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ABSTRA CT OF THE DISSERTATION

Chip-Firing Gameswith Dirichlet Eigenvalues

and Discrete Green's Functions

by

Robert B. Ellis, I I I

Doctor of Philosophy in Mathematics

University of California, San Diego, 2002

ProfessorFan Chung Graham, Chair

The combinatorial Laplacian of a graph is the adjacencymatrix of the graph subtracted

from the diagonalmatrix of its vertex degrees.The Laplacian governsmany di®usion-like

problems on graphs such as electric potential, random walks, and chip-¯ring gamesor

other balancinggames.Wesurvey propertiesof the eigensystemsof Laplaciansfor graphs

with and without boundary, concentrating on the smallest eigenvalue of the Dirichlet

Laplacian for a graph with boundary. A method for extracting eigenvectors of the

Dirichlet Laplacian from thoseof the Laplacian is given. Wepresent methods for deriving

discrete Green's functions, the inversesor pseudo-inversesof Laplacians, for products

of regular graphs with or without boundary. Explicit formulas are derived for tori of

¯xed dimension. We de¯ne the Dirichlet chip-¯ring game, a discrete balancing process

in which chips are removed from the game if they are ¯red into the boundary of the

graph. We give bounds on the length of the game, and examine the relations among

three equinumerousfamilies, the set of spanning forests rooted in the boundary, a set of

\critical" con¯gurations of chips, and a cosetgroup, called the sandpilegroup associated

with the graph. An algorithm is givenfor computing the critical con¯guration determined

uniquely by an arbitrary con¯guration. The Dirichlet gameis applied to solve a problem

in microchip manufacturing in which ¯ll metal is addedto balancesurfacemetal density.

x



Chapter I

In tro duction and Terminology

As the ¯eld of graph theory matured in the last half-century , it becamepopular

to uselinear algebrato study correlations betweenproperties of graphsand properties of

typesof adjacencymatrices associated with them. Graphs can be associated with matri-

ceswhich record edge-vertex incidenceor vertex-vertex adjacency. A natural extension

of the so-calledvertex-vertex adjacency matrix is the combinatorial Laplacian, which is

constructed by subtracting the adjacencymatrix from the diagonal matrix comprisedof

vertex degrees.Spectral graph theory is the study of the eigenvaluesand eigenvectors of

these matrices arising from graphs, and of information about the graphs which can be

deducedtherefrom; thus inverseproblemsareconspicuousin the ¯eld (as in x-ray crystal-

lography). More recently , spectral graph theory hasbegunto include problemsof a more

geometric °avor, such as the construction of expander graphswith both a small number

of edgesand a small diameter, the determination of bottlenecks and other isoperimetric

problems, and the behavior of processeson graphs such as electrical current, random

walks, and a discrete load-balancing gamecalled chip-¯ring . This thesis contributes to

the corpus of spectral graph theory by characterizing properties of a certain chip-¯ring

game in which chips are removed after crossing the boundary; by developing compact

formulas for discrete Green's functions, or matrix inversesof Laplacians of products of

regular graphs; and by applying both advancesto computational problems in chip-¯ring

gamesand random walks.

For an intro duction to graph theory, see[119], and for a more advancedtreat-

ment, see[20]. Algebraic graph theory, which sharesmany linear algebraic techniques

1
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with spectral graph theory, is presented in [10, 12]. The authorit y on spectral graph

theory, especially with respect to newer problems, is [29]; more traditional texts include

[38, 41]. This document is divided into four chapters. Chapter I is a substantiv e intro-

duction to Laplaciansof graphs, including properties of the spectra of Laplaciansand the

primary examplesand techniquesthat will be usedin the subsequent chapters. Chapter

I I intro ducesdiscreteGreen's functions, developsformulas for discreteGreen's functions

for products of regular graphs, demonstratestheseformulas on tori, and discussesimpli-

cations for computing hitting times and other quantities for random walks. In Chapter

I I I, the Dirichlet chip-¯ring game is described and certain con¯gurations of the game

are shown to be equinumerouswith a set of rooted spanning trees on the graph and the

elements of the critical group, or sandpilegroup, associated with the graph. A bound on

the length of the Dirichlet chip-¯ring gameis obtained in terms of the smallest positive

eigenvalue of a Laplacian of the underlying graph, and this result is combined with the

discrete Green's function to allow fast computation of the con¯gurations in question.

Chapter IV concludesthe document by presenting a major application of the Dirichlet

chip-¯ring game to a microchip layer manufacturing processin which discrete units of

¯ll metal are distributed acrossthe surfaceof the chip in order to balanceoverall metal

density.

Before presenting a more detailed summary of the contents of this chapter, we

mention some important contributions to the ¯eld of spectral graph theory. An early

fundamental problem in the study of the spectra of graphs was the question of whether

a graph is completely determined by its spectrum. This question wasquickly resolved in

the negative, and graphs with the samespectra, or isospectral graphs, were investigated

[25, 41, 48, 72, 95]. Other early papers, such as [5], consideredbounds for eigenvaluesof

the Laplacian, taking motivation from the study of eigenvaluesof Laplacians of compact

Riemannian manifolds (e.g., [24]). More recent work includescharacterizationsof general

properties of spectra [43, 78, 92, 96, 97] and of eigenspaces[39, 40]. The second-smallest

eigenvalue, alsoknown asthe algebraic connectivity of a graph [58, 59, 60], hasbeenscru-

tinized repeatedly due to its connectionswith graph diameter [33], expansionproperties

[3], isoperimetric number [98], mixing times for random walks [86, 87], and with appli-

cations such as bandwidth and minimum-sum problems in graph layout [76]. Articles
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which survey properties of the second-smallesteigenvalue include [93, 94,99,100,101]. A

more careful treatment of the spectrum of a Laplacian yields improved results on mixing

times of random walks from Sobolev inequalities [30, 47]. The heat kernel of a Laplacian

employs the entire spectrum and can be used, for example, in counting spanning trees

[31]. The reader is referred to [29] for additional applications.

The remainder of this chapter is divided as follows. Section I.A de¯nes the

combinatorial Laplacian and normalized Laplacian, gives a list of basic properties in

Lemma I.1, and presents generaleigenvaluesand eigenvectors in Theorem I.3. Examples

of Laplaciansand their eigensystemsare given in SectionI.B for three families of graphs:

complete graphs, complete bipartite graphs, and hypercubes. Section I.C de¯nes the

Dirichlet versionsof the Laplaciansintro ducedin SectionI.A, which arisefrom specifying

a set of boundary vertices. Basic properties of Dirichlet eigenvaluesare given by I.5, and

generalproperties of Dirichlet eigensystemsare obtained by inspecting the corresponding

non-Dirichlet eigensystems(Theorem I.7), and by techniques of the Courant-Fischer

Theorem (Theorem I.8). An important lower bound on the ¯rst positive eigenvalue of

various Laplaciansin terms of diameter is obtained from a more generalbound in Section

I.D. In Section I.E, the eigensystemof the Laplacian of the cycle is derived from the

theory of circulants, and then usedwith Theorem I.7 to derive the Dirichlet eigensystem

of the path. The cycle and path with boundary form the basisfor the major examplesin

Chapters I I-IV. Section I.F de¯nes Cartesian products of graphs,givesa formula for the

eigensystemsof their Laplacians in terms of the factor graphs, and applies the formula

to cycles and paths with boundary to obtain the eigensystemsof tori and grids with

boundary, respectively.

I.A Laplacians and their spectra

The basic de¯nitions of spectral graph theory follow those of [29]. A more

deliberate intro duction may be found in [41]. Let ¡ = (V; E) be a simple graph (with

neither loopsnor multiple edges).Let x; y 2 V be arbitrary vertices; x » y i® f x; yg 2 E

is an edge. Unless otherwise noted, the matrices de¯ned are square matrices indexed

in the rows and columns by the vertices of ¡. The adjacency matrix A is de¯ned by
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A(x; y) = Â(x » y), where Â(X ) is the indicator function of the event X . The diagonal

degree matrix T is de¯ned by T(x; y) = Â(x = y)¢dx , wheredx is the degreeof x in ¡. We

de¯ne dmax (¡), or dmax when the context is apparent, to be the maximum degree over all

x 2 V . The volumeof a vertex subsetS µ V is vol(S) =
P

v2 S dv , and vol(¡) = vol(V ).

The combinatorial Laplacian, L = T ¡ A, of ¡ is

L (x; y) =

8
>>><

>>>:

dx ; if x = y

¡ 1; if x » y

0; otherwise.

The normalized Laplacian, L = T ¡ 1=2LT ¡ 1=2, is

L (x; y) =

8
>>><

>>>:

1; if x = y

¡ 1=
p

dxdy ; if x » y

0; otherwise.

The discrete Laplace operator ¢ is

¢( x; y) =

8
>>><

>>>:

1; if x = y

¡ 1=dx ; if x » y

0; otherwise.

We refer to L , L and ¢ as the Laplacian, normalized Laplacian and Laplace operator,

respectively. In general,the following relations hold betweenL, L , and ¢, provided that

¡ has no isolated vertices:

L = T1=2LT1=2 = T¢

L = T ¡ 1=2LT ¡ 1=2 = T1=2¢ T ¡ 1=2

¢ = T ¡ 1L = T ¡ 1=2LT1=2:

(I.1)

The Laplace operator satis¯es ¢ = I ¡ P, where P is the transition probabilit y matrix

determined by P(x; y) = Â(x » y)=dx . Thus P governs the random walk on ¡ where a

walk in state x at time t transitions to an adjacent state y at time t + 1 with probabilit y

1=dx .

Throughout this document, we label the eigensystemsof L and L as follows.

The eigenvalues of L are ¾0 · ¾1 · ¢¢¢ · ¾jV j¡ 1 with corresponding eigenvectors

Ã0; Ã1; : : : ; ÃjV j¡ 1. The eigenvaluesof L are ¸ 0 · ¸ 1 · ¢¢¢· ¸ jV j¡ 1 with corresponding
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eigenvectors Á0; Á1; : : : ; ÁjV j¡ 1. We can choosethe eigenvectors to be orthonormal when

necessary. We now list some important and relatively straightforward properties of L

and L , mostly following the presentation of [29, pp. 6-7].

Lemma I.1 (Eigensystems of L and L ). Suppose¡ has n vertices.

(i)
P

i ¾i = vol(¡) , and
P

i ¸ i · n.

(ii) L and L are positive semide¯nite, and so the ¾i 's and ¸ i 's are real and nonnegative.

(iii) ¡ has i + 1 connected components if and only if ¾0; : : : ; ¾i = ¸ 0; : : : ; ¸ i = 0 and

¾i +1 ; ¸ i +1 > 0.

(iv) For all 0 · i · n ¡ 1, we have ¾i · 2dmax and ¸ i · 2. Equality is achieved for

¾n¡ 1 if and only if a connected component of ¡ is dmax -regular and bipartite, and

for ¸ n¡ 1 if and only if a connected component of ¡ is bipartite.

Proof. For (i), simply considerthe traces of L and L . Equalit y is achieved i® there is no

isolated vertex.

For (ii), sinceL and L are real and symmetric, it su±ces to show that hf ; Lf i ¸

0 and hg; Lgi ¸ 0 for all functions f ; g : V ! R. Without loss of generality, we assume

¡ has no isolated vertices, so that T ¡ 1=2 exists. We have

hf ; Lf i =
X

x

f (x)
X

y» x

(f (x) ¡ f (y)) =
X

x» y

(f (x) ¡ f (y))2; (I.2)

which as a sum of squaresis nonnegative. Also for L , we have

hg; Lgi =
D

T1=2f ; T ¡ 1=2LT ¡ 1=2T1=2f
E

= hf ; Lf i ; (I.3)

where g = T1=2f de¯nes f in terms of an arbitrary g. Therefore L and L are positive

semide¯nite and have real nonnegative eigenvalues.

For (iii), suppose¡ is connected.Let Ã bean eigenvector of L having eigenvalue

0. Thus LÃ = 0, and by (I.2)

X

x» y

(Ã(x) ¡ Ã(y))2 = 0:

ThereforeÃ must be constant on all connectedcomponents of ¡, and the eigenspaceof L

corresponding to the eigenvalue 0 is 1-dimensional. The eigenspaceof L corresponding to



6

eigenvalue 0 is also 1-dimensional,becauseany eigenvector Á with eigenvalue 0 satis¯es

LÁ = 0; by (I.3),

hÁ;LÁi =
X

x» y

(f (x) ¡ f (y))2 = 0;

where Á = T1=2f ; therefore ¸ 1 > 0. When ¡ is not connected, the result follows from

the de¯nitions of L and L ; in particular, L and L may be block diagonalizedin terms of

the Laplacians and normalized Laplacians, respectively, of the connectedcomponents of

¡.

To show (iv), we characterize the largest eigenvalues ¾n¡ 1 and ¸ n¡ 1 in terms

of the Rayleigh quotient, which for a given matrix M and vector x is de¯ned as (cf. [73,

pp. 176])
hx; M xi
hx; x i

: (I.4)

In particular, the Rayleigh quotient for matrix M and eigenvector x evaluates to the

corresponding eigenvalue. Noting (I.2), the Rayleigh quotient for L is

hf ; Lf i
hf ; f i

=

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

; (I.5)

and so ¾n¡ 1 is determined by (cf. [73, Theorem 4.2.2])

¾n¡ 1 = max
f 6=0

hf ; Lf i
hf ; f i

= max
f 6=0

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

: (I.6)

Now
P

x» y(f (x) ¡ f (y))2 ·
P

x» y(2f 2(x) + 2f 2(y)) with equality achieved if and only

if f (x) = ¡ f (y) whenever x » y. Combining this with (I.6), we have

¾n¡ 1 · sup
f

2
P

x f 2(x)dxP
x f 2(x)

· 2dmax :

If ¾n¡ 1 = 2dmax , then Ãn¡ 1(x) = ¡ Ãn¡ 1(y) for all x » y, forcing ¡ to have a bipartite

connectedcomponent on which Ã 6= 0, and dx = dmax for all x 2 V for which Ã(x) 6= 0,

forcing ¡ to be dmax -regular in that component. On the other hand, if ¡ has a bipartite

dmax -regular component, we can simply chooseÃn1 to be +1 on onepart of the vertices,

¡ 1 on the other part in that component, and 0 elsewherein ¡.

The argument for ¸ n¡ 1 is similar, except the Rayleigh quotient for L is, noting

(I.3),
hg; Lgi
hg; gi

=
hf ; Lf i

­
T1=2f ; T1=2f

® =

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)dx

; (I.7)
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where g = T1=2f . Therefore ¸ n¡ 1 is given by

¸ n¡ 1 = max
f 6=0

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)dx

:

Again, ¸ n¡ 1 = 2 canonly beachievedif Án¡ 1(x) = ¡ Án¡ 1(y) 6= 0 for all x » y everywhere

on someconnectedcomponent of ¡.

Recall that the eigenspace E ¸ of a squarematrix M corresponding to an eigen-

value ¸ is the set of vectors E ¸ = f x : M x = ¸ xg. In particular, E ¸ is a vector space.

When ¡ is connected,L and L both have a null space,or 0-eigenspace,of dimension 1

corresponding to an eigenvector with all-positive entries, described as follows.

Lemma I.2 (Null space eigenvector). Let ¡ be connected. Then ~1 (T1=2~1) spans the

eigenspace of L (L ) corresponding to eigenvalue0.

Proof. The eigenspacesof L and L corresponding to eigenvalue 0 both have dimension1

by Lemma I.1(iii). Sinceevery row of L sumsto 0, L~1 = 0, and L (T1=2~1) = T ¡ 1=2L~1 =

0.

The corresponding normalizedeigenvectorsfor ~1 and T1=2~1 areÃ0 = ~1=
p

jV (¡) j

and Á0 = T1=2~1=vol(¡). An immediate consequenceof Lemma I.2 is that, when ¡ is

connected, eigenvectors corresponding to all other eigenvalues are negative in at least

one coordinate.

For the rest of the eigensystems,wemay specify the eigenvaluesand eigenvectors

of L and L by using the Rayleigh quotient, de¯ned in (I.4), and applying the Courant-

Fischer Theorem (cf. [73, Theorem 4.2.11]). The following theorem appears in [29, pp.

5-6].

Theorem I.3 (General eigenvalues and eigenvectors). Let k = 0; : : : ; n ¡ 1. Then

the eigenvalue¾k of L satis¯es

¾k = min
f 6=0 ; f ? Ã0 ;:::;Ãk ¡ 1

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

; (I.8)

where Ãk is the eigenvector achieving ¾k , and the eigenvalue¸ k of L satis¯es

¸ k = min
f 6=0 ; T 1=2 f ? Á0 ;:::;Ák ¡ 1

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)dx

; (I.9)

where Ák = T1=2f for a vector f achieving ¸ k is the eigenvector for ¸ k .
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We note that for k = 0 minimization is over all nonzerovectors. We justify the

useof maximum instead of supremum becausewe can further restrict the maximum to

be over all vectors with norm 1, so that the set of vectors consideredis compact.

I.B Examples of Laplacians and their spectra

We now give examplesof Laplaciansof families of graphsand their correspond-

ing eigensystems. These examplesare well known, appearing, for example, in [29, p.

6]. The reader may wish to revisit Example 3 after inspecting the material on product

graphs in Section I.F.

Example 1 (Complete graph K n ). Let ¡ = K n be the completegraph on n vertices.

The Laplacians of K n are given by

L(x; y) =

8
<

:

n ¡ 1; x = y

¡ 1; x 6= y
and L =

1
n ¡ 1

L;

since K n is (n ¡ 1)-regular. L has eigenvector ~1 with eigenvalue 0. Label the vertices

V (¡) = f 1; : : : ; ng and de¯ne f i , for i = 1; : : : ; n ¡ 1, to be the vector which is 1 at vertex

i , ¡ 1 at vertex i + 1 and 0 elsewhere.Then the f i 's are linearly independent eigenvectors

of L each with eigenvalue n. Since L = L=(n ¡ 1), L has the sameeigenvectors with

corresponding eigenvaluesmultiplied by 1=(n ¡ 1).

Example 2 (Complete bipartite graph K m;n ). Let ¡ be the complete bipartite

graph on m + n vertices,where the vertex bipartition is the disjoint union V (¡) = A [ B

with jAj = m and jB j = n. Then the Laplacians of K n are given by

L(x; y) =

8
>>>>>><

>>>>>>:

n; x = y and x 2 A

m; x = y and x 2 B

¡ 1; x 2 A and y 2 B

0; otherwise

and

L (x; y) =

8
>>><

>>>:

1; x=y

¡ 1=
p

mn; x 2 A and y 2 B

0; otherwise.
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Label the vertices of ¡ by A = f 1; : : : ; mg and B = f m + 1; : : : ; m + ng. For i =

1; : : : ; m ¡ 1 de¯ne the vector f i to be 1 on vertex i , ¡ 1 on vertex i + 1 and 0 elsewhere.

For j = m + 1; : : : ; m + n ¡ 1 de¯ne the vector gj to be 1 on vertex j , ¡ 1 on vertex

j + 1 and 0 elsewhere.De¯ne the vector h to be n on A and ¡ m on B . Then ~1 is an

eigenvector of L with eigenvalue 0, the f i 's are m ¡ 1 linearly independent eigenvectors

of L with eigenvalue m, the gj 's are n ¡ 1 linearly independent eigenvectors of L with

eigenvalue n, and h is an eigenvector of L with eigenvalue m + n.

Now de¯ne the vector h1 to be
p

n on A and
p

m on B , and de¯ne the vector

h2 to be
p

n on A and ¡
p

m on B . Then h1 is an eigenvector of L corresponding to

eigenvalue 0, h2 corresponds to eigenvalue 2, and the f i 's and gj 's already de¯ned are

eigenvectors of L all corresponding to eigenvalue 1.

The next exampleshows how the combinatorial structure of the graph may be

exploited in order to compute the eigensystemsof its Laplacians.

Example 3 (Hyp ercub e Qk ). We require k ¸ 1. The 2k vertices of the hypercube Qk

can be labeledby the set of vectorsx = (x1; : : : ; xk ) 2 f 0; 1gk . Two verticesare adjacent

i® their corresponding vectors di®er in exactly one coordinate. The Laplacian of Qk is

given by

L(x; y) =

8
>>><

>>>:

k; x = y

¡ 1; x » y

0; otherwise

and L =
1
k

L;

sinceQk is k-regular. The eigenvectors of L and L are the same,but the eigenvaluesfor

L are obtained by multiplying those of L by 1=k. From now on we concentrate on the

eigensystemof L only.

Suppose for a ¯xed j 2 f 0; : : : ; kg we could construct a vector f with the

following property. For any vertex x, f (y) = ¡ f (x) for j neighbors y of x, and f (y) =

f (x) for the remaining k ¡ j neighbors y of x. If such a vector can be constructed, we

would have

Lf (x) = k ¢f (x) + j ¢f (x) ¡ (k ¡ j ) ¢f (x) = 2j ¢f (x);

showing f to be an eigenvector of L with eigenvalue 2j .



10

In fact, there are 2k ways to construct a set of orthogonal f 's of the above

form, and they can even be indexed by the vertices themselves in a natural way. Let

v 2 f 0; 1gk be a vertex. De¯ne

f v(x) = (¡ 1)hv;x i :

Set j = hv; vi and considerthe valuesof f v on x and its neighbors y » x. If y di®ersfrom

x in a coordinate i for which vi = 1, then f v(y) = ¡ f v(x). Otherwise, f v(y) = f v(x).

Therefore x has j neighbors y for which f v(y) = ¡ f v(x) and k ¡ j neighbors y for which

f v(y) = f v(x), and so f v is an eigenvector of L with eigenvalue 2j .

To show that f f v : v 2 f 0; 1gkg is the entire set of eigenvectors of L , it su±ces

to show that hf u ; f v i = 0 for all u 6= v. This inner product is just the sum

X

x2f 0;1gk

f u(x)f v(x): (I.10)

We show this sum is 0 by matching every vector x with a distinct vector y such that

f u(x)f v(x) = ¡ f u(y)f v(y). The necessarymatching is provided by ¯nding the ¯rst

coordinate i on which u and v di®er, and then setting y = x on all except the i th

coordinate, at which yi = 1 ¡ x i . Thus either f u(y) = ¡ f u(x) and f v(y) = f v(x), or

f u(y) = f u(x) and f v(y) = ¡ f v(x), and the summands for x and y in (I.10) cancel.

