteesthat the augmerted forwards Il gamewith initial con guration

o(T) = h(T) + 7, and ring sequenceF , whosepre x is BR, will never causea tile to go
into de cit. Corollary 111.9 bounds the length jF j of the augmerted forwards 11 game
by the desiredquartit y, sincethe diameter of the grid is at most (2(N r=w) + 2). Because

iBj - jFj, the theorem follows. O

A more careful proof of the lemmasmight tighten the 7¢ term, but this would
not guarartee signi cant speedimprovemert for any Il problem requiring a number of
‘Il units on the order of £( ¢), which seemsdlikely in most cases.

The following strategies may decreasethe length of the 1| game by reducing

the number of times tiles are banked.

2 Clump ed banking. Bank areadytile T d(L j MinW in(T))=4e times instead
of once, in order to make up more of the shortfall at once;de cits created can be

handled all at once, as well.

2 Con guration Preconditioning. Precondition the initial con guration by
adding as much 1 as possible so that the game still terminates closeto a lo-
cally optimal solution. The reduction in time complexity will be proportional to

the percertage of total 1l addedthat is involved in the estimate.

2 Lazy density updates. Allow someconstart humber of cyclesto executebefore
updating M inW in and M axWin values. Strong con°uence properties of balanc-
ing gameswill allow a tradeo® between gains in time complexity and error in

approximating the solution to the Min Fill objective.

IV.D Experimental results and discussion

The results appearing in Table IV.D arise from the 1l gamebeing played with

real-world layout data. The minimum and maximum densities over all windows of the
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"xed featuresin the layout data are 0.0159543and 0.108103 respectively. All trials use
U = 0:108103,and so there is at least one window to which no 11 should be added.
Trials 1, 2, and 3 set L = :5U, :75U, and :9U, respectively. The lazy update value |
determines the number of cyclesin the I game which occur before window densities
are updated. L" and U" are the actual extremal window densitiesreturned by the linear
programming and Il game solutions. The Min Fill objective in a given trial is thus to
add as few chips as possibleso that eady window has density at least L and no window
density exceedsU.

Ideally, an integer program the Min Fill objective for given layout data, L, and
U is neededto return the optimal solution which can be usedas a benchmark to judge
the performance of the 1| game. Such an integer program is intractable, but we may
usethe corresponding linear program, which is tractable, though quite computationally
intensive. The linear program returns fractional con guration values,but rounding yields
a solution that is almost optimal. The rst row of ead trial in Table IV.D givesthe
performance of this benchmark linear program. The meanings of the columns are as
follows. The W# chips" is just P 1 ¢(T), the total chips in the solution con guration.
The \extra chips" column givesthe percenage of chips above the number given by the
linear program solution. L® and U" are the minimum and maximum, respectively, over
all window densitiesgiven by combining the original xed featuresin the layout data and
the 1l solution. The last column givesthe percertage by which the given 1l solution
causesa violation in the upper bound U on density. The valuel, setto 1, 10, 50, and
100 for ead trial, determineshow many banking cyclesoccur before the density of all
windows is updated.

The experimental results validate the use of the Dirichlet chip-ring model
in the context of allocating dummy 1l to make layout density uniform. Perhapsthe
most important obsenation is that the strong con°uence properties of chip- ring allow
a large value of | (number of banking cyclesbefore density update) while still returning
a reasonablesolution. In thesethree trials, the gameis most successfuin observingthe
upper bound on density when | = 1, as expected. Violations in this upper bound are
due to chips being added to tiles after they go into de cit. These violations arise from

the discrete nature of the 1l game,and would be reducedif chips wereto correspond to
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TablelV.1: Resultsfor the 1l gamewith Min Fill objectivein achieving density between

desiredlower upper bounds

\ Trial 1 | # chips | extra chips | L® | U® | U violation |
LP 3146 0.00% | 0.054025| 0.108112 0.01%
Fill Game,l = 1 3718 18.18%| 0.054052| 0.110566 2.28%
| =10 3700 17.61%| 0.054052| 0.110657 2.36%
| = 50 3170 0.76% | 0.054052| 0.112689 4.24%
| = 100 3162 0.51% | 0.054052| 0.111080 2.75%

\ Trial 2 | # chips | extra chips | L® U® | U violation |
LP 8523 0.00% | 0.081034| 0.108103 0.00%
Fill Game,l = 1 9482 11.25%| 0.081083| 0.119603 10.64%
| =10 9500 11.46%| 0.081083| 0.121325 12.23%
| =50 9794 14.91%| 0.081078| 0.128606 18.97%
| = 100 9845 15.51%| 0.081078| 0.128945 19.28%

\ Trial 3 [ # chips | extra chips | L® | U® | U violation |
LP 12954 0.00% | 0.097242| 0.108226 0.11%
Fill Game,l = 1 13861 7.00% | 0.097293| 0.129171 19.49%
| =10 13825 6.72% | 0.097294| 0.131090 21.26%
| = 50 14007 8.13% | 0.097293| 0.135747 25.57%
| = 100 14081 8.70% | 0.097293| 0.137609 27.29%

a smaller unit of 'll. Also, sinceU is taken to be the maximum window density of the
layout Te before Tl is added, adding any chips at all to tiles in this most densewindow
will violate U. This can be ameliorated by letting U be somewhatabove the maximum
window density in the original layout.

A signi cant amourt of re nement is necessaryfor the 1l gameto be of practical
useto the VLSI design community, but the fundamenal soundnessof the concept of
adding side constraints to the Dirichlet gamein order to approximate a solution to the

Min Fill objective for layout density cortrol is born out by the experimental data.
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