There are
¡ k

j

¢
ways of choosing distinct vectors v with j 1's, and so the eigenvectors of

L are f f v : v 2 f 0; 1gkg, with
¡ k

j

¢
orthogonal eigenvectors corresponding to eigenvalue

2j . Additionally , we note that if 0̂ and 1̂ are the all 0's and all 1's vectors, respectively,

then f 0̂ = ~1, corresponding to eigenvalue 0, and f 1̂ takes opposite values on any pair

of adjacent vertices, and so corresponds to eigenvalue 2k, achieving the maximum in

Lemma I.1(iv).

I.C Diric hlet Laplacians and their spectra

Consideragain a simple graph ¡, and supposewe wish to restrict our attention

to only those functions f : jV j ! R which satisfy f ´ 0 on a certain speci¯ed set of

boundary vertices. Such a restriction is called a Dirichlet boundary condition for ¡.

In particular, let S µ V be a subsetof the vertices of ¡. Then ±S, or the set of
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boundary vertices of S, is de¯ned by

±S = f y =2 S : y » x and x 2 Sg:

The set of boundary edges, @S, is de¯ned by

@S = ff x; yg : x 2 S; y 2 ±Sg:

¡( S) is the subgraph of ¡ induced by S, and E(S) is the set of edgesin ¡( S). We

usually assumeV = S [ ±S, revising our conception of the parent graph ¡ if necessary.

However, in general the choice of S partitions V into three sets: the \pla ying area" S,

the \b oundary" ±S and the \sp ectators" V n (S [ ±S). The reasonfor this appellation

of V n (S [ ±S) is that we generally ignore the behavior of functions on the \sp ectator"

vertices, and are only concernedabout their behavior on S and ±S; however, for some

graphs, such as the path with boundary in Section I.E.2, the behavior of functions on

V n (S [ ±S) is important. We are particularly interested in casesin which ¡( S) is

connectedand ±S 6= ; . It is also reasonableto think of casesin which every connected

component of the subgraph induced by S is incident to a boundary vertex. Otherwise,

we could consider a connectedcomponent of S not incident to any boundary vertices

separately.

A function f : V ! R is a Dirichlet function provided that f (x) = 0 for

x 2 V n S. Thus f ´ 0 on the boundary ±S, which is the Dirichlet boundary condition,

and f ´ 0 on V n(S [ ±S), sincethe region of importance is S. De¯ne D(¡ ; S) as the set

of such Dirichlet functions, which has dimension jSj as a vector subspaceof RjV j . We

wish to consider those Dirichlet functions which behave like eigenfunctions on S; i.e.,

those Dirichlet functions f and g for which

Lf (x) = ¾f (x) 8x 2 S, and

Lg(x) = ¸g (x) 8x 2 S:
(I.11)

In this casef is a Dirichlet eigenfunction of L corresponding to Dirichlet eigenvalue¾,

and similarly g is a Dirichlet eigenfunction of L corresponding to Dirichlet eigenvalue

¸ . When the context is clear, we may drop the adjective \Diric hlet"; also, eigenvectors

and eigenfunctions will be used interchangeably. We do not require (I.11) to hold on

±S for Dirichlet eigenfunctions, becauseDirichlet functions are ¯xed at 0 on ±S. In
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fact, forthcoming in Example 4 are Dirichlet eigenfunctions for which Lf 6= ¾f on the

boundary ±S.

De¯ne the Dirichlet Laplacian L S to be L restricted to the rows and columns

of of S. The Dirichlet normalized Laplacian L S and the Dirichlet Laplace operator ¢ S

are de¯ned similarly. Just as in (I.1), L S, L S and ¢ S are related by

L S = T1=2L ST1=2 = T¢ S

L S = T ¡ 1=2L ST ¡ 1=2 = T1=2¢ ST ¡ 1=2

¢ S = T ¡ 1L S = T ¡ 1=2L ST1=2:

The Laplace operator ¢ S again satis¯es ¢ S = I ¡ P, where P is the transition prob-

abilit y matrix of a simple random walk on ¡, but now with absorbing states ±S. The

following Lemma, similar to Lemma 8.2 of [29], describeshow a Dirichlet eigenfunction

of a Laplacian can be consideredsimultaneously asan eigenfunctionof the corresponding

Dirichlet Laplacian. We de¯ne f jS to be the restriction of the function f : V ! R to the

domain S ½ V.

Lemma I.4 (Diric hlet eigenfunctions). A Dirichlet function f : V ! R is a Dirichlet

eigenfunction of L i® f jS is an eigenfunction of L S. Similarly, a Dirichlet function g :

V ! R is a Dirichlet eigenfunction of L i® gjS is an eigenfunction of L S. Furthermore,

the eigenvalue¾of L S corresponding to f is given by (I.5); i.e.,

¾ =

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

;

and the eigenvalue¸ of L S corresponding to g is given by (I.7); i.e.,

¸ =

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)dx

;

where g = T1=2f .

Proof. We give the proof for L ; the proof for L proceedsanalogously. Let f be a Dirichlet

function on ¡. Then for all x 2 S

L Sf jS(x) = dx f jS(x) ¡
X

y2 S; y» x

f jS(y)

= dx f (x) ¡
X

y2 V; y» x

f (y) = Lf (x):



13

Thus for all x 2 S, Lf (x) = ¾f (x) i® L Sf jS(x) = ¾f jS(x). The Rayleigh quotient of L S

shows that ¾satis¯es

¾ =
hf jS; L Sf jS i

hf jS; f jS i
=

P
x2 S f jS(x)

³
f jS(x)dx ¡

P
y2 S; y» x f jS(y)

´

P
x2 S f j2S(x)

=

P
f x;y g2E (S)[ @S(f (x) ¡ f (y))2

P
x2 S f 2(x)

=

P
f x;y g2E (¡) (f (x) ¡ f (y))2

P
x f 2(x)

;

sincef ´ 0 on ±S.

This crucial observation allows us to simultaneously view Dirichlet eigenvec-

tors as vectors acted upon by the corresponding Laplacian and as eigenvectors of the

corresponding Dirichlet Laplacian. From now on, we may use f to represent both the

function on V and its restriction f jS to S, if the context is clear. Letting n = jSj, we

label the Dirichlet eigenvaluesof L by ¾1 · ¢¢¢· ¾n with corresponding Dirichlet eigen-

vectors Ã1; : : : ; Ãn . Similarly, we label the Dirichlet eigenvalues of L by ¸ 1 · ¢¢¢· ¸ n

with corresponding Dirichlet eigenvectorsÁ1; : : : ; Án . When it is necessaryto distinguish

Dirichlet eigenvalues and eigenvectors from non-Dirichlet eigenvalues and eigenvectors,

we will write ¾(S)
i or ¸ (S)

j for the Dirichlet eigenvaluesand Ã(S)
i or Á(S)

i for the Dirichlet

eigenvectors. We start numbering the eigenvaluesat 1 becausewhenever ¡ is connected,

¾1; ¸ 1 > 0, as argued by the next Lemma.

Lemma I.5 (Diric hlet eigensystems of L and L ). Let n = jSj for S ( V (¡) , and

assume±S = V n S. The following hold for the Dirichlet eigensystemsof L and L .

(i)
P n

i=1 ¾i = vol(S), and
P n

i=1 ¸ i · n.

(ii) L S and L S are positive semide¯nite, and so the ¾i 's and ¸ i 's are real and nonneg-

ative. Furthermore, ¾1; ¸ 1 > 0 i® every connected component of the subgraph ¡( S)

induced by S is incident to a vertex in ±S.

(iii) The subgraph ¡( S) induced by S has i boundary-lessconnected components if and

only if ¾1 = ¢¢¢= ¾i = ¸ 1 = ¢¢¢= ¸ i = 0 and ¾i +1 ; ¸ i +1 > 0.

(iv) For all 1 · i · n, we have ¾i · 2dmax and ¸ i · 2. Equality is achieved for

¾n if and only if there is a dmax -regular bipartite connected component of ¡( S)

a boundary-less connected component of ¡( S) is , and for ¸ n if and only if a

boundary-lessconnected component of ¡( S) is bipartite.
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Proof. For (i), simply considerthe traces of L S and L S. The inequality is equality i® no

vertex in S is isolated.

For (ii), note that Lemma I.4 expressesthe ¾i 's and ¸ j 's in terms of Rayleigh

quotients of L and L , respectively, which are all nonnegative. Therefore all Dirichlet

eigenvalues are nonnegative. For the positivit y of the smallest eigenvalues, we give a

proof for the caseof ¾1 and leave the similar computation for ¸ 1 to the reader. Using

the Rayleigh quotient for L S and Lemma (I.4), we have

¾1 = min
f jS 6=0

hf jS; L Sf jS i
hf jS; f jS i

= min
f 2 D (¡ ;S);f 6=0

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

:

The only way for ¾1 to be positive is for every Dirichlet eigenfunction f to have f (x) 6=

f (y) for some f x; yg 2 E(S) [ @S. In other words, ¾1 > 0 if and only if there does

not exist a nonzeroDirichlet eigenfunction with f (x) = f (y) for all f x; yg 2 E(S) [ @S,

if and only if every connectedcomponent induced by S has at least one of its vertices

adjacent to a vertex in the boundary ±S.

For (iii), block diagonalizeL S and L S ¯rst in terms of the boundary-lesscon-

nected components of ¡( S), and then any remaining vertices. The result is a block-

diagonal matrix whereall but the last block are Laplaciansof connectedgraphs(without

boundary), and the last block consistsof connectedcomponents of ¡( S) all having ver-

tices incident to boundary vertices in ±S. Lemma I.1(iii) shows that each of the blocks

corresponding to a boundary-lessgraph yields exactly oneeigenvalue of 0, and (ii) shows

that the last block yields no zero eigenvalues. Therefore setting i equal to the number

of boundary-lessconnectedcomponents of ¡( S) givesthe result.

The proof of (iv) follows directly from the proof of I.1(iv) by noting that requir-

ing f (x) = ¡ f (y) for all connectedcomponents of ¡( S) meansthat all such components

incident to the boundary ±S require f ´ 0 on the component. Only on a boundary-less

connectedcomponent of ¡( S) can f (x) = ¡ f (y) 6= 0, and equality be achieved.

Sometimeseigenfunctionswill actually be Dirichlet eigenfunctions,but not al-

ways, as illustrated in the following example.
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Example 4 (T ransfer of eigenvectors). Consider the cycle C4 on vertices f 0; 1; 2; 3g,

and let S = f 0; 1; 2g. Then ±S = f 3g, and the Laplacians L and L S of C4 are

L =

2

6
6
6
6
6
6
4

2 ¡ 1 0 ¡ 1

¡ 1 2 ¡ 1 0

0 ¡ 1 2 ¡ 1

¡ 1 0 ¡ 1 2

3

7
7
7
7
7
7
5

; and L S =

2

6
6
6
4

2 ¡ 1 0

¡ 1 2 ¡ 1

0 ¡ 1 2

3

7
7
7
5

:

L has eigenvectors Ã0 = (1; 1; 1; 1), Ã1 = (1; 0; ¡ 1; 0), Ã2 = (0; 1; 0; ¡ 1) and Ã3 =

(1; ¡ 1; 1; ¡ 1) with eigenvalues 0, 2, 2 and 4, respectively. However, only Ã1 = Ã(S)
2 is

a Dirichlet eigenvector for L with respect to S and boundary ±S. The other Dirichlet

eigenvectors are Ã(S)
1 = (1;

p
2; 1; 0) and Ã(S)

3 = (1; ¡
p

2; 1; 0) with Dirichlet eigenvalues

2 ¡
p

2 and 2 +
p

2, respectively, giving (¾(S)
1 ; ¾(S)

2 ; ¾(S)
3 ) = (2 ¡

p
2; 2; 2 +

p
2). Note in

particular that LÃ (S)
1 (4) 6= 0 and LÃ (S)

3 (4) 6= 0, and soÃ(S)
1 and Ã(S)

3 are not eigenvectors

of L . Furthermore, 2 §
p

2 are Dirichlet eigenvaluesbut not eigenvaluesof L .

Becausethe Dirichlet eigenvalues arise from the principal submatrix L S of L ,

they are controlled by the eigenvaluesof L to a degreewhich dependsupon the number of

rows and columns deleted to obtain L S. This is known as the inclusion principle, which

appears in [73, Theorem 4.3.15],and is presented here in the context of the discussion.

Theorem I.6 (Inclusion principle). Let s = jSj and n = jV j so that n ¡ s is the

number of columns and rows deleted to obtain L S from L. Then for each integer k such

that 0 · k · s ¡ 1, we have

¾k · ¾(S)
k+1 · ¾k+ n¡ s: (I.12)

Theorem I.6 could also be stated in terms of L and L S. Note that in Example

4, the inclusion principle guarantees a Dirichlet eigenvalue of 2, since there 2 = ¾1 ·

¾(S)
2 · ¾2 = 2; the three Dirichlet eigenvaluesare otherwise guaranteed to be staggered

sequentially between the eigenvalues of L . Determining which Dirichlet eigenvalues of

L are also eigenvalues is in general di±cult, becauseas soon as the number of rows

and columns deleted from L to obtain L S increasespast 1, the control given by (I.12)

markedly decreases.There might be a Dirichlet eigenfunction Ã(S) of L corresponding

to Dirichlet eigenvalue ¾, where Ã(S) is not an eigenfunction of L but ¾is an eigenvalue

of L .
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Whenever a Laplacian has an eigenspaceof high dimension, if the Dirichlet

Laplacian is large enough as a principal submatrix, Theorem I.6 guarantees Dirichlet

eigenvectors with the sameeigenvalue. However, we can exercisemore care in how we

treat the \sp ectator" region V n(S [ ±S) in order to construct more Dirichlet eigenfunc-

tions from a high-dimensional eigenspaceof a Laplacian. Let ª ¾ be the eigenspaceof

L corresponding to eigenvalue ¾, and let ©¸ be the eigenspaceof L corresponding to

eigenvalue ¸ . For ¯nite sets U and W with U µ W and a set of functions F mapping

W to R, de¯ne the restriction F jU := f f jU : f 2 F g. The idea of the next theorem is

to construct a Dirichlet eigenvector f with Dirichlet eigenvalue ¾by choosing an eigen-

vector f 0 2 ª ¾ such that f 0 ´ 0 on ±S, and f 2 D(¡ ; S) is de¯ned to agreewith f 0 on

S [ ±S as follows:

f (x) =

8
<

:

f 0(x); x 2 S [ ±S

0; x 2 V n (S [ ±S):

The crucial observation is that the maximum number of linearly independent Dirichlet

eigenfunctionsconstructed in this fashion dependsonly on the behavior of ª ¾ on S[ ±S,

and not on the \sp ectator" region V n (S [ ±S). This is an improvement over Theorem

I.6, in which the number of linearly independent Dirichlet eigenvectors guaranteed to

have a particular eigenvalue is limited by the sizeof V n (S [ ±S).

Theorem I.7 (Diric hlet eigenvector extraction). The dimension of the set of

Dirichlet eigenfunctions with Dirichlet eigenvalue¾ which agree on S [ ±S with eigen-

functions in ª ¾ is

dim(D(¡ ; S)jS[ ±S \ ª ¾jS[ ±S) = dim(ª ¾jS[ ±S) ¡ dim(ª ¾j±S) (I.13)

and similarly for L ,

dim(D(¡ ; S)jS[ ±S \ ©¸ jS[ ±S) = dim(© ¸ jS[ ±S) ¡ dim(©¸ j±S):

Proof. We prove the result for L and note that the proof for L proceedsanalogously. The

left-hand sideof (I.13) is the dimensionof the vector subspaceof Dirichlet eigenfunctions

with Dirichlet eigenvalue ¾ which can be extracted as described previously. The proof

proceedsby showing the two inequalities corresponding to

dim(D(¡ ; S)jS[ ±S \ ª ¾jS[ ±S) + dim(ª ¾j±S) = dim(ª ¾jS[ ±S):
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For (¸ ), let r = dim(ª ¾jS[ ±S) and let f 1; : : : ; f r be linearly independent vectors

in ª ¾ whose restrictions to S [ ±S are also linearly independent. Place f 1; : : : ; f r as

rows of a matrix with columns indexed from the left by ±S, S, and then V n (S [ ±S),

and obtain a row echelon form of the matrix by Gaussian elimination. In the row

echelon form, let r ±S be the number of linearly independent rows with nonzero entries

in columns indexed by ±S, and let r S be the number of linearly independent rows with

only zero entries in columns indexed by ±S (in particular, r = r S + r±S). Then by the

properties of a row echelon matrix, dim(ª ¾j±S) ¸ r±S, and the restrictions to S [ ±S of

the bottom r S rows lie within D(¡ ; S) \ ª ¾jS[ ±S and are also linearly independent, so

dim(D(¡ ; S)jS[ ±S \ ª ¾jS[ ±S) ¸ rS.

For (· ), let r S = dim(D(¡ ; S)jS[ ±S \ ª ¾jS[ ±S) and let r ±S = dim(ª ¾j±S).

Choose f 1; : : : ; f r S to be linearly independent functions from D(¡ ; S)jS[ ±S \ ª ¾jS[ ±S.

Then there exist linearly independent functions f 0
1; : : : ; f 0

r S
2 ª ¾, the restrictions of

which are f 0
i jS[ ±S = f i . Chooseg1; : : : ; gr ±S to be linearly independent functions from

ª ¾j±S. Then there exist linearly independent functions g0
1; : : : ; g0

r ±S
2 ª ¾ such that

g0
i j±S = gi . Now f f 0

1jS[ ±S; : : : ; f 0
r S

jS[ ±S; g0
1jS[ ±S; : : : ; g0

r ±S
jS[ ±Sg are linearly independent

by inspecting the linear combination

r SX

j =1

aj f 0
j jS[ ±S +

r ±SX

k=1

bkg0
k jS[ ±S = 0:

Sincef 0
j jS[ ±S ´ 0 on ±S for all 1 · j · r S, and the g0

k 's are linearly independent on ±S,

bk = 0 is forced for all 1 · k · r ±S. Thus aj = 0 is forced for all 1 · j · r S since the

f 0
j jS[ ±S 's are linearly independent. Therefore dim(ª ¾jS[ ±S) ¸ rS + r±S, which completes

the proof.

The practical usageof Theorem I.7 is the row reduction in the proof of the

¯rst inequality, which yields a linearly independent set of Dirichlet eigenvectors from

the eigenspace. The proof of the secondinequality shows that this set is as large as

possible. This technique will be usedin Lemma I.14 to derive the Dirichlet eigensystem

of the path with boundary. In general, Dirichlet eigenfunctionsand eigenvalues can be

determined by applying the Courant-Fischer Theorem (cf. [73, Theorem 4.2.11]) to the

Rayleigh quotient of the Dirichlet Laplacian, as in [29, p. 128].
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Theorem I.8 (General Diric hlet eigenvalues and eigenvectors). Let n = jSj and

let 1 · k · n. Then the Dirichlet eigenvalue¾k of L satis¯es

¾k = min
f 6=0 ;f 2 D (¡ ;S); f ? Ã1 ;:::;Ãk ¡ 1

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

; (I.14)

where Ãk is the Dirichlet eigenvector achieving ¾k , and the Dirichlet eigenvalue¸ k of L

satis¯es

¸ k = min
f 6=0 ; T 1=2 f ? Á1 ;:::;Ák ¡ 1

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)dx

; (I.15)

where Ák = T1=2f for a vector f achieving ¸ k is the Dirichlet eigenvector for ¸ k .

I.D An eigenvalue diameter bound

Bounds involving the smallest positive eigenvalue of a Laplacian appear fre-

quently in the literature in terms of graph diameter [33], expansionproperties [3], and

the isoperimetric number and Cheegerconstant [98], for example. In this section,Lemma

I.10 presents relationships between the diameter of a graph and the smallest positive

eigenvalues of its Laplacians, L , L S, L and L S. Variants of these results, which are

almost folklore, have appearedin [3, 18, 29, 32]. Lemma I.10 follows easily from the next

technical lemma, in which the Rayleigh quotients are minimized over a more generalset

than those usedto obtain the ¯rst positive eigenvalues.

Lemma I.9. Let ¡ be a connected, simple graph with diameter D . For ; 6= U µ V , let

D ¤(¡ ; U) be the set of nonzero Dirichlet vectors f 2 D(¡ ; U) which satisfy f (u)f (v) · 0

for someu; v 2 V . Let d 2 RjV j be a nonnegative vector such that f 2(x)d(x) > 0 for at

least one x 2 U. Then

min
f 2 D ¤ (¡ ;U)

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)d(x)

¸
1

P
x2 U d(x)D

: (I.16)

Proof. Let f 2 D ¤(¡ ; U) and chooseu0 2 V to maximize jf j. The assumptionson u and

v guarantee a choice of v0 2 V such that f (u0)f (v0) · 0. Let P be a simple shortest

path in ¡ from u0 to v0. Then
P

x» y(f (x) ¡ f (y))2

P
x f 2(x)d(x)

¸

P
f x;y g2P (f (x) ¡ f (y))2

P
x2 U f 2(u0)d(x)
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¸
1
D

³ P
f x;y g2P (f (x) ¡ f (y))

´ 2

P
x2 U f 2(u0)d(x)

(I.17)

=
1
D (f (u0) ¡ f (v0))2
P

x2 U f 2(u0)d(x)
(I.18)

¸
1

D
P

x2 U d(x)
;

where (I.17) is by Cauchy-Schwarz, (I.18) is by telescoping, and the last inequality is

becausejf (u0) ¡ f (v0)j ¸ jf (u0)j.

Lemma I.10 (Eigen value diameter bounds). Let ¡ be a connected, simplegraphwith

diameter D . Let ; 6= S ( V induce a connected subgraph ¡( S). Then the eigenvalues¾1

and ¸ 1 and Dirichlet eigenvalues¾(S)
1 and ¸ (S)

1 are related to D as follows:

(i) ¾1 ¸ 1=(jV jD ),

(ii) ¾(S)
1 ¸ 1=(jSjD ),

(iii) ¸ 1 ¸ 1=(vol(¡) D ), and

(iv) ¸ (S)
1 ¸ 1=(vol(S)D).

Proof. We apply Lemma I.9 in all four cases.For ¾1 and ¾(S)
1 , let d(x) = 1, and for ¸ 1

and ¸ (S)
1 , let d(x) = dx . Let U = V for ¾1 and ¸ 1, and let U = S for ¾(S)

1 and ¸ (S)
1 . The

results all follow by noticing that the Rayleigh quotients (I.8), (I.14), (I.9) and (I.15)

usedto obtain the eigenvaluesare minimized over a set of vectors which in each caseis

contained in D ¤(¡ ; U).

The fact that all four results follow from the generalizedLemma I.9 is strong

evidencethat there is room for improving these bounds. Nevertheless,the results are

useful as is, and Lemma I.10(ii) will be cited later in Section I I I.B to bound the number

of steps in a chip-¯ring game.

I.E Primary examples

In this section we consider the Laplacians of cycle graphs and the Dirichlet

Laplacians of path graphs along with their eigensystems.We ¯rst derive eigensystems
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for cycle graphs by considering their Laplacians as special casesof a classof matrices

calledcirculant. We then describehow a cyclecanbemappedonto a path with boundary

in order to obtain the eigensystemof the Dirichlet Laplacian of the path in terms of the

eigensystemof the Laplacian of the cycle.

I.E.1 Circulan ts and cycles

A squarematrix is circulant if each row is obtained by cycling the row above

it to the right one position. It is straightforward to determine the eigensystemof a

general circulant matrix using properties of roots of unit y, and then to specialize to

obtain eigensystemsof Laplacians which happen to be circulant. We will proceedin this

fashion to obtain the eigensystemof the cycle graph Cm .

For k = 0; : : : ; n ¡ 1, let C (k) =
³

c(k)
ij

´
be the m £ m squarematrix satisfying

c(k)
ij =

8
<

:

1; j ¡ i ´ k (mod m)

0; otherwise:

Therefore C(k) is simply the matrix which acts on a vector f by setting C (1) f (i ) =

f (i + k (mod m)), and every circulant matrix M can be uniquely expressedas a sum

M =
P n¡ 1

k=0 bkC(k) . We have the following well-known theorem.

Theorem I.11 (Eigensystem of a circulan t matrix). Let M =
P n¡ 1

k=0 bkC(k) be an

m £ m circulant matrix whoserows and columns are indexed by 0 · i; j < m. Then an

eigensystemof M is (Ã
m¡ 1X

k=0

bkµk ; £ µ

!

: µm = 1

)

;

where µ rangesover all mth roots of unity, and £ µ is de¯ned by £ µ(i ) = µi .

Proof. It su±ces to show that for each k 2 f 0; : : : ; n ¡ 1g and each µ an nth root of

unit y, £ µ is an eigenvector of C (k) corresponding to eigenvalue µk . In this event, £ µ is

simultaneously an eigenvector for each C (k) , and the eigenvalue of £ µ for M is taken

directly from the coe±cients describing M as a linear combination of the C (k) 's. Now

¯x k and µ and note that

C(k)£ µ(i ) = £ µ (i + k (mod m))
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= µi + k

= µk£ µ(i );

for all 0 · i < m, which completesthe proof.

This theorem immediately raisesthe question of which graphs have Laplacians

which are circulant. We now de¯ne the classof graphswhich correspondsto the circulant

Laplacians.

De¯nition 1 (Circulan t graphs). A simple graph ¡ on m verticesV (¡) = f 0; : : : ; m¡

1g is a circulant graph provided there is a set S µ f 1; : : : ; bm=2cg such that f i; j g 2 E(¡)

i® i ¡ j (mod m) 2 S or m ¡ (i ¡ j (mod m)) 2 S.

Therefore the cycle graph Cm with vertices V (Cm ) = f 0; : : : ; m ¡ 1g is a cir-

culant graph with S = f 1g, and the complete graph K m is a circulant graph with

S = f 1; : : : ; bm=2cg. The next lemma characterizesthe relationship between circulant

graphs and circulant matrices.

Lemma I.12 (Circulan t Laplacians are from circulan t graphs). The Laplacian

of a simple graph ¡ is circulant if and only if ¡ is a circulant graph.

Proof. As in the discussion,let the vertex set be f 0; : : : ; m ¡ 1g. L is circulant if and

only if L =
P m¡ 1

k=0 bkC(k) and bk = bm¡ k 2 f 0; 1g for 0 < k < m. But this occurs if and

only if f i; j g 2 E(¡) exactly when i ¡ j ´ k (mod m) or i ¡ j ´ m ¡ k (mod m) for

those 0 < k < m for which bk = 1. This is true if and only if ¡ is a circulant matrix on

m vertices where S = f k : 0 < k · bm=2c and bk = 1g.

Since all circulant graphs are regular of degree ¡
P m¡ 1

k=1 bk in the circulant

representation, the normalized Laplacian L satis¯es L = L=b0, and determining the

eigensystemof L or L are essentially equivalent. We now present the eigensystemof the

cycle graph Cm which will be usedin Chapter I I.

Lemma I.13 (Eigensystem of Cm ). Let m ¸ 3. The normalized Laplacian L of the

cycle graph Cm on vertices f 0; : : : ; m ¡ 1g has orthonormal eigensystem
½µ

1 ¡ cos
µ

2¼j
m

¶
; Áj

¶
: 0 · j < m

¾
;
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where

Áj (x) =
1

p
m

exp
µ

¡ i
2¼j x

m

¶
:

Proof. Cm is a circulant matrix, and L is circulant with representation L =
P m¡ 1

k=0 bkC(k) ,

where b0 = 1 and b1 = bm¡ 1 = ¡ 1=2. By Lemma I.11, each mth root of unit y µ

contributes an eigenvalue 1 ¡ (µ1 + µm¡ 1)=2 with corresponding eigenvector £ µ de¯ned

by £ µ(x) = µx . We write the roots of unit y as µ0; : : : ; µm¡ 1 where µj = exp(¡ 2¼j i=m)

to seethat £ µ(x) = exp(¡ 2¼j xi=m ) is an eigenvector of L corresponding to eigenvalue

1 ¡
µ1 + µm¡ 1

2
= 1 ¡

exp
³

¡ i 2¼j
m

´
+ exp

³
i 2¼j

m

´

2

= 1 ¡ cos
µ

2¼j
m

¶
:

We verify that we have an orthonormal eigensystemby checking the inner product of

two eigenvectors as follows. Let j 1; j 2 2 f 0; : : : ; m ¡ 1g, and compute

hÁj 1 ; Áj 2 i =
m¡ 1X

x=0

Áj 1 (x)Áj 2 (x)

=
m¡ 1X

x=0

1
m

exp
µ

i
2¼(j 2 ¡ j 1)x

m

¶

=
m¡ 1X

x=0

1
m

µx
j 1 ¡ j 2

= Â(j 1 = j 2);

sinceany m consecutive integral powers of any nontrivial mth root of unit y canceladdi-

tiv ely.

I.E.2 Paths with boundary

The path graph with boundary Pm can be thought of as a contiguous pieceof a

very large cycle on the vertices V = f : : : ; 0; 1; : : : ; m; m + 1; : : :g where S = f 1; : : : ; mg

and the boundary is ±S = f 0; m + 1g. In this formulation Pm is a regular graph, and

the Dirichlet Laplacian of Pm is a m £ m tri-diagonal matrix with 2's on the main

diagonal and ¡ 1's on the sub- and super-diagonals. The Dirichlet normalized Laplacian

is obtained by multiplying by 1=2. Thus the Dirichlet Laplacians are both tri-diagonal

and Toeplitz; that is, having all entries m ij depend only on i ¡ j [73, p. 27]. The latter

is important becauseinformation about the eigensystemof a Toeplitz matrix can be
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gleanedby studying a corresponding circulant matrix; however, we will take a di®erent

approach below for Pm .

Subjectively, we will see that the Dirichlet eigenvectors of the Laplacian of

Pm can be thought of as standing waves,anchored on either side at vertex 0 and m + 1.

Indeed, if we think of the verticesf 0; : : : ; m+ 1g ashaving equalhorizontal spacingalong

a string of length m + 1 held ¯xed at both ends, the Dirichlet eigenvectors are obtained

by reading o®the valuesof the ¯rst m harmonics of the string at the the vertices. Thus

we will show that the harmonics

sin
µ

k¼x
m + 1

¶
; (k = 1; : : : ; m)

are the Dirichlet eigenvectors for Pm . For an intro duction to standing waves, see[61],

for example.

We now compute the Dirichlet eigensystemof Pm by extracting Dirichlet eigen-

vectors from the eigenspacesof C2(m+1) , following theorem I.7.

Lemma I.14 (Diric hlet eigensystem for Pm ). Let m ¸ 1. The normalized Laplacian

L S of the path Pm on vertices f 1; : : : ; mg with boundary f 0; m + 1g has orthonormal

eigensystem ½µ
1 ¡ cos

µ
¼j

m + 1

¶
; Áj

¶
: 1 · j < m

¾
;

where

Áj (x) =

r
2

m + 1
sin

µ
j ¼x

m + 1

¶
:

Proof. Consider the cycle C2(m+1) on vertices f 0; : : : ; 2m + 1g, for which the eigenspaces

©¸ j of the normalized Laplacian L are given by Lemma I.13. For 1 · j · m, ¸ j =

¸ 2(m+1) ¡ j = 1 ¡ cos(¼j =(m + 1)), and ©¸ j is 2-dimensional,spanning the set

f Á¸ j ; Á¸ 2( m +1) ¡ j
g =

½
exp

µ
¡ i

¼j x
m + 1

¶
; exp

µ
i

¼j x
m + 1

¶ ¾
:

De¯ne the path Pm by letting S = f 1; : : : ; mg, so that ±S = f 0; m + 1g, and the \sp ec-

tator" region is V n (S [ ±S) = f m + 2; : : : ; 2m + 1g. Following the row reduction

step in Theorem I.7, notice that Á¸ j (0) = Á¸ 2( m +1) ¡ j
(0) 6= 0 and that Á¸ j (m + 1) =

Á¸ 2( m +1) ¡ j
(m + 1) 6= 0. Thus dim(© ¸ j )j±S = 1. Note further that Á¸ j (1) 6= Á¸ 2( m +1) ¡ j

(1).

Therefore dim(© ¸ j )jS[ ±S = 2, and Á(S)
j := Á¸ j ¡ Á¸ 2( m +1) ¡ j

is a Dirichlet eigenvector
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for Pm corresponding to Dirichlet eigenvalue ¸ (S)
j = ¸ j . As j rangesover f 1; : : : ; mg,

the ¸ (S)
j 's are distinct, and so the Á(S)

j 's are orthogonal. The coe±cient
p

2=(m + 1) is

precisely what is necessaryfor normalization.

I.F Pro duct graphs

Most product graphs are constructed by choosing two factor graphs and build-

ing edgeson the Cartesian Product of the vertex setsof the two factor graphs according

to somerule. Varioussuch rules and their resulting product graph formulations appear in

[71, 75]. Here, we consider the graph Cartesian Product, de¯ned as follows. Let ¡( V; E)

and ¡ 0(V 0; E 0) be simple graphs. The graph Cartesian Product ¡ £ ¡ 0 has vertex set

V £ := V (¡ £ ¡ 0) = V £ V 0 and edgeset

E £ := E(¡ £ ¡ 0) = ff (x; x0); (y; x0)g : f x; yg 2 E(¡) g
[

ff (x; x0); (x; y0)g : f x0; y0g 2 E(¡ 0)g:

From now on we will simply refer to the graph Cartesian Product as the product of

graphs. The Laplacian L £ of ¡ £ ¡ 0 is

L £ ((x; x0); (y; y0)) =

8
>>>>>><

>>>>>>:

d(x;x 0) ; if (x; x0) = (y; y0)

¡ 1; if x = y and x0 » y0

¡ 1; if x » y and x0 = y0

0; otherwise,

where d(x;x 0) = dx + dx0. Examples of graphs with a high degreeof product structure

include tori (products of cycles), grids (products of paths), and hypercubes (repeated

products of a single edge). Processeson these sorts of product graphs can often be

broken down into processeson the constituent factor graphs (e.g., [46]).

If factor graphs ¡ and ¡ 0 are presented along with speci¯ed subsetsS µ V(¡)

and S0 µ V 0(¡ 0), we may consider the Dirichlet version of the product graph. The

\pla ying area" of ¡ £ ¡ 0 is S£ := S £ S0, the \b oundary" is ±S£ = S £ ±S0 [ ±S £ S0,

and the \sp ectator area" is

V £ n (S£ [ ±S£ ) =
¡
±S £ ±S0¢[

¡
V £ V 0n (S0[ ±S0)

¢
[

¡
V n (S [ ±S) £ V 0¢;



25

spectators

±S£

S£

S0 ±S0 V 0n (S0[ ±S0)

S

±S

V n (S [ ±S)

±S£

V £ n (S£ [ ±S£ )

Figure I.1: Regionsof a product graph whosefactor graphs have boundary

as illustrated in Figure I.1. Of course,the playing area S£ of a product graph could be

chosenafter the graph is constructed, but we are primarily interested in the casewhere

S£ is induced by S and S0 in the factor graphs. Moreover, all de¯nitions and results on

Dirichlet Laplacians hold for product graphs with boundary conditions.

When both factor graphs are regular, the eigensystemof the Laplacians the

product graph can be easily recovered from knowledgeof the eigensystemsof the Lapla-

cians of the factors. This can be done for both Laplacians and Dirichlet Laplacians, and

when the factor graphs are both regular but not of the samedegree.In terms of bound-

ary, there are three casesof product graphs: the product of two graphs with boundary

(S ( V , S0 ( V 0), the product of a graph with boundary and a graph without boundary

(S ( V , S0 = V 0), and the product of two graphs without boundary (S = V , S0 = V 0).

Here a graph without boundary condition is denoted,without lossof generality, by spec-

ifying S = V . The three casesare combined in the following lemma, which is presented

for the normalized Laplacian L .

Lemma I.15. Let ¡ and ¡ 0 be d- and d0-regular, respectively. Let S µ V and S0 µ V 0.

Supposeorthonormal eigensystemsof the normalized Laplacians L S of ¡ and L 0
S0 of ¡ 0

are given by f (¸ j ; Áj ) : j 2 J g and f (¸ 0
k ; Á0

k ) : k 2 K g; respectively. Then an orthonormal
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eigensystemof the normalized Laplacian L £
S£ S0 of ¡ £ ¡ 0 is

f (¤ j ;k ; ©j ;k ) : j 2 J; k 2 K g :=
½µ

d
d + d0¸ j +

d0

d + d0¸
0
k ; Áj Ák

¶
: j 2 J; k 2 K

¾
:

Proof. Let (x; y) 2 S£ = S £ S0. By de¯nition of the product graph,

L £
S£ ©j ;k ((x; x0)) = ©j ;k ((x; x0)) ¡

X

(y;y0)2 S£ ;(y;y0)» (x;x 0)

©j ;k ((y; y0))
d + d0

= Áj (x)Á0
k (x0) ¡

X

y2 S;y» x

Áj (y)Á0
k (x0)

d + d0 ¡
X

y02 S0;y0» x0

Áj (x)Á0
k (y0)

d + d0

=
dÁ0

k (x0)
d + d0

0

@Áj (x) ¡
X

y2 S;y» x

Áj (y)
d

1

A

+
d0Áj (x)
d + d0

0

@Á0
k (x0) ¡

X

y02 S0;y0» x0

Á0
k (y0)
d0

1

A

=
µ

d¸ j

d + d0 +
d0̧ 0

k

d + d0

¶
©j ;k ((x; y)) ;

and so©j ;k is an eigenvector of L £
S£ corresponding to eigenvalue ¤ j ;k = (d¸ j + d0̧ 0

k )=(d+

d0). Secondly, choosetwo eigenvectors ©j 1 ;k1 and ©j 2 ;k2 and note that

h©j 1 ;k1 ; ©j 2 ;k2 i =
X

(x;x 0)2 S£

Áj 1 (x)Á0
k1

(x0)Áj 2 (x)Á0
k1

(x0)

=
X

x2 S

Áj 1 (x)Áj 2 (x)
X

x02 S0

Á0
k1

(x0)Á0
k1

(x0)

= hÁj 1 ; Áj 2 i
­
Á0

k1
; Á0

k2

®
= Â(j 1 = j 2) ¢Â(k1 = k2);

and so the ©'s form an orthonormal eigensystem.

Whenever ¡ is d-regular, the normalized Laplacian L S and the Laplacian L S

are related by L S = L S=d, and so the two matrices have the sameeigenvectors, except

that the corresponding eigenvaluesof L S are those of L S multiplied by d. This property

allows the derivation of the eigensystemof L £
S from Lemma I.15.

Corollary I.16. Under the sameconditions asLemmaI.15, an orthonormal eigensystem

of L £
S£ is

f (§ j ;k ; ª j ;k ) : j 2 J; k 2 K g :=
©¡

¾j + ¾0
k ; Áj Ák

¢
: j 2 J; k 2 K

ª
;

where ¾j = d¸ j and ¾0
k = d0̧ 0

k .
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Proof. The result follows easily from the facts that L S = dL S, L S0 = d0L S0, and L £
S£ S0 =

(d + d0)L £
S£ S0.

Becausethe Cartesian product of two graphs is associative, a graph formed by

repeated products may written as the repeated product of factor graphs in arbitrary

order. An orthonormal eigensystemof L £ for the graph product ¡ (1) £ ¢¢¢£ ¡ (t ) , where

¡ (s) is ds-regular, is

f (¤ j 1 ;:::;j t ; ©j 1 ;:::;j t ) : j s 2 Jsg :=

(Ã
d1¸ (1)

j 1
+ ¢¢¢+ dt ¸

(t )
j t

d1 + ¢¢¢+ dt
; Áj 1 ¢¢¢Áj t

!

: j s 2 Js

)

; (I.19)

given that orthonormal eigensystemsof L (s) for ¡ (s) are f (¸ (s)
j s

; Á(s)
j s

) : j s 2 Jsg, for

1 · s · t. This fact holds even when S(s) µ V (s) determinesthe boundary condition for

¡ (s) ; also,multiplying all eigenvaluesthrough by the degree
P t

s=1 ds of the corresponding

regular product graph, as in Corollary I.16, yields the result for the Laplacian L £ . Note

that the hypercube Qk is the product of k edges,or more formally, k K 2's; Example 3

could be completely re-derived in terms of Lemma I.15 and (I.19), using the eigensystem

f (0; [1; 1]T ); (2; [1; ¡ 1]T )g of the Laplacian of K 2.

Wenow present speci¯c examplesof product graphswith and without boundary

which will reappear in Chapter I I. All factors involved in theseproduct graphs will be

either cycleswithout boundary (Section I.E.1), or paths with boundary (Section I.E.2).

If the product of t such factors is viewed as being laid out on the grid ZS(1) £ ¢¢¢£ ZS( t ) ,

a cycle factor provides a periodic boundary condition in its coordinate, and a path factor

provides an absorbing boundary condition in its coordinate.

I.F.1 Tori

The t-dimensional torus Cm1 £ ¢¢¢£ Cm t , where ms ¸ 3 for 1 · s · t, is the

graph product of t factors which are all cycles. Using (I.19) and I.13 for the eigensystem

of each factor, the eigensystemfor the normalized Laplacian L £ of Cm1 £ ¢¢¢£ Cm t is

given in the next lemma.

Lemma I.17 (Eigensystem for Tori). An orthonormal eigensystemof the normalized

Laplacian L £ of the t-dimensional torus Cm1 £ ¢¢¢£ Cm t , where ms ¸ 3 for 1 · s · t,
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is (Ã
1
t

tX

s=1

µ
1 ¡ cos

µ
2¼j s

ms

¶¶
; ©j 1 ;:::;j t

!

: 0 · j s < ms; 1 · s · t

)

;

where for (x1; : : : ; x t ) 2 f 0; : : : ; m1 ¡ 1g £ ¢¢¢£ f 0; : : : ; mt ¡ 1g = V £ ,

©j 1 ;:::;j t ((x1; : : : ; x t )) =
1

p
m1 ¢¢¢mt

exp

Ã

¡ 2¼i
tX

s=1

j sxs

ms

!

:

The eigensystemof the Laplacian L £ of the t-dimensional torus is obtained

from Lemma I.17 by multiplying the eigenvaluesby 2t, as the torus is 2t-regular.

I.F.2 Grids with boundary

The t-dimensional grid Pm1 £ ¢¢¢£ Pm t , where ms ¸ 1 for 1 · s · t, is the

graph product of t factors of paths with boundary. Thus travelling in either direction

on a single coordinate of the grid will eventually reach the boundary. Unlike the cycle

on 1 or 2 vertices, the paths P1 and P2 are simple graphs, and so we may consider the

casesms = 1; 2. Having a factor of P1 is an interesting case,becauseit meansthat every

point in the resulting grid will be adjacent to the boundary in either direction on P1's

coordinate. The \pla ying area" S£ of the grid is simply f 1; : : : ; m1g£ ¢¢¢£ f 1; : : : ; mt g.

Using (I.19) and Lemma I.14 for the eigensystemof each factor, the eigensystemfor the

normalized Dirichlet Laplacian L £
S£ of Pm1 £ ¢¢¢£ Pm t is given in the next lemma.

Lemma I.18 (Diric hlet Eigensystem for Grids). An orthonormal eigensystemof

the normalized Dirichlet Laplacian L £
S£ of the t-dimensional grid Pm1 £ ¢¢¢£ Pm t , where

ms ¸ 1 for 1 · s · t, is
( Ã

1
t

tX

s=1

µ
1 ¡ cos

µ
¼j s

ms + 1

¶¶
; ©j 1 ;:::;j t

!

: 1 · j s · ms; 1 · s · t

)

;

where for (x1; : : : ; x t ) 2 f 1; : : : ; m1g £ ¢¢¢£ f 1; : : : ; mt g = S£ ,

©j 1 ;:::;j t ((x1; : : : ; x t )) =
2t=2

p
(m1 + 1) ¢¢¢(mt + 1)

tY

s=1

sin
µ

j s¼x
ms + 1

¶
:

The eigensystemof the Laplacian L £
S£ of the t-dimensional grid is obtained

from Lemma I.18 by multiplying the eigenvaluesby 2t, as the grid is 2t-regular.
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I.F.3 Hybrids

The product graph construction and Lemma I.15, which describeshow to gen-

erate the eigensystemof the product graph's Laplacian, do not require the factor graphs

to be of the sameclass. Factor graphs may be chosenfrom any classof simple regular

graphs with any choice of boundary conditions. Products of cycles and paths are of

particular interest becausethe structure of the \pla ying area" is naturally a ¯nite rect-

angular grid with absorbing or periodic boundary on any given coordinate. Examples

of physical applications for which the underlying structure of the model is a product

graph of this general hybrid classare the Ising [104] Potts [120], and sandpile models

[6, 7, 45]. One interesting intersection of vertex-transitiv e (degree-regular)graph prod-

ucts, the Potts model, and the Cheegerconstant appears in [107], which investigates

phasetransitions on generalhomogeneouslattices.



Chapter I I

Discrete Green's Functions for

Pro ducts of Regular Graphs

Discrete Green's functions are the inversesor pseudo-inversesof combinatorial

Laplacians, which were intro duced and discussedin Chapter I. Green's functions in the

continuous caseare used in the solution of di®erential equations; the seminal work on

Green's functions is [70], summarized more recently in [69]. A treatment of Green's

functions for partial di®erential equations can be found in [106]. Examples of contribu-

tions to the literature in which the Green's function is computed or approximated for

a discrete region are [42, 84, 85]. The ¯rst major work on discrete Green's functions as

the (pseudo-)inversesof combinatorial Laplacians is [35], wherein formulas are found for

generalfamilies of graphs, and the Green's function is usedto solve the discrete Laplace

equation. Just as Green's functions in the continuous casedepend on the domain and

boundary conditions, discreteGreen'sfunctions are associated with the underlying graph

and boundary conditions, if any. Thus a new set of discrete Green's functions must be

determined for each new classof graphs. Certainly, a discrete Green's function can be

determined by brute force (pseudo-)inversion of the corresponding Laplacian, but this is

no advancement toward compact or closed-formfunctions.

In this chapter, we consider such compact formulas for discrete Green's func-

tions. Results are illustrated with the cycle, torus, and the t-dimensional torus. Section

I I.A presents the necessaryde¯nitions and background. Section I I.B illustrates these

30
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de¯nitions by deriving the Green's function for the cycle. In Section I I.C, we derive

formulas for products of regular graphs with or without boundary, extending a result

of [29]. In Section I I.D, we illustrate the caseof products of regular graphs without

boundary by deriving the Green's function for the t-dimensional torus and addressing

its computational complexity, with explicit Green's functions given for t = 2 and t = 3.

The hitting time for a random walk on the torus is discussedin Section I I.E.

I I.A Preliminaries

The necessaryde¯nitions related to LaplaciansL , L and ¢, and Dirichlet Lapla-

cians L S, L S and ¢ S, are found in Chapter I, primarily in Sections I.A and I.C. We

again considera simple connectedgraph ¡, and for the Dirichlet versionsspecify a subset

S µ V = V(¡), whoseboundary vertices are ±S = f y =2 S : y » x and x 2 Sg. For

simplicit y, we take the subgraph generatedby S to be connected.

When S ( V , L S, L S and ¢ S are invertible, and the Green's function G,

the normalized Green's function G and the fundamental matrix Z are de¯ned by their

relations with the corresponding Dirichlet Laplacians:

L SG = GL S = I S

L SG = GL S = I S

¢ SZ = Z ¢ S = I S:

(I I.1)

Therefore by (I.1) on p. 4, the Green's functions are related to one another as follows:

G = T ¡ 1=2GT ¡ 1=2 = Z T ¡ 1

G = T1=2GT1=2 = T1=2Z T ¡ 1=2

Z = GT = T ¡ 1=2GT1=2:

(I I.2)

We say that Z is the fundamental matrix becauseof the literature on random walks (e.g.,

[1]), but we may also think of Z as the discrete Green's function corresponding to the

Dirichlet Laplace operator ¢ S. We can tie thesede¯nitions to random walks as follows.

Let P = [pxy ] be the transition probabilit y matrix for the simple irreducible transient

random walk on S with absorbingstates±S, wherethe probabilit y pxy of moving to state

y from state x is 1=dx if x and y are adjacent and 0 otherwise. Then ¢ S = I ¡ P, and
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(I ¡ P)¡ 1 = I + P + P2 + ¢¢¢ gives

Z (x; y) =
X

n¸ 0

Pn (x; y); (I I.3)

where Pn (x; y) is the n-step transition probabilit y matrix (cf. [112, p. 31]).

When the graph has no boundary vertices, which may be thought of as when

S = V , the Laplacians are not invertible, and we require an alternate de¯nition of the

Green's functions. Recalling the properties and labeling of the eigensystemsof L and L

from Section I.A, we de¯ne G, G and Z as follows:

G =
X

¾i > 0

1
¾i

Ãi Ã¤
i ;

G =
X

¸ j > 0

1
¸ j

Áj Á¤
j ;

Z = T ¡ 1=2GT1=2:

(I I.4)

Throughout the chapter, we omit the subscript of S from the non-singular Green's func-

tions becausethe presenceor absenceof a boundary condition can be determined from

the Laplacian it is associated with. In (I I.4), the Ãi 's and Áj 's are taken to be or-

thonormal eigenvectors of L and L , respectively, and as usual Ãi and Áj correspond to

eigenvalues¾i and ¸ j , respectively. Recall from SectionsI.A and I.C that the eigenvalues

are labeled in increasingorder. SinceL and L are real Hermitian, the Ã's and Á's could

be chosento have all real entries, but sometimesa more natural eigenvector is preferred

(e.g., Lemma I.13). The de¯nitions of G and G in I I.4 are equivalent to the two pairs of

relations
GL = LG = I ¡ R0 = I ¡ Ã0Ã¤

0;

and GR0 = 0;

GL = LG = I ¡ R 0 = I ¡ Á0Á¤
0;

and GR 0 = 0;

(I I.5)

where R0 = Ã0Ã¤
0 is the rank 1 projection of Ã0, and R 0 = Á0Á¤

0 is the rank 1 projection

of Á0. By Lemma I.2 in Section I.A,

R0 =
1

jV j
J; and

R 0(x; y) =

p
dxdy

vol(¡)
8x; y 2 V:
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It is also important to note that when G is invertible, the de¯nitions in (I I.1) and (I I.4)

are equivalent; we simply consider the sums in (I I.4) over the Dirichlet eigensystems.

The de¯nition of the fundamental matrix Z in I I.4 is exactly what is required to have

the relations
Z ¢ =

¡
T ¡ 1=2GT1=2

¢¡
T ¡ 1=2LT1=2

¢

= T ¡ 1=2 (I ¡ R 0) T1=2

= I ¡
1

vol(¡)
Dy ;

and Z Dy = 0;

(I I.6)

where D y(x; y) = dy for all x; y 2 V . The relations corresponding to those in (I I.2) also

hold for G, G and Z . The de¯nition of Z in (I I.6) is equivalent to the de¯nition of Z

more often usedin random walks; i.e.,

Z (x; y) :=
1X

n=0

(Pn (x; y) ¡ ¼y); (I I.7)

where ¼is the stationary distribution of the random walk on ¡. To verify this alternate

de¯nition of Z , simply verify that T 1=2Z T ¡ 1=2 satis¯es (I I.4) or (I I.5) when used to

replaceG. We think of Z as the Green's function corresponding to the Laplaceoperator.

See [1, Ch. 3, p. 17] for relationships between Z and hitting times and [49] for an

intro duction to random walks.

I I.B Green's function for the cycle Cm

In this section we illustrate the de¯nition of the Green's function G in the case

of the cycle,which hasno boundary. The high degreeof symmetry in the cycleallows the

matrix equation involving the Green's function to be converted into a linear recurrence.

The techniques developed here will be used in Section I I.D to construct the Green's

function for a t-dimensional torus.

Denote the vertex set of the cycle Cm be denoted by f 0; 1; : : : ; m ¡ 1g. The

various Laplacians are related by ¢ = L = L=2. Applying the de¯nition in (I I.5), the

normalized Green's function G is determined by the relations

GL = LG = I ¡
1
m

J;

and GJ = 0;

(I I.8)
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where Á0(x) =
p

1=m, and J is the m £ m matrix with entries all 1's. In developing a

formula for G, it is useful to observe that the cycle is invariant under translation. Thus

the valuesL (x; y) and G(x; y) depend only on the distance jy ¡ xj betweenx and y, and

the following de¯nition of G(a) is well-de¯ned: for all 0 · a < m,

G(a) = G(x; y); if a = jy ¡ xj.

Since distance between x and y on the cycle can be measuredby travelling in either

direction, for all 0 < a < m we have

G(a) = G(m ¡ a):

We are ready to derive the Green's function for the cycle.

Theorem I I.1. Let m ¸ 3. For 0 · x; y · m ¡ 1, the cycle Cm has normalized Green's

function

G(x; y) =
(m + 1)(m ¡ 1)

6m
¡ jy ¡ xj +

(y ¡ x)2

m
: (I I.9)

Proof. From (I I.8) we have the recurrence

2G(x; y) ¡ G(x; y ¡ 1) ¡ G(x; y + 1) =

8
<

:

2 ¡ 2=m; x = y

¡ 2=m; x 6= y;
or

2G(a) ¡ G(a ¡ 1) ¡ G(a + 1) =

8
<

:

2 ¡ 2=m; a = 0;

¡ 2=m; a > 0;

provided that we de¯ne G(¡ 1) = G(1) for simplicit y of representing the casea = 0. The

following recurrenceon di®erencesresults:

G(a + 1) ¡ G(a) = G(a) ¡ G(a ¡ 1) +
2
m

¡ 2Â(a = 0): (I I.10)

The secondconstraint in (I I.8) determinesthat the sum of G acrossany row must be 0;

i.e.,

m¡ 1X

a=0

G(a) = 0: (I I.11)

By considering the di®erence(G(a + 1) ¡ G(a)) ¡ (G(a) ¡ G(a ¡ 1)) = 2=m in I I.10 for

a > 0, G(a) is quadratic in a with leading coe±cient 1=m, which we write as

G(a) =
a2

m
+ B a + C: (I I.12)
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In order to obtain B , set G(a) = G(m ¡ a) to seethat

a2

m
+ B a + C =

(m ¡ a)2

m
+ B (m ¡ a) + C

B a = m ¡ 2a + B m ¡ B a;

from which B = ¡ 1. Now applying the row sum constraint (I I.11) allows us to compute

the value of C = G(0).

0 =
m¡ 1X

a=0

µ
C ¡ a +

a2

m

¶

mC =
m¡ 1X

a=0

µ
a ¡

a2

m

¶

C =
(m + 1)(m ¡ 1)

6m
: (I I.13)

Plugging B and C into (I I.12) and letting a = jy ¡ xj achievesthe desiredresult.

Using the alternate de¯nition of G in (I I.4) we have a whole classof identities

formed by choosing any orthonormal eigensystemfor Cm and equating (I I.4) for G with

(I I.9). The following version arisesfrom the orthonormal eigensystemfor Cm derived in

Lemma I.13.

Theorem I I.2. Let m ¸ 3 and let 0 · x; y < m. Then

1
m

m¡ 1X

j =1

exp
¡
(2¼ij =m)(y ¡ x)

¢

1 ¡ cos(2¼j =m)
=

(m + 1)(m ¡ 1)
6m

¡ jy ¡ xj +
(y ¡ x)2

m
:

I I.C Green's functions for pro ducts of regular graphs

In this section, we extend Theorem 4 of [35] to include the normalized Green's

function of the Cartesian product of a graph with boundary and a graph without bound-

ary. Originally , [35] givesthe normalized Green's function of the product of two graphs,

each with boundary. Next, we present the normalized Green's function for a product of

two graphs without boundary. The key observation for the secondformula is as follows.

When both graphshave an eigenvalue of 0, the residuesof the contour integral associated

with the normalized Green'sfunction of the product graph are lesseasily calculated, and

a separateformulation is needed. On the other hand, the normalized Green's function
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of the product graph is easyto calculate not only when both graphshave boundary [35],

but also when one has boundary and the other doesnot; in either subcase,at least one

graph doesnot have an eigenvalue of 0.

Throughout the remainder of this chapter, we will use the following notation.

Let ¡ = (V; E) and ¡ 0 = (V 0; E 0) besimple connectedundirected regular graphsof degree

d and d0 with speci¯ed vertex subsetsS µ V and S0 µ V 0, respectively. For simplicit y,

we require the subgraphsgeneratedby S and S0 to be connected. In the caseof S = V ,

recall that L S = L and the subgraph induced by S is ¡( S) = ¡.

For any ® 2 C, let G® denote the symmetric matrix satisfying the relation

(L S + ®)G® = I S, if S ( V ; and the relations

(L S + ®)G® = I S ¡ P0; and

G®P0 = 0; (I I.14)

if S = V (L S is singular). In either case,this is equivalent to

G®(x; y) =
X

¸ j > 0

1
¸ j + ®

Áj (x)Áj (y); (I I.15)

where the Áj 's are the orthonormal eigenfunctionsof L S associated with the eigenvalues

¸ j . We call G® the generalized Green's function; it is a rational function of ® which will

be used in a contour integral to derive the normalized Green's function of the product

graph. The analogousde¯nitions of L 0
S0, G0

®, Á0
k , and ¸ 0

k are made for ¡ 0.

Recalling the de¯nitions in SectionI.F, the Cartesian product ¡ £ ¡ 0 has \pla y-

ing area" S£ = S £ S0, boundary ±S£ , normalized Laplacian L £
S£ , and normalized

Green's function G£
S£ . The orthonormal eigensystemof L £

S£ is labeled by eigenvalues

¤ j ;k with corresponding eigenvectors ©j ;k , becausethey are expressedin terms of the

eigensystemsof the factor graphs. Throughout the rest of the chapter, we may refer to

a Laplacian in terms of S, S0, or S£ to emphasizewhether it is a Dirichlet Laplacian or

not.

I I.C.1 A t least one graph has boundary

SupposeS ( V , so that S generatesa connectedsubgraph with boundary in

¡. We allow S0 µ V 0 to generatean arbitrary connectedsubgraph in ¡ 0. Recall that the
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¸ j 's are ordered by 0 < ¸ 1 · ¢¢¢· ¸ jSj . We consider two cases,where the factor graphs

are regular of the samedegreeor regular of di®erent degrees.

Factor graphs are regular of same degree

Let C denote a contour in the complex plane consisting of all ® 2 C satisfying

j® ¡ 1j = 1 + ¸ 1=2. The contour C enclosesall of the ¸ 0
k 's but none of ¡ ¸ 1; : : : ; ¡ ¸ jSj .

We have the following minor extensionof Theorem 4 in [35].

Theorem I I.3. Let ¡ = (V; E) and ¡ 0 = (V 0; E 0) be d-regular, and let S ( V and

S0 µ V 0. The normalized Green's function G£ of the Cartesian product ¡ £ ¡ 0 with

S£ = S £ S0 and boundary ±S£ is

G£ ((x; x0); (y; y0)) =
1
¼i

Z

C
G®(x; y)G0

¡ ®(x0; y0)d®:

Proof. By Lemma I.15, the eigenvalues of the normalized Dirichlet Laplacian L £
S£ of

¡ £ ¡ 0 are f (¸ j + ¸ 0
k )=2 : j ; kg, with corresponding orthonormal eigenvectors©j ;k = Áj Á0

k .

Starting from the formal de¯nition of G£ in (I I.4), we have

G£ ((x; x0); (y; y0)) = 2
X

j ;k

©j ;k (x; x0)©j ;k (y; y0)
¸ j + ¸ 0

k

=
1
¼i

Z

C

jSjX

j =1

X

k

Áj (x)Áj (y)Á0
k (x0)Á0

k (y0)
(¸ j + ®)(¸ 0

k ¡ ®)
d®

=
1
¼i

Z

C
G®(x; y)G0

¡ ®(x0; y0)d®;

where the integral is simpli¯ed by using (I I.15).

Note that the above contour integral picks up exactly the residuesat ® = ¸ 0
k .

For example, the residueat ® = ¸ 0
k is exactly

X

¸ 0
K ;¸ 0

K = ¸ 0
k

jSjX

j =1

Áj (x)Áj (y)Á0
K (x0)Á0

K (y0)
(¸ j + ¸ 0

k )
=

X

¸ 0
K ;¸ 0

K = ¸ 0
k

Á0
K (x0)Á0

K (y0) ¢Ģ 0
k
(x; y): (I I.16)

Becausean eigenspacemay be multi-dimensional, there could be many ¸ 0
K 's equal to a

particular ¸ 0
k . For convenience,for a ¯xed k we assignthe term of the residuein (I I.16)

corresponding to K = k to ¸ 0
k . This observation givesus the computational formula for

G£ in the following corollary.
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Corollary I I.4. Under the sameconditions as in Theorem II.3, we have

G£ ((x; x0); (y; y0)) = 2
X

k

Á0
k (x0)Á0

k (y0)Ģ 0
k
(x; y):

In practice, the corollary may be applied to a product graph in order to com-

pute a closedformula for G£ , or to generatea non-trivial identit y involving G® and the

eigensystemsof L S, L S0, and L £
S£ .

Factor graphs are regular of di®eren t degrees

Supposewe have the sameconditions as Theorem II.3, except that the graphs

¡ and ¡ 0 are d- and d0-regular, respectively. By Lemma I.15, the eigenvalues of the

normalized Dirichlet Laplacian of the Cartesian product S £ S0 are

d
d + d0¸ j +

d0

d + d0¸
0
k ;

with corresponding orthonormal eigenvectors ©j ;k = Áj Á0
k . The poles of G®=d are at

® = ¡ d¸ j , and the poles of G0
¡ ®=d0 are at ® = d0̧ 0

k . Let C denote a contour in the

complex plane consisting of all ® 2 C satisfying j® ¡ d0j = d0+ d¸ 1=2; thus C contains

all of the d0̧ 0
k 's but none of ¡ d¸ 1; : : : ; ¡ d¸ jSj . We obtain the following minor extension

to Theorem 5 of [35].

Theorem I I.5. Let ¡ = (V; E) and ¡ 0 = (V 0; E 0) be d- and d0-regular, respectively, and

let S ( V and S0 µ V 0. The normalized Green's function G£ of the Cartesian product

¡ £ ¡ 0 with S£ = S £ S0 and boundary ±S£ is

G£ ((x; x0); (y; y0)) =
d + d0

2¼idd0

Z

C
G®=d(x; y)G0

¡ ®=d0(x0; y0)d®:

Proof. Beginning with the de¯nition of G£ in (I I.4), we have

G£ ((x; x0); (y; y0)) =
X

j ;k

d + d0

d¸ j + d0̧ 0
k

©j ;k (x; x0)©j ;k (y; y0)

=
d + d0

2¼i

Z

C

jSjX

j =1

X

k

Áj (x)Áj (y)Á0
k (x0)Á0

k (y0)
(d¸ j + ®)(d0̧ 0

k ¡ ®)

=
d + d0

2¼idd0

Z

C

jSjX

j =1

X

k

Áj (x)Áj (y)Á0
k (x0)Á0

k (y0)
(¸ j + ®=d)( ¸ 0

k ¡ ®=d0)
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=
d + d0

2¼idd0

Z

C
G®=d(x; y)G0

¡ ®=d0(x0; y0)d®:

Analogous to Corollary I I.4, by inspecting the residuesof the above contour

integral at all values® = d0̧ 0
k , we have the following.

Corollary I I.6. Under the sameconditions as Theorem II.5, we have

G£ ((x; x0); (y; y0)) =
d + d0

d

X

k

Á0
k (x0)Á0

k (y0)Gd0̧ 0
k =d(x; y):

I I.C.2 Neither graph has boundary

Here we consider the caseof S = V and S0 = V 0; in other words, there is

no boundary condition on ¡, ¡ 0, or ¡ £ ¡ 0. We desire to compute the (non-invertible)

normalized Green's function for the product graph. In particular, let m = jV j and

n = jV 0j. Again, we consider the casesd = d0 and d 6= d0.

Factor graphs are regular of same degree

Recall from Section I.A that the orthonormal eigensystemsof L and L 0 are

f (Áj ; ¸ j ) : 0 · j · m ¡ 1g and f (Á0
k ; ¸ 0

k ) : 0 · k · n ¡ 1g, respectively. By Lemma

I.15, the eigenvalues of L £ of ¡ £ ¡ 0 are (¸ j + ¸ 0
k )=2, with corresponding orthonormal

eigenvectors ©j ;k = Áj Á0
k . Let C denote a contour in the complex plane consisting of all

® 2 C satisfying j®¡ (2 + ¸ 0
1=2)j = 2. The contour C is designedto enclose¸ 0

1; : : : ; ¸ 0
n¡ 1

but not ¡ ¸ 0; : : : ; ¡ ¸ m¡ 1 or ¸ 0
0.

Theorem I I.7. Let ¡ and ¡ 0be d-regular and without boundary. The normalized Green's

function G£ of the Cartesian product ¡ £ ¡ 0 is

G£ ((x; x0); (y; y0)) =
1
¼i

Z

C
G®(x; y)G0

¡ ®(x0; y0)d®+
2
n

G(x; y) +
2
m

G0(x0; y0):

Proof. By Lemma I.2, The eigenvector Á0 corresponding to eigenvalue 0 is determined

by Á0(x) =
p

(dx=vol(¡)). Starting from the formal de¯nition of G£ in (I I.4), and noting

that dv = dv0 = d, vol(¤) = d ¢m, and vol(¤ 0) = d ¢n, we have

G£ ((x; x0); (y; y0)) = 2
m¡ 1X

j =1

n¡ 1X

k=1

©j ;k (x; x0)©j ;k (y; y0)
¸ j + ¸ 0

k
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+2
m¡ 1X

j =1

©j ;0(x; x0)©j ;0(y; y0)
¸ j

+ 2
n¡ 1X

k=1

©0;k (x; x0)©0;k (y; y0)
¸ 0

k

=
1
¼i

Z

C

m¡ 1X

j =1

n¡ 1X

k=1

Áj (x)Áj (y)Ák (x0)Ák (y0)
(¸ j + ®)(¸ 0

k ¡ ®)
d®

+2

p
dx0dy0

vol(¡ 0)

m¡ 1X

j =1

Áj (x)Áj (y)
¸ j

+ 2

p
dxdy

vol(¡)

n¡ 1X

k=1

Ák (x0)Ák (y0)
¸ 0

k

=
1
¼i

Z

C
G®(x; y)G0

¡ ®(x0; y0)d®+
2
n

G(x; y) +
2
m

G0(x0; y0);

where the integral is simpli¯ed by using (I I.15).

Analogous to Corollary I I.4, inspecting the residuesof the above contour inte-

gral at ¸ 0
1; : : : ; ¸ 0

n¡ 1 yields the following corollary.

Corollary I I.8. Under the sameconditions as in Theorem II.7, we have

G£ ((x; x0); (y; y0)) = 2
n¡ 1X

k=1

Á0
k (x0)Á0

k (y0)Ģ 0
k
(x; y) +

2
n

G(x; y) +
2
m

G0(x0; y0):

Factor graphs are regular of di®eren t degrees

Supposewe have the sameconditions as Theorem II.8, except that the graphs

¤ and ¤ 0 are d- and d0-regular, respectively. By Lemma I.15, the eigenvalues of the

normalized Laplacian L £
S£ of the Cartesian product ¡ £ ¡ 0 are

d
d + d0¸ j +

d0

d + d0¸
0
k

with corresponding orthonormal eigenvectors ©j ;k = Áj Á0
k . Let C denote a contour in

the complex plane consisting of all ® 2 C satisfying j®¡ (d0+ d0̧ 0
1=2)j = d0. By Lemma

I.1(iv), d0̧ 0
n¡ 1 · 2d0, and C contains d0̧ 0

1; ¢¢¢; d0̧ 0
n¡ 1, but not ¡ d¸ 0; : : : ; ¡ d¸ m¡ 1 or

d0̧ 0
0. We obtain the following theorem.

Theorem I I.9. Let ¡ and ¡ 0 be d- and d0-regular, respectively, and both without bound-

ary. The normalized Green's function G£ of the Cartesian product ¡ £ ¡ 0 is

G£ ((x; x0); (y; y0)) =
d + d0

2¼idd0

Z

C
G®=d(x; y)G0

¡ ®=d0(x0; y0)d®

+
d + d0

dn
G(x; y) +

d + d0

d0m
G0(x0; y0):



41

Proof. Beginning with the de¯nition of G£ in (I I.4), we have

G£ ((x; x0); (y; y0)) =
m¡ 1X

j =1

n¡ 1X

k=1

d + d0

d¸ j + d0̧ 0
k

©j ;k (x; x0)©j ;k (y; y0)

+
m¡ 1X

j =1

d + d0

d¸ j
©j ;0(x; x0)©j ;0(y; y0)

+
n¡ 1X

k=1

d + d0

d0̧ 0
k

©0;k (x; x0)©0;k (y; y0)

=
d + d0

2¼idd0

Z

C

dd0Áj (x)Áj (y)Ák (x0)Ák (y0)
(d¸ j + ®)(d0̧

k ¡ ®)
d®

+
d + d0

d

p
dx0dy0

vol(¡ 0)
G(x; y) +

d + d0

d

p
dxdy

vol(¡)
G0(x0; y0)

=
d + d0

2¼idd0

Z

C
G®=d(x; y)G0

¡ ®=d0(x0; y0)d®

+
d + d0

dn
G(x; y) +

d + d0

d0m
G0(x0; y0):

Analogous to Corollary I I.4, by inspecting the residuesof the above contour

integral at d¸ 0
1; : : : ; d¸ 0

n¡ 1, we have the following.

Corollary I I.10. Under the sameconditions as in Theorem II.9, we have

G£ ((x; x0); (y; y0)) =
d + d0

d

n¡ 1X

k=1

Á0
k (x0)Á0

k (y0)Gd0̧ 0
k =d(x; y)

+
d + d0

dn
G(x; y) +

d + d0

d0m
G0(x0; y0):

I I.D Green's functions examples

Application of the integral formula in the previous section to speci¯c examples

is limited only to caseswhere the necessaryraw materials can be computed. The results

in Section I I.C.1 for the product where at least one graph has boundary require the

eigensystemof one graph and the generalizedGreen's function G® of the other graph.

As written, Corollaries I I.4 and I I.6 assumethat the generalizedGreen's function is

known for the graph with boundary, and the eigensystemis known for the graph without

boundary; however, corresponding versionscan be easily re-derived when the reverseis

true. For example, the version of Corollary I I.4 used is important when considering

the Cartesian product of a cycle and a path with boundary. The Green's function and
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generalizedGreen's function of a path with boundary appear in [35], along with the

integral formula for products of paths with boundary.

The results in Section I I.C.2 for the product of two graphs without boundary

require knowledgeof the eigensystemof one graph, the generalizedGreen's function G®

of the other graph, and of the Green's functions G and G0 of both graphs. Thus if we

desireto compute G£ for a product graph, we can look for any possibledecomposition of

the graph into two factor graphs for which this information is known. This observation

is particularly useful in building the normalized Green's function inductiv ely whereeach

additional factor graph is from a speci¯c family.

I I.D.1 The torus Cm £ Cn

Following Corollary I I.8, determination of the Green's function of the torus

requires the Greens function G and generalizedGreen's function G® of the cycle. In

obtaining a compact formula for the torus, it is critical to simplify G® asmuch aspossible

before incorporating it into Corollary I I.8.

Theorem I I.11. Let m; n ¸ 3. For 0 · x; y · m ¡ 1 and 0 · x0; y0 · n ¡ 1, the torus

Cm £ Cn has normalized Green's function

G£ ((x;x 0); (y; y0)) =
2
n

n¡ 1X

k=1

exp
¡
(2¼ik =n)(y0¡ x0)

¢
·
¡

1
m(1 ¡ cos(2¼k=n))

+
Tm=2¡j y¡ xj (2 ¡ cos(2¼k=n))

(1 ¡ cos(2¼k=n))(3 ¡ cos(2¼k=n))Um=2¡ 1(2 ¡ cos(2¼k=n))

¸

+
2
n

µ
(m + 1)(m ¡ 1)

6m
¡ jy ¡ xj +

(y ¡ x)2

m

¶

+
2
m

µ
(n + 1)(n ¡ 1)

6n
¡ jy0¡ x0j +

(y0¡ x0)2

n

¶

where T and U are the Chebyshevpolynomials of the ¯rst and second kind, respectively.

Note that the formula depends only on the distances between y and x and

between y0 and x0, which is expected due to the translational symmetries of the torus.

The ¯rst step of the proof is to obtain a closed form for G® for the cycle Cm (G was

determined in Theorem II.1). The proof of Theorem II.11 is deferred until after Cor.

I I.13.
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Theorem I I.12. For a cycleCm with vertices0; 1; : : : ; m ¡ 1, complex®, and 0 · x; y ·

m ¡ 1, the normalized Green's function G® satis¯es

G®(x; y) = ¡
2

m (r + r ¡ 1 ¡ 2)
+

2(r m=2¡j x¡ yj + r ¡ m=2+ jx¡ yj )
(r ¡ r ¡ 1)( r m=2 ¡ r ¡ m=2)

;

where 2(1 + ®) = r + r ¡ 1.

Proof. BecauseCm is vertex-transitiv e, G®(x; y) dependsonly on the distance min( jy ¡

xj; m ¡ jy ¡ xj) betweenx and y. Therefore de¯ne G®(a) := G®(x; y), where a = jy ¡ xj;

this inducesthe additional relation G®(a) = G®(m ¡ a) for 1 · a · m ¡ 1. From equation

(I I.14), we have

Â(x = y) ¡
1
m

= (L S + ®) G®(x; y)

=
1
2

(2(1 + ®)G®(x; y) ¡ G®(x + 1; y) ¡ G®(x ¡ 1; y))

=
1
2

¡
(r + r ¡ 1)G®(x; y) ¡ G®(x + 1; y) ¡ G®(x ¡ 1; y)

¢
;

where L S is the normalized Laplacian of Cm . We can rewrite this as

G®(x ¡ 1; y) ¡ r G®(x; y) =
2
m

¡ 2Â(x = y) +
1
r

(G®(x; y) ¡ r G®(x + 1; y)) ;

which for a > 0 becomes

G®(a + 1) ¡ r G®(a) =
2
m

+
1
r

(G®(a) ¡ r G®(a ¡ 1))

=
...

=
2
m

+ ¢¢¢+
1

r a¡ 1

2
m

+
1
r a (G®(1) ¡ r G®(0)) : (I I.17)

When a = 0, we have

G®(1) ¡ r G®(0) =
2
m

¡ 2 +
1
r

(G®(0) ¡ r G®(m ¡ 1));

and sinceG®(1) = G®(m ¡ 1), we obtain

G®(1) =
1
m

¡ 1 +
r + r ¡ 1

2
G®(0)

G®(1) ¡ r G®(0) =
1
m

¡ 1 +
¡ r + r ¡ 1

2
G®(0) (I I.18)

From this point, the reader who wishes to verify details is encouragedto employ any

standard computer algebra system. (I I.17) and (I I.18) de¯ne a recurrence and initial
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condition on di®erencesof G®, which is resolved by substituting G®(1) ¡ r G®(0) from

(I I.18) into (I I.17) and simplifying the geometric series.For a ¸ 0 this yields

G®(a + 1) ¡ r G®(a) =
2

r a¡ 1m
1 ¡ r a

1 ¡ r
+

1
r a

µ
1
m

¡ 1 +
¡ r + r ¡ 1

2
G®(0)

¶
: (I I.19)

Now denote the right-hand side of (I I.19) by D ®(a); thus for a > 0 we have

G®(a) = r G®(a ¡ 1) + D®(a ¡ 1)

=
...

= r aG®(0) + r a¡ 1D®(0) + r a¡ 2D®(1) + ¢¢¢+ r 0D®(a ¡ 1): (I I.20)

A careful but straightforward summing of geometric seriesin (I I.20) yields, for a > 0,

G®(a) =
1
2

G®(0)
1 + r 2a

r a

+
2
m

1
r a¡ 2

1 ¡ r a

1 ¡ r

µ
1 + r a

1 ¡ r 2 +
r a¡ 1

1 ¡ r
+

1 + r a

1 + r
1 ¡ m

2r

¶
: (I I.21)

Now using (I I.21), we set G®(1) = G®(m ¡ 1) and solve for G®(0), obtaining

G®(0) = ¡
2
m

r
(r ¡ 1)2 +

2r (1 + r m )
(r 2 ¡ 1)(r m ¡ 1)

; (I I.22)

which together with (I I.21) and simpli¯cation yields

G®(a) = G®(0) ¡
2

¡
r a=2 ¡ r ¡ a=2

¢¡
r m=2¡ a=2 ¡ r ¡ (m=2¡ a=2)

¢

(r ¡ r ¡ 1)
¡
r m=2 ¡ r ¡ m=2

¢

=
¡ 2

m (r + r ¡ 1 ¡ 2)
+

2
¡
r m=2 + r ¡ m=2

¢

(r ¡ r ¡ 1)
¡
r m=2 ¡ r ¡ m=2

¢

¡
2

¡
r a=2 ¡ r ¡ a=2

¢¡
r m=2¡ a=2 ¡ r ¡ (m=2¡ a=2)

¢

(r ¡ r ¡ 1)
¡
r m=2 ¡ r ¡ m=2

¢

=
¡ 2

m (r + r ¡ 1 ¡ 2)
+

2(r m=2¡j x¡ yj + r ¡ m=2+ jx¡ yj )
(r ¡ r ¡ 1)( r m=2 ¡ r ¡ m=2)

:

Substituting jy ¡ xj for a givesthe desiredformula for G®.

By the de¯nition of ® and r , we may use the substitution r = eiµ to rewrite

(r z + r ¡ z)=2 = coszµ and (r z ¡ r ¡ z)=2i = sinzµ. Together with the de¯nition of the

Chebyshev polynomial of the ¯rst and secondkinds, Tn and Un , respectively; i.e.,

Tn (x) := cosnµ and

Un (x) :=
sin(n + 1)µ

sinµ
;

where x = cosµ, we obtain the following corollary to Theorem II.12.
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Corollary I I.13. For a complex ® and 0 · x; y · m ¡ 1, the normalized Green's

function G® for a cycle Cm with vertices 0; 1; : : : ; m ¡ 1 satis¯es

G®(x; y) = ¡
1

m®
+

Tm=2¡j y¡ xj (1 + ®)

®(2 + ®)Um=2¡ 1(1 + ®)

where T and U are the Chebyshevpolynomials of the ¯rst and second kinds, respectively.

Proof of Theorem II.11: The theorem follows by applying the integral formula for prod-

ucts of graphs without boundary in Corollary I I.8 to the torus, where ¡ = Cm , ¡ 0 = Cn ,

the Á0's are the orthonormal basis described in Lemma I.13, G and G0 are given by

Theorem II.1, and G® is given by Corollary I I.13.

Combining Theorem II.11 with (I I.4) using the orthonormal eigensystemof

Lemma I.13 for both Cm and Cn yields the following nontrivial identit y.

Corollary I I.14. Let 0 · x; y · m ¡ 1 and 0 · x0; y0 · n ¡ 1. Then

1
mn

X

(j ;k)6=(0 ;0)

exp
¡
(2¼ij =m)(y ¡ x)

¢
exp

¡
(2¼ik =n)(y0¡ x0)

¢

¡
1 ¡ cos(2¼j =m)=2 ¡ cos(2¼k=n)=2

¢

=
2
n

n¡ 1X

k=1

exp
¡
(2¼ik =n)(y0¡ x0)

¢
·
¡

1
m(1 ¡ cos(2¼k=n))

+
Tm=2¡j y¡ xj (2 ¡ cos(2¼k=n))

(1 ¡ cos(2¼k=n))(3 ¡ cos(2¼k=n))Um=2¡ 1(2 ¡ cos(2¼k=n))

¸

+
(m + 1)(m ¡ 1)

3mn
¡

jy ¡ xj
n

+
(y ¡ x)2

mn

+
(n + 1)(n ¡ 1)

3mn
¡

jy0¡ x0j
m

+
(y0¡ x0)2

mn
;

where T and U are the Chebyshevpolynomials of the ¯rst and second kinds, respectively.

The Laplacian of Cm has a 1-dimensional eigenspacecorresponding to eigen-

value 0, and a second1-dimensionaleigenspacecorresponding to eigenvalue 2 i® Cm is bi-

partite (when m is even). Otherwise, all eigenspacesare 2-dimensional,since¸ j = ¸ m¡ j

for all 1 · j · m ¡ 1. This meansthat Corollary I I.14 is only one of a classof identities

constructed by choosingorthonormal eigensystemsfor Cm and Cn for the left-hand side,

and a possibly distinct orthonormal eigensystemfor Cn on the right-hand side.
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I I.D.2 The t-dimensional torus Cm1 £ Cm2 £ ¢¢¢£ Cm t

Computation of the normalized Green's function for the repeated product of

cyclesby useof Corollary I I.8 requiresa careful decomposition into factor graphs. Under

the factor decomposition we are considering, the bottleneck lies in the computation of

the generalizedGreen's function G®, which we now have for the cycle Cm , but not for

the torus for t ¸ 2. This leadsto a decomposition of the repeatedproduct into ¡ = Cm1

and ¡ 0 = Cm2 £ ¢¢¢Cm t .

Before giving the normalized Green's function of Cm1 £ ¢¢¢£ Cm t , we present

the information on the components still needed. Chooseand label the eigensystemof

each Cms by

f (¸ (s)
j s

; Á(s)
j s

) : 0 · j s · ms ¡ 1g;

where ms ¸ 3, 0 = ¸ (s)
0 < ¸ (s)

0 · ¢¢¢· ¸ (s)
ms ¡ 1, and the f Á(s)

j s
: 0 · j s · ms ¡ 1g are

orthonormal. The eigenvalues of Cm2 £ ¢¢¢£ Cm t are averagesof the eigenvalues of

the factors Cms , and the corresponding eigenvectors are products of the eigenvectors of

the factors. This is summarized in the next lemma, whose proof is a straightforward

induction on Lemma I.15.

Lemma I I.15. The eigenvaluesof Cm2 £ ¢¢¢£ Cm t are

¤ j 2 ;:::;j t =
¸ (2)

j 2
+ ¢¢¢+ ¸ (t )

j t

t ¡ 1
;

where 0 · j s · ms ¡ 1 for all 2 · s · t, with corresponding eigenvectors

©j 2 ;:::;j t (x2; : : : ; x t ) =
tY

s=2

Á(s)
j s

(xs):

For the following theorem, let G be the normalized Green's function for Cm1

from Theorem II.1, and G0 the normalized Green's function for Cm2 £ ¢¢¢Cm t .

Theorem I I.16. Let t ¸ 2. Let 0 · x j s ; yj s · ms ¡ 1 where ms ¸ 3 for 1 · s · t. The

t-dimensional torus Cm1 £ ¢¢¢£ Cm t has normalized Green's function

G£ ((x1; : : : ; x t ); (y1; : : : ; yt )) = t
X

K 6=(0 ;:::;0)

©K (x2; : : : ; x t )©K (y2; : : : ; yt )G¤ K (x1; y1)

+
t

(t ¡ 1)m1
G0((x2; : : : ; x t ); (y2; : : : ; yt )) +

t
m2 ¢¢¢mt

G(x1; y1); (I I.23)
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where K rangesover all indices (j 2; : : : ; j t ) 6= (0; : : : ; 0), © and ¤ are de¯ned in Lemma

II.15, and G® is de¯ned as in Corollary II.13.

Proof. The proof proceedsby using ¡ = Cm1 and ¡ 0 = Cm2 £ ¢¢¢£ Cm t in Corollary I I.10.

The degreeof ¡ is d = 2, and the degreeof ¡ 0 is d0 = 2(t ¡ 1). The result follows.

Although G0 in Theorem II.16 may not already be known, it can be computed

inductiv ely from repeated applications of the theorem. Determination of G® for any

small product C1 £ ¢¢¢£ Ct0 would allow the reduction in the number of applications

required by a factor of t0.

Corollary I I.17. For 0 · x1; y1; x2; y2; x3; y3 · m ¡ 1 where m ¸ 3, the 3-dimensional

torus Cm £ Cm £ Cm has normalized Green's function

G£ ((x1;x2; x3); (y1; y2; y3)) =
3

m2

X

(j ;k)6=(0 ;0)

h
exp

¡
(2¼ij =m)(y2 ¡ x2)

¢

exp
¡
(2¼ik =m)(y3 ¡ x3)

¢
G(1¡ cos(2¼j =m)=2¡ cos(2¼k=m)=2)(x1; y1)

i

+
3

m2

mX

j =1

exp
¡
(2¼ik =m)(y3 ¡ x3)

¢
G(1¡ cos(2¼j =m)) (x2; y2)

+
3

m2

µ
(m + 1)(m ¡ 1)

6m
¡ jy3 ¡ x3j +

(y3 ¡ x3)2

m

¶

+
3

m2

µ
(m + 1)(m ¡ 1)

6m
¡ jy2 ¡ x2j +

(y2 ¡ x2)2

m

¶

+
3

m2

µ
(m + 1)(m ¡ 1)

6m
¡ jy1 ¡ x1j +

(y1 ¡ x1)2

m

¶
:

where G® is de¯ned as in Corollary II.13.

Proof. The proof proceedsby applying the inductiv e formula for t-dimensional tori in

Theorem II.16 twice, where we ¯rst take the product of ¡ = Cm with ¡ 0 = Cm £ Cm ,

and then the product of ¡ = Cm with ¡ 0 = Cm . Substitution for all values gives the

result.

Thesecompact formulas for Green'sfunctions of tori o®ervery fast alternativ es

to computing pseudo-inversesof their Laplacians directly. This is mainly becausethe

Chebyshev polynomials Tn and Un arising from the integral formula can be computed

in O(log n) time. Various algorithms for computing Tn and Un are given in [80], and a

more theoretical treatment of types of polynomials computable in O(log n) appears in
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[57]. The following corollary to Theorem II.16 is signi¯cant becausethe Laplacian (L ,

L , or ¢) of the torus on n vertices has rank n ¡ 1, and so computing its pseudo-inverse

provides along the way the inverseof an (n ¡ 1) £ (n ¡ 1) matrix.

Corollary I I.18. Matrix pseudo-inversionof the Laplacian of the t-dimensional torus

with n vertices via its Green's function is O(t ¢n2¡ 1=t logn), provided that the matrix

itself is not completely reconstructed.

Proof. We assumethe t-dimensional torus is Cm1 £ ¢¢¢£ Cm t , wherems ¸ 3 for 1 · s · t

and
Q t

s=1 ms = n. It su±ces to compute onerow of the pseudo-inverseof the normalized

Laplacian in order to know the entire inverse,due to the translational symmetry of the

torus; i.e., since

G£ ((x1; : : : ; x t ); (y1; : : : ; yt )) = G£ ((0; : : : ; 0); (jy1 ¡ x1j; : : : ; jyt ¡ x t j)) :

(In fact, becausejys ¡ xsj can be replacedby m ¡ jys ¡ xsj (mod m) without changing

the value of G£ , only
Q t

s=1 dms=2e of theseentries must actually be computed.) Order

the coordinates of the torus so that m1 ¸ ¢¢¢¸ mt . Then the summation term on the

right-hand side of (I I.23) has at most n1¡ 1=t summands,which can each be computed in

O(t logn) time. The secondand third terms can also be computed in O(t n1¡ 1=t logn)

time, and we must compute n terms total to know all entries of the pseudo-inverseof

L .

For example, the time complexity of computing the Green's function for the

torus Cm £ Cm £ Cm is O(n5=3 logn), where n = m3 is the number of vertices. Such

a quick pseudo-inversion formula is surprising, since matrix inversion in general is the

samecomplexity asmatrix multiplication (see[21]). Matrix multiplication is now known

to be O(n! ), where 2 · ! · 2:376 (see[36]). Surprisingly, for large n we can compute

all of the valuesfor the pseudo-inverseof the Laplacian for the torus faster than we can

write down the whole matrix. Of course,requiring the presentation of the whole matrix

rather than just the ¯rst row increasesthe complexity to O(t n1¡ 1=t logn + n2).
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I I.E Hitting times from Green's functions

Sincethe normalized Green'sfunction G for a graph without boundary is equiv-

alent under similarit y transformation to the fundamental matrix Z in (I I.7), many quan-

tities in random walks may be computed using G. The hitting time Q(x; y) of a random

walk starting at vertex x with target vertex y is the expected number of steps to reach

vertex y. In [35], Chung and Yao show the relationship betweenG and Q as follows.

Theorem I I.19 (Ch ung, Yao). The hitting time Q(x; y) satis¯es

Q(x; y) =
vol(¡)

dy
G(y; y) ¡

vol(¡)
p

dxdy
G(x; y):

We immediately have a computational formula for the hitting time whenever G

is known. For instance, whenever ¡ is regular with n vertices,

Q(x; y) = n (G(y; y) ¡ G(x; y)) : (I I.24)

The resulting formula in the caseof the torus is obtained by using G from Theorem II.11

or I I.16. Figure I I.1 illustrates numerical values of hitting times for the 2-dimensional

torus C49 £ C49. The verticesof the torus may be laid out asa squaregrid if we imagine

the boundary to be periodic, making opposite endsadjacent. The vertical axis plots the
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Figure I I.1: Graph of the hitting time of the torus C49 £ C49, laid out as a squarewith

periodic boundary
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hitting time of a random walk initiated at (0; 0) with target (x; y). The hitting time at

(0; 0) is 0 sincethe walk starts at (0; 0), and levels o®at just above 6000steps to reach

vertices furthest from the start of the walk.

If (I I.24) is computed using techniquessuch asCorollary I I.13, the hitting time

expressionwill involve orthogonal polynomials. Aldous and Fill claim in [1] that orthog-

onal polynomials may appear whenever ¡ has su±cient symmetry, but the dependence

remains largely unstudied.

Ac knowledgemen t

The material in this chapter is largely derived from [52], the writing of which

bene¯tted from many valuablediscussionswith the author's advisor, Fan Chung Graham.



Chapter I I I

The Diric hlet Chip-Firing Game

Chip-¯ring is a gameplayed on a graph ¡. Each vertex of ¡ contains an integral

number of chips. A vertex may be ¯r ed provided that it has at least as many chips as

its degree,and upon ¯ring it sendsonechip along each edgeto the other vertex incident

to the edge. The gameproceedsby ¯ring a sequenceof vertices in succession,whereby

¯ring leads from one con¯guration of the gameto another, terminating when no vertex

may be ¯red. Interesting questions include the number of ¯rings before termination

(game length), the structure of the intermediate con¯gurations which might arise, and

the determination of a suitable representativ e set of terminating con¯gurations known as

critic al con¯gurations. Precursorsof chip-¯ring include balancing gamesof various kinds,

concerning sets [103], vectors [108, 109, 110], and matrices [8, 9]. Another forerunner

of chip-¯ring is the probabilistic abacus intro duced by Engel [53], which relates certain

discrete con¯gurations to Markov chains. Chip-¯ring has been studied previously in

terms of classi¯cation of legal game sequences[17, 18], critical con¯gurations [14], and

by use of the chromatic polynomial [15], the Tutte polynomial [14, 88], and matroids

[89, 90]. Issuesof computational complexity are discussedin [54, 66, 111, 116]. The

lattice structure of game con¯gurations is consideredin [67, 83]. Parallel versions of

chip-¯ring, in which all ready vertices ¯re simultaneously, are studied in [50, 79, 105].

Variants of chip-¯ring include a generalized¯ring game[113], source-reversal in directed

graphs [68], node-¯ring [55], and chip-¯ring on graphs where edgesmay be added or

deleted during the game [56]. Chip-¯ring is closely related to self-organized critic ality

[6, 7], avalanchemodels[62], and the abelian sandpilemodel [64, 65, 102,117], intro duced

51
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by Dhar [44, 45].

The two most important aspectsof chip-¯ring gamesare the classesof algebraic

and combinatorial objects related to gamecon¯gurations and gameplay, and the close

ties betweenchip-¯ring and random walks. Critical con¯gurations of the basic gameare

in bijection with both the set of spanning trees of the graph and the elements of the

critic al group [13], or sandpile group [37], of the graph. The set of legal gamesequences

of many types of chip-¯ring gamesforms a languagecalled a greedoid [18, 19, 81], for

which certain exchangeand con°uenceproperties hold. The number of stepsneededto

reach a terminating con¯guration is related to the mixing time of a random walk (the

authorit y on relationships betweenchip-¯ring and random walks is [87]).

In this chapter we considera new variant of the chip-¯ring game,in which chips

are removed from the gamewhen they are ¯red acrossa boundary. This modi¯ed chip-

¯ring game is motivated in part by communication network models in which the chips

represent packets or jobs and the boundary nodes represent processorswith unlimited

computational power. We will refer to this variant as the chip-¯ring gamewith Dirichlet

boundary condition , and hereafter simply refer to it as the \Diric hlet game" unlessoth-

erwise speci¯ed. The Dirichlet eigenvalues(de¯ned in Section I.C) of the Laplacian of

the graph with rows and columns of boundary vertices deleted are important in analyz-

ing the game. After preliminary de¯nitions in Section I I I.A, in Section I I I.B we obtain

a bound on the length of the Dirichlet game in terms of the number of chips and the

Dirichlet eigenvalues of the graph. In SectionsI I I.C-I I I.E we consider three families of

structures associated with an induced subgraph of ¡ on a subsetS of vertices:

(1) The set of spanning forests on S with roots on the boundary of S;

(2) A set of \critical con¯gurations" that are special distributions of chips (detailed

de¯nition to be given later in Section I I I.D);

(3) A cosetgroup, that is often called the \sandpile" group.

As it turns out, all three families have the same cardinalities. We will discuss the

bijections among these three families. Some questions and remarks are included in

Section I I I.G.
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I I I.A Preliminaries

The Dirichlet chip-¯ring game takes place in the setting of a simple loopless

connectedgraph ¡ = (V; E) = (V (¡) ; E (¡)) with vertex set V (¡). The notion of bound-

ary is the sameas is developed in Section I.C. Let S denote a ¯xed proper subset of

V (¡), called the playing area. S induces a boundary ±S := f y =2 S : y » x and x 2 Sg

and the spectators V n (S [ ±S). For convenience,throughout the chapter we will make

the following assumptions on ¡ with respect to S. The induced subgraph ¡( S) must

be connected;otherwise, we could decomposethe gamewith respect to connectedcom-

ponents of ¡( S). The boundary ±S of S is nonempty; otherwise, the game reducesto

the basic chip-¯ring game already studied. Furthermore, we assumeV(¡) = S [ ±S,

since chip movement ignores the spectators, and that the subgraph ¡( ±S) induced by

the boundary ±S has no edges,sincechips cannot move betweenboundary vertices.

We begin by placing a nonnegative number of chips on each vertex in S. Any

vertex v 2 S is ready to be ¯red if it has at least as many chips as its degree. Firing

a vertex sendsone chip to each of its neighbors. If the ¯ring of one vertex causesa

secondvertex to go from not ready to ready, then we say the ¯rst primes the second,

or the secondis primed. Chips ¯red from a vertex in S to a vertex in ±S are instantly

processedand removed from the game. Thus a con¯guration c of the Dirichlet game is

a vector c : V (¡) ! Z+ [ f 0g which satis¯es the Dirichlet boundary condition c(v) = 0

for all v 2 ±S. A con¯guration is stable if no vertex v 2 S is ready. Let c0 denote the

initial con¯guration of a Dirichlet game. We may ¯re vertices in successionprovided

that they are ready at the time of their ¯ring, yielding a ¯nite ¯ring sequence (elsewhere

known as a record) F = (F (1); F (2); F (3); : : :) (¯niteness is proven in Lemma II I.5).

The ¯nal con¯guration achieved after the ¯ring sequence,when no vertices are ready, is

denotedby cE . In general,if a ¯ring sequenceF leadsfrom a con¯guration c1 to another

con¯guration c2, we say that c1 yields c2 under F . The score of a Dirichlet gamewith

¯ring sequenceF is the vector f : S ! Z+ [ f 0g de¯ned by f (v) =
¯
¯F ¡ 1(f vg)

¯
¯, where

f (v) may be interpreted as the number of times the vertex v 2 S is ¯red during the

Dirichlet game. The length of the Dirichlet game may thus be de¯ned as the total

number of ¯rings,
P

v f (v). A con¯guration c is recurrent if there exists a con¯guration
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b and a ¯ring sequenceF such that c + b yields c under F . We think of this as being

able to add chips to the con¯guration c and play the game until returning to c. A

con¯guration is Dirichlet-critic al if it is both stable and recurrent.

I I I.A.1 Chip-¯ring and Laplacians

The combinatorial Laplacian L of a graph ¡ (de¯ned in Section I.A) may also

be de¯ned by its operation on a vector f 2 Z jV (¡) j :

Lf (u) =
X

v» u

f (u) ¡ f (v):

Let xv be the standard basis vector (0; : : : ; 0; 1; 0; : : : ; 0) 2 ZV (¡) with a 1 in the posi-

tion corresponding to v. Firing a vertex v 2 S which has no neighbors in ±S at the

con¯guration cj to obtain the con¯guration cj +1 may be expressedas

cj (u) ¡ cj +1 (u) = Lx v(u);

but in general for the Dirichlet game,this must be expressedas

cj (u) ¡ cj +1 (u) =

8
<

:

Lx v(u) if u 2 S

0 if u 2 ±S,
(I I I.1)

More generally, if f is the scoreof a Dirichlet game,then Lf = c0 ¡ cE on S.

In this chapter we are interested in the eigenvalues of the restriction L S of L

to the rows and columns corresponding to S. L S is the Dirichlet Laplacian (de¯ned in

SectionI.C) of ¡ with respect to the playing areaS. A chip con¯guration in the Dirichlet

gamecan be viewed simultaneously as a nonnegative function on S or as a nonnegative

Dirichlet function on V (equal to 0 on ±S). Recall that the set of Dirichlet functions

on ¡ with speci¯ed playing area S is D(¡ ; S). If we identify a vector f 2 Z jSj with a

Dirichlet function g 2 D(¡ ; S) satisfying g(v) = f (v) for v 2 S, then we have

L Sf (v) = Lg(v)

for v 2 S. As an alternativ e to (I I I.1), we may encode ¯ring a vertex v 2 S in the

con¯guration cj to obtain the con¯guration cj +1 by

cj (u) ¡ cj +1 (u) =

8
<

:

L Sxv(u) if u 2 S

0 if u 2 ±S,
(I I I.2)
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where this time xv 2 Z jSj . Due to (I I I.1) and (I I I.2), we will interchangeably consider

con¯gurations and scorevectors of the Dirichlet game to reside in either Z jV j or Z jSj .

Recall from Section I.C that the Dirichlet eigenvaluesof ¡ with respect to vertex set S

and boundary set ±S are the eigenvaluesof L S, and are written in order as

0 < ¾1 · ¾2 · ¢¢¢· ¾jSj :

In particular, if f jS is the restriction of f to S, ¾1 satis¯es the following:

¾1 = inf
f jS 6=0

hf jS; L Sf jS i
hf jS; f jS i

= inf
f 2 D (¡ ;S);f 6=0

P
x» y(f (x) ¡ f (y))2

P
x f 2(x)

; (I I I.3)

where the secondin¯m um rangesover all f satisfying the Dirichlet boundary condition

and the \
P

x» y" can be thought of asranging over all unorderedpairs of verticesx and y

sothat x is adjacent to y and at least oneof x and y is in S. Becausewe are dealing with

a restricted Laplacian, there is no eigenvalue of 0, and so the in¯m um is over all nonzero

vectors f instead of over all vectors f orthogonal to an eigenvector for the eigenvalue 0.

Furthermore, we can take the in¯m um to be over all vectors f with norm 1, which is a

compact space,and so there is an f which achievesthe in¯m um.

I I I.A.2 Chip-¯ring varian ts

Analysis of the Dirichlet game is similar to that of three other gamesalready

studied: the basic chip-¯ring game, the dollar game, and the abelian sandpile model.

Proofs of facts about thesethree gamescan be converted to proofs of similar facts about

the Dirichlet gameby constructing the appropriate graph.

The basic chip-¯ring game, or basic game, is simply the Dirichlet game with

empty boundary. This is the game called the \chip-¯ring game" in [18]. Chip con¯g-

urations and scorevectors in the basic game are de¯ned over the entire set of vertices

of the graph. Vertex readinessand ¯ring are the sameas in the Dirichlet game,except

that chips are never removed from play since there is no boundary. Firing a vertex is

encoded by the Laplacian of the graph as in (I I I.1), where ±S = ; .

The dollar game, de¯ned in [13], is the sameas the basic gameexcept that one

vertex q is reserved as the \government," which may only ¯re when no other vertex is
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ready. Chips in the game may be consideredas money, and q is ¯red only when the

\economy" gets stuck. The value of the con¯guration at q is de¯ned to be nonpositive,

such that the total number of chips in the gameis 0. The dollar gameis nearly equivalent

to the Dirichlet gamewith boundary size j±Sj = 1, where q plays the role of ±S, except

that ±S never ¯res. In particular, a con¯guration in the dollar game is critic al i® the

samecon¯guration in the Dirichlet gamewith ±S = f qg is Dirichlet-critical.

The Dirichlet gamewith j±Sj = 1 is equivalent to the abelian sandpilemodel, or

sandpilemodel, in [37]. In the sandpilemodel on a graph ¡ with V (¡) = f x1; : : : ; xng, the

vertex xn is called the root and never topples (¯res); xn plays the role of a singleboundary

vertex in the corresponding Dirichlet game. Con¯gurations of the sandpile model are

sometimesallowed to take on negative values,and the value of the con¯guration at the

root vertex is arbitrary since it cannot ¯re. We now present several de¯nitions and

theoremsassociated with the sandpilemodel from [37] and discusstheir implications for

the Dirichlet game.

In order to distinguish de¯nitions, we add the modi¯er \sandpile" in front of

terms related to the sandpilemodel. Also, given any vector c 2 Z jV j , the vector c is equal

to c excepton ±S, wherec ´ 0; this is to allow seamlesstransfer of con¯gurations between

the sandpile model with root xn and Dirichlet game with ±S = f xng. A nonnegative

con¯guration c is sandpile-stableprovided that c(v) < dv for all v 6= xn . Thus c is

sandpile-stablei® c is stable. A nonnegative stable con¯guration c in the sandpilemodel

is sandpile-recurrent provided there exists a nonnegative con¯guration b such that c + b

yields c under some¯ring sequence.Thus c is sandpile-recurrent i® c is Dirichlet-critical.

We now de¯ne two special con¯gurations which facilitate the study of sandpile-

recurrent con¯gurations. The con¯guration ± is de¯ned to have dx chips on each vertex

x. In particular, ± is not sandpile-stable,and ± is not stable. For two con¯gurations c1

and c2, de¯ne c1 © c2 to be the terminating con¯guration resulting from playing either

the sandpile model or the Dirichlet gameon c1 + c2; the gameplayed will be clear from

the context. The con¯guration ² is de¯ned to be

² = ±+ (±¡ ±© ±):

In particular, ² is a nonnegative con¯guration. The following appears as [37, Lemma
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2.4].

Lemma I I I.1 (Cori, Rossin). A con¯guration c in the sandpile model on ¡ with

V (¡) = f x1; : : : ; xng and root xn is sandpile-recurrent i® c+ ² yields c under some¯ring

sequence.

This lemmacanbeadaptedto the Dirichlet gameto givea speci¯c con¯guration

which can be added to a Dirichlet-critical con¯guration in order to certify that it is in

fact Dirichlet-critical.

Corollary I I I.2. A con¯guration c on ¡ with boundary ±S is Dirichlet-critic al i® c + ²

yields c under some¯ring sequence.

Proof. De¯ne ¡ 0 from ¡ by contracting all verticesof ±S in into a singlevertex xn , where

the vertices in S are labeled f x1; : : : ; xn¡ 1g. Without lossof generality, we consider the

con¯gurations c and ² to be de¯ned on ¡ 0. By Lemma II I.1 and the discussionabove,

the con¯guration c is Dirichlet-critical i® c is sandpile-recurrent, i® c+ ² in the sandpile

gameyields c under some¯ring sequence,i® c + ² in the Dirichlet gameyields c under

the same¯ring sequence.

An alternate characterization of sandpile-recurrent con¯gurations or Dirichlet-

critical con¯gurations is in terms of adding chips to those vertices adjacent to the root

vertex or the boundary vertices, respectively. The following lemma appearsasCorollary

2.6of [37] (the equivalent result for the dollar gameappearsasLemma 3.6of [13]). De¯ne

the nonnegative (sandpile) con¯guration ¯ to be ej ;n on x j , where ej ;n is the number of

edgesbetweenx j and the root xn , and ¡ dxn on xn .

Lemma I I I.3 (Cori, Rossin). The con¯guration c is sandpile-recurrent i® c+ ¯ yields

c under some¯ring sequence which is a permutation of f x1; : : : ; xn¡ 1g.

The proof of the following corollary proceedsanalogouslyto that of Corollary

I I I.2. De¯ne the con¯guration ¯ for v 2 S by setting ¯ (v) to be the number of vertices in

±S adjacent to v. Let ¯ ´ 0 elsewhere.Then ¯ plays the samerole for a Dirichlet-critical

con¯guration as ¯ plays for a sandpile-recurrent con¯guration.
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Corollary I I I.4 (Burning Algorithm). The con¯guration c in the Dirichlet game

with boundary ±S is Dirichlet-critic al i® c+ ¯ yields c under some¯ring sequence which

is a permutation of S.

This result and its equivalent formulations for the sandpile model and dollar

game are called as \burning algorithms" becauseof the similarit y to the progressof

forest ¯re; a blaze ignited in one location spreadsthroughout adjacent forestedarea but

cannot re-burn charred trees. Thus every vertex is ¯red (burned) exactly once. The

above results for the sandpile model hold when ¡ has multiple edges. Implicit in the

construction of ¡ 0 in Corollary I I I.2 is the possibility of creating multiple edges,although

our assumptionson the Dirichlet gamedo not explicitly allow multiple edges.We remark

that the Dirichlet gamecanbeextendedin a straightforward fashionto allow for multiple

edges,and furthermore that the constructions used above can be thought of as a way

of bookkeepingfor the Dirichlet gamethat is actually occurring on the simple graph ¡.

Corollary I I I.4 will be revisited in Section I I I.D, where Dirichlet-critical con¯gurations

are more explicitly characterized.

I I I.B Convergence bounds for the Diric hlet game

Given the setting of a chip-¯ring gamewith Dirichlet boundary condition, we

may wish to determine the length of a gamebasedon its initial con¯guration. Starting

from an initial con¯guration c0, we ¯re vertices successively for as long as possible. A

game terminates when it reaches a stable con¯guration, in which no vertex v 2 S is

ready. That the game must terminate when ¡ is connected and ±S 6= ; is a minor

variant on Lemma 3.1 of [18]:

Lemma I I I.5. Every Dirichlet gamemust terminate in a ¯nite number of ¯rings.

Proof. With the sameassumptionson ¡ as in Section I I I.A, recall that only vertices in

S may be ¯red, and that vertices in ±S immediately remove any chips that are sent to

them. Let N =
P

v c0(v) be the total number of chips at the start of the game. Now

supposeto the contrary that a gamedoesnot terminate. Then there is a vertex v1 2 S

that is ¯red in¯nitely often. Let P = v1; : : : ; vk be a simple path from v1 to somevertex



59

vk 2 ±S, with all vertices except for vk in S. For each i 2 f 1; : : : ; k ¡ 1g, if vertex vi is

¯red in¯nitely often, then vertex vi +1 receives in¯nitely many chips, and must also be

¯red in¯nitely often if it is in S. This is becauseeach vertex may have no more than

N chips at a single time. Therefore in¯nitely many chips are removed from the game,

which is a contradiction. This completesthe proof of the lemma.

A fascinating result on the characterizationsof scorevectorsof gamesis that the

scorevector dependsonly on the initial con¯guration and not on the ¯ring sequenceused

to go from the initial con¯guration to the ¯nal con¯guration. As long astwo such distinct

¯ring sequencesare legal, they will have the samescore. Wegive the corresponding result

[18, Theorem 2.1] for the basic game,stated for our assumptionson ¡.

Theorem I I I.6 (BjÄorner, Lov¶asz, Shor). Given an initial con¯guration, every basic

chip-¯ring gameeither continues inde¯nitely or terminates with the samescore and the

same¯nal con¯guration.

The proof considersproperties of the languageL of ¯ring sequencesof all pos-

sible basicgames(the sameproperties appear in the study of greedoids[81] and antima-

troids [51]). For conciseness,the three properties consideredin [18] are that L is

² left-hereditary , becauseany pre¯x of a ¯ring sequenceis also a ¯ring sequence;

² locally free, becauseeither of two vertices may be ¯red if both are ready; and

² permutable, becausethe readinessof a vertex depends only on the set of vertices

previously ¯red and not the order of ¯ring.

These properties are su±cient to show that a vertex is ¯red the samenumber of times

in any terminating basic game. An argument parallel to that of Lemma II I.5 givesthat

every vertex is ¯red in¯nitely often in non-terminating basic games. The terminating

caseof Theorem II I.6 can be adapted for the Dirichlet gameas follows.

Corollary I I I.7. Given an initial con¯guration, every Dirichlet game terminates with

the samescore and same¯nal con¯guration.

Proof. Extend the graph ¡ of the Dirichlet game to the graph ¡ 0 as follows. Let N be

the total number of chips in the initial con¯guration c0. Add vertices v1; : : : ; vN to ¡,
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and add N ¢j±Sj edgesconnecting each of thesevertices to every vertex in ±S. Consider

the basic gameon the new graph with initial con¯guration c0
0 such that c0

0 = c0 on the

original verticesand c0
0 ´ 0 on v1; : : : ; vN . Becausethe degreeof any boundary vertex in

¡ 0 is now larger than the number of chips in play, none of the vertices of ±S are ¯red in

any basic gamestarting from c0
0. Therefore a ¯ring sequenceF is valid either for both

the basic gameon ¡ 0 and the Dirichlet gameon ¡ or neither. The scoreof the Dirichlet

gameis exactly the scoreof the basic game,and the ¯nal con¯guration of the Dirichlet

gameis determined by removing all chips from ±S in the ¯nal con¯guration of the basic

game.

Becauseevery Dirichlet gamehas the samescorevector f , the initial and ¯nal

con¯gurations c0 and cE of a Dirichlet gameare related precisely by

L Sf = c0 ¡ cE : (I I I.4)

This expressionof the scorevector in terms of the Dirichlet Laplacian leadsus to obtain a

bound on gamelength
P

x f (x) using Dirichlet eigenvalues. By Corollary I I I.7, we may

consider this bound simultaneously valid for all Dirichlet gameswith the same initial

con¯guration.

Theorem I I I.8. Let f be the score vector of a Dirichlet game on ¡ . Then the length

of the gameis at most
X

x2 S

f (x) ·
1
¾1

p
2N n1=2 ;

where N is the total number of chips in the initial con¯guration, and n = jSj is the size

of the playing area.

Proof. With the sameassumptionson ¡ as in Section I I I.A, recall that c0 and cE are

the initial and ¯nal con¯gurations of the game; thus N =
P

x2 S c0(x). Also, we have

eigenvalues 0 < ¾1 · ¾2 · ¢¢¢· ¾n of the Dirichlet Laplacian L S of ¡, corresponding

to orthonormal eigenvectors Á1; : : : ; Án . Accordingly, write f =
P

ai Ái . We may bound

each ai using (I I I.4).

ai = hf ; Ái i =
1
¾i

hf ; ¾i Ái i

=
1
¾i

hf ; L SÁi i =
1
¾i

hL Sf ; Ái i =
1
¾i

hc0 ¡ cE ; Ái i : (I I I.5)
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The number of ¯rings in the gameis simply the sum of the entries of f ; i.e.,

X

x2 S

f (x) = h1S; f i : (I I I.6)

Putting (I I I.5) and (I I I.6) together, we obtain

X

x2 S

f (x) =

*

1S;
X

i

ai Ái

+

=

*

1S;
X

i

1
¾i

hc0 ¡ cE ; Ái i Ái

+

=
X

i

1
¾i

hc0 ¡ cE ; Ái i h1S; Ái i

·
1
¾1

Ã
X

i

hc0 ¡ cE ; Ái i
2

! 1=2 Ã
X

i

h1S; Ái i
2

! 1=2

(I I I.7)

=
1
¾1

jj c0 ¡ cE jj2jj1S jj2

·
1
¾1

jj c0 ¡ cE jj2
p

jSj

·
1
¾1

p
2N n1=2 ;

where (I I I.7) is by Cauchy-Schwarz, and jjc0 ¡ cE jj2 · jj c0jj2 is boundedabove by
p

2N .

This completesthe proof of the theorem.

This result can be stated in terms of the diameter of ¡ rather than in terms of

¾1, by invoking the eigenvalue-diameter bound developed in Lemma I.10, which in this

context states that ¾1 ¸ 1=(nD ). We have the following corollary to Theorem II I.8.

Corollary I I I.9. Let D be the diameter of ¡ . Under the sameconditions as Theorem

III.8, the length of the Dirichlet gameis at most

X

x2 S

f (x) · D
p

2 ¢N n3=2:

Theorem II I.8 can also be used to addressthe game length of a terminating

basicgame. A result of Tardos[111]givesthat every terminating basicgamehasa vertex

which is never ¯red. Otherwise if all vertices are ¯red, consider the vertex v whoselast

appearancein the ¯ring sequenceis as early as possible. All neighbors of v appear in

the ¯ring sequenceafter v, and so v is ready at the end of the ¯ring sequence,which

is a contradiction. This observation leads to the following improvement by a factor of
p

2n1=2 over Theorem 4.2 of [18], which states that any terminating basicgameon ¡ has
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length at most 2n2DN , where the quantities have the samede¯nition as in Corollary

I I I.9.

Corollary I I I.10. Every terminating basic chip-¯ring gamewith N chips on a graph ¡

with diameter D has length at most D
p

2 ¢N n3=2 steps,where n = jV (¡) j.

Proof. Given the initial con¯guration c0 of N chips and the fact that the basic game

terminates, Theorem II I.6 givesthat every possiblegameplayed to termination starting

from c0 has the same score vector. By the result of Tardos discussedabove, there is

a vertex v which every possiblebasic game leaves un¯red. Then the basic game on ¡

starting with c0 is equivalent to the Dirichlet game on ¡ with ±S = f vg starting with

the initial con¯guration c0
0 obtained from c0 by setting c0

0(v) = 0. The two gameshave

the same¯ring sequenceand length, which is bounded above by Theorem II I.9.

I I I.C A matrix-tree theorem for induced subgraphs with

Diric hlet boundary condition

For a graph ¡ and vertex set S ( V (¡) chosenaccording to our assumptions

in Section I I I.A, we de¯ne a rooted spanning forest of S to be a subgraph F satisfying

(1) F is an acyclic subgraph of ¡,

(2) F has vertex set S [ ±S,

(3) Each connectedcomponent of F contains exactly one vertex in ±S.

The following theorem relatesthe product of Dirichlet eigenvaluesof S with the

enumeration of rooted spanning forests of S. The proof method is quite similar to the

original proof of the matrix-tree theorem as well as the proof in [34]. For completeness,

we will brie°y sketch the proof here.

Theorem I I I.11. For an induced subgraph ¡( S) of S in a graph ¡ with ±S 6= ; , the

number ¿(S) of rooted spanning forestsof S is

¿(S) =
jSjY

i =1

¾i

where ¾i are the Dirichlet eigenvaluesof the Laplacian L S of ¡ .
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Proof. Let s = jSj. We consider the incidence matrix B with rows indexed by vertices

in S and columns indexed by edgesin ¡ as follows:

B (x; e) =

8
>>><

>>>:

1 if e = f x; yg; x < y

¡ 1 if e = f x; yg; x > y

0 otherwise

We have

L S = B B ¤ (I I I.8)

where B ¤ denotesthe transposeof B .

We have

sY

i =1

¾i = det L S

= det B B ¤

=
X

X

det BX det B ¤
X

whereX rangesover all possiblechoicesof s edgesand BX denotesthe squaresubmatrix

of B whoses columns correspond to the edgesin X . This expansionover X , known as

the Cauchy-Binet expansion,is described in [82].

Claim 1: If the subgraph with vertex set S [ ±S and edgeset X contains a cycle, then

det BX = 0.

The proof is similar to that in the classicalmatrix-tree theorem and will be omitted.

Claim 2: If the subgraph formed by edgeset X contains a connectedcomponent having

two vertices in ±S, then det BX = 0.

Let Y denote a connected component of the subgraph formed by X . If Y contains

more than one vertex in ±S, then Y has no more than jE (Y )j ¡ 1 vertices in S. The

submatrix formed by the columnscorresponding to edgesin Y hasrank at most jE (Y )j ¡

1. Consequently , det BX = 0.

Claim 3: If the subgraph formed by X is a rooted forest of S with roots ±S, then

j det BX j = 1:

The claim follows by de¯nition of BX .
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Combining Claims 1-3, we have

jSjY

i =1

¾i = det L S =
X

X

det BX det B ¤
X

= jf rooted spanning forests of Sgj;

which completesthe proof of the theorem.

We remark that the usual matrix-tree theorem can be viewed as a special case

of Theorem II I.11. Namely, for a graph ¡, we apply Theorem II I.11 to ¡ with ±S = f vg

for somevertex v in ¡. The rooted spanning forests of S = V(¡) n f vg are all spanning

trees on ¡.

I I I.D Diric hlet-critical con¯gurations and ro oted spanning

forests

The Dirichlet-critical con¯gurations of the Dirichlet gamecan be characterized

in several non-trivially di®erent ways, and as a set have the same cardinalit y as the

number of spanning forests of ¡ rooted in ±S. In fact, a bijection between the two

sets may be obtained algorithmically by playing a chip-¯ring gameusing the Dirichlet-

critical con¯guration as a starting point. This bijection will be described after we state

and discussthe following useful facts on Dirichlet-critical con¯gurations.

Lemma I I I.12. Let c be a stablecon¯guration of the Dirichlet game. Then the following

are equivalent:

(a) c is Dirichlet-critic al.

(b) There exists a con¯guration b and a ¯ring sequence F such that b yields c

under F and each vertex in S appears at least once in F .

(c) There exists a con¯guration b and a ¯ring sequence F such that b yields c

under F and each vertex in S appears exactly once in F .

(d) Starting with c, if one chip is added at every vertex v for each edgecrossing

into ±S to obtain a second con¯guration b, then there is a ¯ring sequence F which is a

permutation of S such that b yields c under F .
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Proof. The equivalenceof (a), (c), and (d) follows directly from Corollary I I I.4. The

chips added to c in (d) corresponds to adding the con¯guration ¯ de¯ned for Corollary

I I I.4. The resulting con¯guration b = c + ¯ both certi¯es that c is Dirichlet-critical and

yields c under a ¯ring sequencewhich is a permutation of S.

We have (c)) (b) trivially , and prove (b)) (c) as follows. Consider a con¯gu-

ration b and a ¯ring sequenceF = (F (1); : : : ; F (L )) in which each vertex in S appears

at least once such that b + c yields c under F . We assumethe length of F is more

than jSj to avoid the trivial case. We will rearrangeF to obtain a new allowable ¯ring

sequencefor the Dirichlet gamestarting in con¯guration b+ c whoselast jSj verticesare

a permutation of S. De¯ne the complete tail T of F to be the shortest possible¯ring

sequenceT = (F (k); : : : ; F (L )) in which every vertex appears at least once. If T is

of length jSj, we are done, and the con¯guration b0 determined by the Dirichlet game

played on b+ c with ¯ring sequence(F (1); : : : ; F (k ¡ 1)) yields c under T . Now suppose

T has length lessthan jSj. Let u = F (k). Then there is somevertex v 6= u in S which

occurs twice in T . Chooseas v the vertex whosesecondoccurrencein T is as early as

possible. Let the ¯rst two appearancesof v in T be denoted by F (r ) and F (s), where

k < r < s · L . Let c1 be the con¯guration which b+ c yields under the ¯ring sequence

(F (1); : : : ; F (k ¡ 1)). Then v must be ready in con¯guration c1, becauseeach neighbor

of v appearsat most in the ¯ring subsequence(F (k); : : : ; F (s ¡ 1)). Thus we can move

the ¯rst occurrenceof v in T at F (r ) left in the sequenceto replace F (k); all vertices

it is moved over shift to the right one place in the sequence.Speci¯cally, this de¯nes a

new ¯ring sequenceF 0 such that

F 0(t) =

8
>>><

>>>:

F (t + 1); if k · t < r

F (r ); if t = k

F (t); otherwise.

F 0 is also an allowable ¯ring sequencefor b + c which yields c, and the complete tail

T 0 of F 0 is one vertex shorter than T . We replace F with F 0 and repeat the process

until the complete tail is of length jSj. Denoting this ¯nal ¯ring sequenceby F , let

b0 be the con¯guration yielded by ¯ring (F (1); : : : ; F (L ¡ jSj)) starting with the initial

con¯guration b + c. Then b0 is the required con¯guration which yields the Dirichlet-

critical con¯guration c under the ¯ring sequence(F (L ¡ jSj + 1); : : : ; F (L )), which is a
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permutation of S.

We note that the equivalenceof (b) with the other three properties was proved

independently asTheorem 3.6 of [116]. An alternate way of obtaining the results for the

generalcasefrom the casefor j±Sj = 1, thus preservingthe structure of the boundary, is

asfollows. Beginning with the Dirichlet gameon ¡, create¡ q by attaching a distinguished

vertex q by a singleedgeto each vertex in ±S. Now take Sq = S [ ±S and ±Sq to be only

this vertex q. For a Dirichlet-critical con¯guration c from the original game,de¯ne the

con¯guration cq on the new gameby

cq(v) =

8
>>><

>>>:

c(v) if v 2 S;

deg¡ q
(v) ¡ 1 if v 2 ±S;

0 if v = q:

(I I I.9)

Whenever c is Dirichlet-critical, cq is a critical con¯guration of the dollar game with

speci¯ed \government" vertex q. All of the necessaryinformation about the Dirichlet-

critical con¯guration c may be obtained by using existing theoremson cq for the dollar

gamein [15]. This leadsus to the main theorem of the section.

Theorem I I I.13. The number of Dirichlet-critic al con¯gurations of the Dirichlet game

on ¡ is the sameas the number of spanning forestsof ¡ rooted in ±S.

Proof. In the caseof j±Sj = 1, Biggs and Winkler have proved the theorem for the

equivalent dollar game in Theorems 1-3 of [15]. For completeness,we sketch the proof

in the languageof the Dirichlet gameas follows. Consider the Dirichlet gameon ¡ with

boundary ±S = f qg. Note that spanning forests of ¡ rooted in ±S can be viewed as

spanning trees of ¡. Fix onceand for all a total ordering on the edgesof ¡. Let c be a

Dirichlet-critical con¯guration of ¡. We require a bijective mapping

µ : f Dirichlet-critical con¯gurationsg ! f spanning trees of ¡ g:

De¯ne µ(c) = T as follows.

Algorithm A

(i) Initialize T = fg , the tree to be constructed.
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(ii) Add chips to the gameas if q were ¯red (equivalent to adding ¯ de¯ned in Section

I I I.A.2 to c). The number of chips at q remains 0. Add f q; ug to T for each u

adjacent to q which becomesready.

(iii) Fire a vertex v that is ready. Ties are broken by ¯ring the vertex v where the

shortest path from q to v has an ordered edge list which is least possible in the

lexicographicordering on tuples of edges.If v primes any vertex u, add edgef u; vg

to T.

(iv) Repeat (iii) until all vertices have been¯red.

That this processis well-de¯ned and completeswith T a spanning tree of ¡ is a result

of part (d) of Lemma II I.12. We observe that by Corollary I I I.4, each vertex is both

primed and ¯red exactly oncein Algorithm A, and soT is in fact a spanning tree rooted

in ±S = f qg. The details of proving that µ is a bijection may be viewed in [15]. This

completesthe sketch of the proof for j±Sj = 1.

Now, let ¡ be a generalDirichlet gamewith boundary ±S where j±Sj ¸ 1. We

require a bijective mapping

µq : f Dirichlet-critical con¯gurations on ¡ g !

f spanning forests of ¡ rooted in ±Sg:

De¯ne µq asfollows. Convert ¡ to a Dirichlet gamewith boundary of size1 by construct-

ing ¡ q from ¡ as previously described, recalling that Sq = S [ ±S and ±Sq = f qg. Let

c be a Dirichlet-critical con¯guration of ¡. De¯ne a con¯guration cq of ¡ q according to

(I I I.9). Usecq to construct a spanningtree T of ¡ q using Algorithm A. Remove the edges

f q; vg for all v 2 ±S from T to obtain a spanning forest F rooted in ±S. Let µq(cq) = F .

We must show that µq de¯ned in this way is a bijection.

First we show that µq is well-de¯ned. To show that cq is Dirichlet-critical for

the game on ¡ q, note that cq is stable. Also, cq must be recurrent. Adding one chip

to each vertex adjacent to q in ¡ q primes each vertex in ±S. Firing each vertex of ±S

in successioncausesone chip to be added at each vertex v 2 S for each edgecrossing

into ±S. Then by Lemma II I.12(d) for the Dirichlet gameon ¡, there is a permutation

in which the vertices of S may be legally ¯red. Every vertex v 6= q has now been¯red,
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yielding the original con¯guration cq. By Lemma II I.12(d) for the Dirichlet gameon ¡ q,

cq is Dirichlet-critical. Also, we must show that F is a spanning forest of ¡ rooted in ±S.

But all that is required for this is that the tree T produced in Algorithm A contain all

edgesf q; vg for v 2 ±S. This is true since Step 2 of the algorithm primes every vertex

in ±S (recall that cq(v) = deg¡ q
(v) ¡ 1 for all v 2 ±S). Therefore F is a spanning forest

of ¡ rooted in ±S and µq is well-de¯ned.

Now we must show that µq is one-to-one. The preparatory mapping from c to

cq is one-to-onebecausethe valuesof c on S are preserved. The Biggs-Winkler bijection

µ gives a one-to-onemapping from the Dirichlet-critical con¯gurations on ¡ q (critical

con¯gurations of the equivalent dollar game) to the spanning trees T of ¡ q. In going

from T to F , the exact sameedges,ff q; vgjv 2 ±Sg, are removed from T in each case,so

this step is also a one-to-onemapping. Thus µq as the composition of three one-to-one

mappings is one-to-one.

Finally, we must show that µq is onto. Let F be a spanning forest of ¡ rooted

in ±S. Construct T in ¡ q by adding all edgesff q; vgjv 2 ±Sg. From the Biggs-Winkler

bijection µ, we obtain the Dirichlet-critical con¯guration cq for ¡ q which corresponds to

this T. Becauseall edgesff q; vgjv 2 ±Sg are in T, Step 2 of Algorithm A must prime all

vertices in ±S, and thus cq(v) = deg¡ q
(v) ¡ 1 for all v 2 ±S. De¯ne c on S by restricting

cq to S. Sincecq is Dirichlet-critical, after adding chips to all verticesadjacent to q there

is a permutation in which all the other vertices may be legally ¯red. This implies that

in the Dirichlet-game on ¡, after adding one chip to v 2 S for each edgeincident to a

vertex in ±S, there is a permutation of S which is a legal ¯ring sequenceand yields the

sameoriginal con¯guration, c. Thus c is Dirichlet-critical for ¡. Therefore µq(c) = F ,

completing the proof of Theorem II I.13.

I I I.E The sandpile group and ro oted forests

The sandpile group originated from abelian sandpile model, sometimescalled

the avalanchemodel, which considersthe behavior of grains of sandpiled onto the nodes

of a structure [44, 45]. Once the number of grains of sand at a particular node exceeds

a threshold condition, the sand topples down (¯res) from this more saturated node,
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possibly causingsand in adjacent nodes to exceedstabilit y thresholds as well (thus the

notion of avalanches). On a graph, the threshold at a vertex is exceededwhen the vertex

getsa number of grains of sand(chips) equal to its degree.The sandpilegroup of a graph

models the allowable transitions which may occur when vertices topple in succession.A

starting sandpile con¯guration is a member of one of the cosetsof the sandpile group.

As we wish to view the toppling of sandas leaving the underlying structure or dynamics

of the sandpile unchanged, toppling is modeled by traveling to various other members

of the samecosetvia the allowable transitions.

The sandpilegroup of a graph is de¯ned as follows. Let V (¡) = f 1; : : : ; ng, and

root the graph ¡ at vertex n. ConsiderZn asa group under addition, and associate each

vertex i with the standard basisvector x i 2 Zn . De¯ne

¢ i = deg¡ (i )x i ¡
nX

j =1

A(i; j )x j ;

where deg¡ (i ) is the degreeof i in ¡ and A is the adjacency matrix of ¡. ¢ i may be

interpreted as the i th row vector of the Laplacian of ¡; subtracting ¢ i from a con¯gu-

ration corresponds to toppling (¯ring) vertex i . Then the sandpile group SP(¡) of ¡ is

the group

SP(¡) = Zn=h¢ 1; : : : ; ¢ n ; xn i :

The order of SP(¡) is the number of spanning trees of ¡; this is a restatement of the

Matrix-T ree Theorem. In fact, a group structure may be imposed on the Dirichlet-

critical con¯gurations of the Dirichlet game with boundary j±Sj = 1 which yields a

group isomorphic to SP(¡). For the equivalent dollar game,critical con¯gurations under

the operation `©' (de¯ned in Section I I I.A.2) are shown to be isomorphic to SP(¡) in

[14]. For the equivalent sandpile model, sandpile-recurrent con¯gurations under `©' are

shown to be isomorphic to SP(¡) in [37].

We now de¯ne a more generalsandpile group which is related to the Dirichlet-

critical con¯gurations of the Dirichlet game. Let V (¡) = f 1; : : : ; n; n + 1; : : : ; n + mg

with S = f 1; : : : ; ng and ±S = f n + 1; : : : ; n + mg, by relabeling if necessary. De¯ne

SPS(¡) = Zm+ n=h¢ 1; : : : ; ¢ n+ m ; xn+1 ; : : : ; xn+ m i :

The motivation for constructing SPS(¡) is to encode the ¯ring rule for vertex i 2 S

with the ¢ i and the processingof chips in ±S by xn+1 ; : : : ; xn+ m . As a result, two
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con¯gurations of the Dirichlet gameare in the samecosetof the cosetgroup SPS(¡) if

one can be reached from the other by ¯ring a sequenceof vertices. The size of SPS(¡)

is given by the next theorem.

Theorem I I I.14. Let SPS(¡) be the generalized sandpile group on ¡ with speci¯ed

vertex set S and boundary set ±S. Then

jSPS(¡) j = det L S = ¿(S);

where L S is the restricted Laplacian of ¡ , and ¿(S) is the number of spanning forestsof

¡ rooted in ±S.

Theorem II I.14 is a restatement of Theorem II I.11, the generalizedMatrix-

Treetheorem for rooted spanningforests. Thus we know that the set of Dirichlet-critical

con¯gurations has the same size as the order of SPS(¡), which leads us to desire a

meaningful bijection between the two sets. We now state the main theorem of the

section, which Cori and Rossin proved as Theorem 1 of [37] for the equivalent sandpile

model with a unique root vertex ±S.

Theorem I I I.15. SPS(¡) is isomorphic to the set of Dirichlet-critic al con¯gurations of

the chip-¯ring gamewith Dirichlet boundary ±S = f n + 1; : : : ; n + mg.

Proof. The proof may be had as an extension of the proof of Theorem 1 of [37]. We

now outline that extension. A con¯guration u of the Dirichlet game may be viewed as

an element of SPS(¡) simply by extending u to be 0 on ±S. For future reference,call

this extensionÁ(u). Thus adding two con¯gurations of the gamecorresponds to adding

vectors in the group. Recall that we equip the set of Dirichlet-critical con¯gurations

with a candidate group operation © by de¯ning x © y to be the unique Dirichlet-critical

con¯guration obtained asthe ¯nal con¯guration of the Dirichlet gameplayed with initial

con¯guration x+ y. In order to prove the theoremby showing that © is a group operation

for which Á is an isomorphism, it is su±cient to show that for any con¯guration u in the

Dirichlet gamethere exists a unique Dirichlet-critical con¯guration v such that

u ¡ v 2 ¢ S := h¢ 1; : : : ; ¢ n+ m ; xn+1 ; : : : ; xn+ m i : (I I I.10)
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That is, every Dirichlet-critical con¯guration matches with exactly one coset of the

generalsandpile group for ¡. In order to show existenceof v in (I I I.10), there must be a

way of starting with any con¯guration u and obtaining a Dirichlet-critical con¯guration in

the samecoset. This is achievedby adding u together with a cleverly chosencon¯guration

u0 2 ¢ S such that u + u0 yields a critical con¯guration v under a ¯ring sequence.We

may take u0 = k² for su±ciently large k 2 N, where ² is de¯ned in Section I I I.A.2.

Since u0 2 ¢ S, u and u + u0 are in the samecoset, and the ¯ring rules are encoded by

elements of ¢ S; u and v are in the samecoset. Thus the existenceof v is ascertained.

Uniquenessof v in (I I I.10) is shown by proving that if u and v are both Dirichlet-critical

con¯gurations with u ¡ v 2 ¢ S, then u = v.

Corollary I I I.16. The mappingÁ from Dirichlet-critic al con¯gurations of ¡ to SPS(¡) ,

where Á(c) is de¯ned by extending c to be 0 on ±S, is a bijection from Dirichlet-critic al

con¯gurations to cosetsof the general sandpile group SPS(¡) .

I I I.F Finding Diric hlet-critical con¯gurations

By Theorem II I.15, every con¯guration in the Dirichlet gamecorresponds to a

unique Dirichlet-critical con¯guration which is in the samesandpilegroup coset. We now

develop an algorithm which producesthe Dirichlet-critical con¯guration corresponding

to an arbitrary con¯guration. Subjectively, starting with an arbitrary con¯guration c, if

enoughchips areaddedto completely saturate the graph, playing the gamewill terminate

in a Dirichlet-critical con¯guration. Corollary I I I.9 gives a bound on the length of this

game, but the bound depends on the number of chips the game starts with. If c has

an arbitrarily large number of chips, the game length bound may be unfavorable. This

di±cult y is circumvented by preconditioning c with the Green's function in order to

obtain a con¯guration c0 in the samecosetas c but with a small number of chips. Then

c0 is saturated with enough chips to guarantee game termination in a Dirichlet-critical

con¯guration. For the sandpile game, Cori and Rossin show [37, x2] that any initial

con¯guration c satisfying c(v) ¸ dv for all non-root vertices v terminates in a sandpile-

recurrent con¯guration. The sametechnique of extensionas in the previous sectiongives

the analogousresult for the Dirichlet game.
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Lemma I I I.17. Let c be a con¯guration of the Dirichlet game with c(v) ¸ dv for all

v 2 S. Then the gameterminates in a Dirichlet-critic al con¯guration.

The following lemma, extended from the caseof j±Sj = 1 [116, Lemma 8.3],

describes how to precondition a con¯guration with a large number of chips. The proof

is due to van den Heuvel and is included for completeness.

Lemma I I I.18. Let j±Sj ¸ 1. Given a con¯guration c in the Dirichlet game and the

(nonsingular) discrete Green's function G of ¡ , the con¯guration c0 de¯ned by

c0 = c ¡ L SbGcc

satis¯es jc0(v)j < dv for all v 2 S.

Proof. Let t = Gc ¡ bGcc so that 0 · t(v) < 1 for all v 2 S. Then

L St = c ¡ L SbGcc = c0:

Integralit y of c0 is guaranteed sincec and bGcc are both integral. Now for v 2 S,

c0(v) = L St

= t(v)dv ¡
X

u2 S;u» v

t(u):

The t(v)dv term contributes strictly lessthan dv , and the summation contributes strictly

more than ¡ dv . Combined with integralit y of c0, the result follows.

The previous two stepsare combined to yield an algorithm for determining the

Dirichlet-critical con¯guration corresponding to an arbitrary con¯guration.

Theorem I I I.19. Given a con¯guration c in the Dirichlet gamewith nonempty bound-

ary, computing the corresponding Dirichlet-critic al con¯guration requires at most

7
p

2vol(S)Dn3=2

vertex ¯rings and O(n! ) arithmetic operations, where D is the diameter of ¡ , n = jSj,

and 2 · ! · 2:376 is the power of the complexity of matrix multiplication.
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Proof. Applying Lemma II I.18 to c yields a new con¯guration c0 which satis¯es jc0(v)j <

dv for all v 2 S, and which is in the samesandpile coset in SPS(¡) as c. This is done at

the cost of O(n! ) arithmetic operations for matrix inversionand lesscomplexoperations.

The con¯guration ², de¯ned in SectionI I I.A.2, requiresplaying the gameon ±© ±, which

by Corollary I I I.9 terminates in at most 2
p

2vol(S)Dn3=2 ¯rings, since ±(v) = dv for

all v 2 S. By the de¯nition of ², dv < ²(v) · 2dv for all v 2 S, and ² 2 ¢ S. Thus

the con¯guration c0+ 2² has at least dv chips at each vertex v 2 S and corresponds to

the sameDirichlet-critical con¯guration as c. By Lemma II I.17, playing the Dirichlet

gameon c0+ 2² terminates in a Dirichlet-critical con¯guration. Sincec0+ 2² hasat most

5dv chips at each vertex v 2 S, applying the gamelength bound in Corollary I I I.9 with

N = 5vol(S) yields the result.

If the discrete Green's function G is already known, the number of arithmetic

operations required to compute c0 is reducedto O(n2). If G is computed from a compact

formula such asthat in TheoremII.16, facing the full computational complexity of matrix

inversion can be avoided. A result similar to Theorem II I.19 appearsas [116, Theorem

1.7], but usesedge-connectivity instead of diameter, and requiresa much more complex

analysis of a construct called the \oil game" to bound gamelength.

I I I.G Problems and remarks

There are several related versionsof the Dirichlet game that we will mention

here.

(i) The construction ¡ q in SectionI I I.D is usedinsteadof contracting all boundary ver-

tices into onevertex in order to emphasizethe geometry of the boundary ±S. This

emphasismight be important in, for example, grid graphs with boundary along

the exterior. Thesegraphs appear in load-balancing problems and in applications

of statistical physics.

(ii) The technique in Lemma II I.18 can alsobe usedin the caseof no boundary to ¯nd

a \balanced" con¯guration c0 corresponding to an initial con¯guration c with N
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chips by setting

c0 = c ¡ LbGcc:

The resulting con¯guration has the samenumber of chips and is balanced in the

sensethat jc0(v) ¡ N=nj < dv for all vertices v, where n = jV (¡) j.

(iii) The basic chip-¯ring game model is di®erent in that it has no boundary vertices

to processchips; therefore gamesmay proceedinde¯nitely provided that there are

enoughchips in the right con¯guration (see[18, Theorem 3.3]). A directed version

of the basic gamemay be found in [17].

(iv) The dollar game variant seemsto capture properties of critical con¯gurations es-

pecially well. Related results appear in [11, 13, 14, 15, 37, 88, 116].

(v) The sandpile model, dollar game, Dirichlet game, and other chip-¯ring variants

have the special property that the resulting con¯guration of a gamewith a certain

score vector (de¯ned in Section I I I.A) is independent of the order in which the

vertices appear in the ¯ring sequence.This has led to parallel chip-¯ring games

[16] in which all the verticesthat are ready at onestageare ¯red simultaneously. A

successionof con¯gurations in a parallel chip-¯ring gamewill alsobe con¯gurations

in the corresponding non-parallel game,but in generalnot vice-versa. An in¯nite

parallel chip-¯ring game will eventually stabilize with the same subsequenceof

con¯gurations repeated over and over again, which leads naturally to questions

concerning the periodicit y of such recurrences.Parallel gamesare also considered

in [50, 79, 105].

(vi) Chip-¯ring on the in¯nite path (in¯nite in both directions) hasbeenstudied exten-

sively in [4]. The initial con¯guration consideredis a ¯nite number of chips placed

on a singlevertex. Every vertex may be ¯red. Results include the characterization

of the possible¯nal con¯gurations and bounds on the number of ¯rings required.

(vii) Sandpilemodelson ¯nite dimensionallattices havebeenstudied in detail, especially

from the point of view of self-organizedcriticalit y. Computational complexity of

sandpileson lattices, and more speci¯cally, the inherent complexity of computing

stable and recurrent states, is treated in [102]. In fact, it is shown that any problem
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solvable with a polynomial time algorithm may be reduced to determining the

¯nal state of a sandpile model on a ¯nite lattice. The reader is referred to the

bibliography of this paper for referencesto work doneon sandpilemodel variations

of interest in physics.

There are numerousopen questionsconcerningchip-¯ring which remain unsolved. Here

we describe someof theseproblems and mention associated remarks:

² Of interest is to have an intuitiv e bijection betweenspanning forests rooted in ±S

and Dirichlet-critical con¯gurations that does not depend on a total ordering of

edges(cf. Theorem II I.13). Van den Heuvel [115] claims to have such a bijection

for the dollar game.

² There is an interesting connection between critical con¯gurations and the Tutte

polynomial by an 1-dimensional grading of critical con¯gurations in terms of the

number of chips [88]. In fact, it may be possible to obtain other or ¯ner (e.g.,

2-dimensional) gradings using the Tutte polynomial.

² Chip-¯ring gamescan be used to model several aspects of Internet computing, in

particular, in connectionwith routing and fault tolerance. Onesuch model assumes

that chips are labeled by messageswhich they carry, and studies the propagation

of messagesin terms of informed and uninformed nodesof the network. Numerous

directions remain to be explored.
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Chapter IV

Dumm y Fill as a Reduction to

Diric hlet Chip-Firing

In the manufacture of silicon wafer microchips containing extremely small metal

features,non-uniformit y of the density of thesefeaturescan be a major sourceof lossin

manufacturing yield [63]. Microchips are manufactured assuccessive layersof wafersand

metal microchip layout features; each layer must be planarized before adding the next

layer. The current planarization standard is known as chemical-mechanical polishing

(CMP). Dummy metal featureswhich we call dummy ¯l l are superimposedon the layout

features of a chip layer so that the total layout density is more uniform, and the logical

function of the chip is unchanged. Due to variations in CMP e®ects,density of layout

features and dummy ¯ll has a direct e®ecton variations in the height of the surface

Figure IV.1: Insertion of dummy features to decreasepost-CMP variation of ILD thick-

ness.
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of the microchip layer (interlayer dielectric height, or ILD height) after polishing (see

Figure IV.1). As theseheight variations are undesirable,it is of interest to reducedensity

variations in order to obtain a smoother, °atter microchip layer surface. A more detailed

explanation of the useof dummy ¯ll for layout density control is found in [77].

In this chapter, we use a modi¯ed version of the Dirichlet game of Chapter

I I I to achieve more uniform layout density. The microchip layer surface is divided into

equal parts by a rectangular grid, with each cell of the grid corresponding to a vertex

in the game. Placement of dummy ¯ll corresponds to a choice of chip con¯guration in

the game, where a chip corresponds to the smallest indivisible unit of dummy ¯ll. We

describe the particulars of the modi¯cations used to addressthe layout density control

problem in Sections IV.A and IV.B, discussproperties of the layout control game in

Section IV.C, and present results on various real-world microchip layer density control

problems in Section IV.D.

IV.A Layout densit y control in the r -dissection context

In practice, the post-planarization height of the chip layer dependsonly locally

on the density of the surrounding metal. This leads to the choice of controlling layout

density by examining and controlling density in squarewindowson the layout surface. We

could examineand control density in every possiblesquarewindow over the rectangular

layout surface,but a more computationally tractable choiceis to considera ¯nite number

of evenly spaced,overlapping windows. To this end we consider the layout region as

being partitioned into square tiles (cells) whosewidth is determined by the horizontal

and vertical spacing between adjacent, overlapping windows. A square window is the

union of r 2 tiles, where r is a positive integer, and can be identi¯ed with the tile which

lies °ush in its upper left-hand corner. This formulation is known as the r -dissection

context (seeFigure IV.2). The following parameterscomeinto play:

² M ; N , the length and height of the rectangular layout region,

² w, the ¯xed window width of the squarewindows

² U, the upper bound on the density of each window,
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² L , the lower bound on the density of each window, and

² r , the number of tiles ¯tting acrossthe side of a window (so that a window is the

union of r 2 tiles), assumedto divide both M and N evenly.

tile

window

w

N

M

Figure IV.2: An M £ N rectangular layout region in the r -dissectioncontext with r = 4,

window sizew £ w and tile sizew=r £ w=r

We assumethat the tile width w=r divides both M and N evenly; otherwise M and N

are rounded up to the nearest tile by padding with blank layout spacewhen necessary.

Density bounds U and L lie in [0; 1]. For the sake of the reduction to the Dirichlet chip-

¯ring game,we neglect side constraints presented in [77], such as preservation of design-

rule correctnessand geometric constraints. We justify this assumption in practice by

referring to data which givesthe maximum number of dummy ¯ll units of a predetermined

shape which can be added in a given tile in the grid; this data will intro ducea new chip-

¯ring constraint { the maximum number of chips that a tile (vertex) may have.

Possibleobjectivesfor placing dummy ¯ll to control layout density include the

following. Fill is placed in tiles so that no window violates the upper or lower bound on

density, and

(i) (Min Variation) the variation in density of ¯ll among all possiblewindows is

minimized,

(ii) (Max Fill) the minimum density of all windows is maximized,
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(iii) (Min Fill) the total amount of ¯ll is minimized.

The imposition of a designobjective such asthe three above intro ducesa major

new consideration to the chip-¯ring paradigm; in particular, choicesof vertices (tiles) to

¯re must be made with the imposeddesigngoal in mind, so that the ¯nal con¯guration

of the game satis¯es the objective. Becausethe nature of the basic chip-¯ring game

(de¯ned in Section I I I.A.2) is to balancea load with static total value (total number of

chips), the most natural application of chip-¯ring is to approximate minimum variation

with a ¯xed total amount of ¯ll; therefore the pure minimum variation objective is more

di±cult to address. The maximum ¯ll objective can be pursued using the basic chip-

¯ring game by adding as many chips as possiblewhile still allowing termination of the

game in a con¯guration which satis¯es all density constraints. The di±cult y here lies

in determining the quantit y and location of chips to be added. The Dirichlet game is

naturally adaptable to pursue the third density control objective, Min Fill, which we

now present in the r -dissectioncontext.

IV.B Reduction of Min-Fill ob jectiv e to the Diric hlet game

in the r -dissection context

The Min-Fill objective, described in [27, 28, 114], seeksto insert ¯ll so that

density of each window lies between L and U where the total amount of inserted ¯ll

is minimized. In the r -dissection context, the entire layout region is partitioned into

an (N r =w) £ (M r =w) grid of tiles. We formalize the reduction of density control with

Min Fill objective to the Dirichlet game in the r -dissection context as follows. Let the

function f : f T j T a tileg ! R¸ 0 denote the quantit y of ¯xed features preexisting in

the tiles. Let s : f T j T a tileg ! Z¸ 0 denote the new capacity constraint, i.e., the

maximum number of chips each tile may have. The Min-Fill objective is to determine a

function c : f T j T a tileg ! Z¸ 0 so that for every squarewindow W,

² c(T) · s(T) for all tiles T,

² L ·
¡P

T 2 W f (T) + c(T)
¢

=±max · U, and

²
P

T c(T) is minimized.
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Here, ±max is the constant of normalization which gives the density of a window from

the total quantit y of ¯xed features and ¯ll in the tiles of the window. This constant

dependson manufacturing parametersbut is typically proportional to the area w2 of a

window. We pursue the Min Fill objective by running the Dirichlet gameof Chapter I I I

backwards, adding chips from acrossthe boundary to satisfy the lower bound on density

for each window, in such a way that the upper bound on density is respected and the

total number of chips is approximately minimized.

Throughout the chapter, the normal Dirichlet gamerefersto the Dirichlet chip-

¯ring gamede¯ned in Chapter I I I. The reduction from the Min-Fill objective to Dirichlet

chip-¯ring presented here will be called the relaxed reverse¯l l Dirichlet game, or more

simply, the ¯l l game. The gameboard ¡ is de¯ned with S consideredto be the (M r =w)£

(N r =w) grid graph of tiles, along with boundary tiles ±S consisting of all \tiles" in the

in¯nite grid of distance 1 from the game board. Edgesof ¡ are exactly those induced

from the in¯nite grid graph (where each vertex has4 neighbors in the cardinal directions)

except that there are no edgesbetweenvertices of ±S. It is a reversegamebecausetiles

are ¯red backwards, or banked. When a tile is ¯red in the normal game, it sendsone

chip to each neighbor. When a tile is banked in the reversegame,it grabsonechip from

each neighbor. It is a relaxed gamebecauseevery tile is allowed to go into de¯cit by at

most 4 chips (if each of its neighbors banks while it has no chips itself ). Relaxation is

required to avoid premature termination of the ¯ll gamebefore window density bounds

are satis¯ed. It is a Dirichlet gamebecausebanking a tile adjacent to a boundary tiles

causesa new chip to be created for each boundary tile adjacent to the tile banked.

The list of relevant quantities for the reduction of the Min-Fill objective to the

¯ll gameis summarizedas follows.

² Feature densit y. f : f T j T a tileg ! R¸ 0 denotesthe amount of density due

to ¯xed features in a given tile. f (T) contributes additiv ely to the density of each

windows containing T.

² Tile slack. Let s : f T j T a tileg ! Z¸ 0 denote the maximum number of ¯ll

units (chips) that may be added to a tile T. Tile slack limits the abilit y of a tile

to be banked, when it grabs chips from its neighbors.
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² Fill (chip) con¯guration. c : f T j T a tileg ! Z denotes the distribution

of movable ¯ll units (chips) over all tiles T. Initially , c ´ 0. c(T) contributes

additiv ely to the density of each window containing T, and determinesthe number

of ¯ll units in play.

² Windo w densit y. Density of a window W is
Ã

X

T 2 W

f (T) + c(T)

!

=±max :

² Least dense containing windo w. M inW in : f tiles Tg ! [0; 1] denotes the

density of the least densewindow W containing a given tile T.

² Most dense containing windo w. M inW in : f tiles Tg ! [0; 1] denotes the

density of the most densewindow W containing a given tile T.

The ¯ll game has initial con¯guration c0 ´ 0 and ¯nal con¯guration cE . The

game progressesby banking a single tile and updating the con¯guration. This leads

to a sequenceof con¯gurations c0; c1; : : : ; cE . The characteristics of the initial and ¯nal

con¯gurations do not necessarilydepend upon the readinessstatus of tiles, as in Chapter

I I I, but rather upon satisfaction of the Min-Fill objective. The banking rules, or the

readinessof tiles to be banked, are determined as follows. Any tile with de¯cit may

be banked. If there are no tiles with de¯cit, then a tile T with M inW in (T) < L and

M axW in (T) < U may be banked. The banking sequence B = (b1; : : : ; b¹ ) records the

order in which tiles are banked. The length of the ¯ll gameis jBj = ¹ .

It is useful to compare the ¯ll gameto a normal Dirichlet game. With this in

mind, the relaxed forwards ¯l l Dirichlet game, or more simply, the forwards ¯l l game, is

just the ¯ll gamerun in reverse. Thus the forwards gamestarts in con¯guration cE , ends

in con¯guration c0, and has ¯ring sequenceF = BR := (b¹ ; : : : ; b1), which determines

the order in which tiles are ¯red. The forwards gameis almost a normal Dirichlet game,

except that tiles are allowed to go into de¯cit (by at most 4 chips). In particular, chips

¯red from a tile to an adjacent boundary tile are removed from the game. The length of

the forwards ¯ll gameis also jF j = ¹ .

The augmented forwards ¯l l game is constructed by adding enough chips (4

per tile su±ces) to the initial con¯guration of the forwards ¯ll gameso that ¯ring tiles
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according to the ¯ring sequenceF causesno tiles to go into de¯cit. If tiles may still be

¯red after that, gameplay continuesaccording to the normal Dirichlet game. It will be

useful to note that the length of the augmented forwards ¯ll gameis at least the length

of the ¯ll game. This allows us to develop a bound on the length of the ¯ll game by

using the bound on the length of the normal Dirichlet gamein Corollary I I I.9.

The banking rules of the ¯ll gameare summarizedas follows.

(i) Negativ e ¯ll chip correction. Tiles in de¯cit, with c(T) < 0, are banked before

consideringother tiles.

(ii) MinWin prioritization. In a con¯guration c, a tile T may be banked provided

that M inW in (T) < L , c(T) · s(T) ¡ 4, M axW in (T) < U, and there is no tile T 0

in de¯cit.

(iii) Game termination. The gameterminates when no tile may be banked.

The condition that c(T) · s(T) ¡ 4 ensuresthat after T is banked, the ¯ll units in T do

not exceedthe tile's capacity for ¯ll units. The negative ¯ll chip correction stage may

in fact causec(T) > s(T), or an over¯lling of a tile with ¯ll, but this over¯lling is never

by more than 3 units; furthermore, at the end of the ¯ll gamewe may either remove all

¯ll units exceedingslack, or attempt to migrate them to nearby tiles with excessslack.

Either choice has only a minor e®ecton window densities.

IV.C Prop erties of the ¯ll game

In the beginning of the game, when there are no ¯ll chips, whatever tile is

banked creates a de¯cit of chips at its neighbors. These neighbors must be banked,

which causea de¯cit at their neighbors, etc., until all the tiles next to the boundary are

banked, and satisfy the de¯cit by \creating" chips corresponding to adjacent boundary

vertices. Then the next tile with satisfying the banking criteria is banked, negative chips

are expungedagain, and so forth.

After gametermination, we perform two post-processingsteps: migration and

greedy deletion. Migration is necessarywhen a tile T is banked in order to clear its

de¯cit, but endsup containing more chips than it has room for at the end of the game
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(c(T) > s(T)). An attempt is made to move the surplus chips to neighboring tiles

having the sameM inW in value and excessslack for chips. Chips that fail to migrate

are removed.

Greedy deletion occurs as follows. Greedily remove a single chip from any tile

T that has a positive number of ¯ll chips (i.e., cE (T) > 0), and whoseremoval doesnot

violate the lower bound L on window density. This post-processingtakesno longer than

the gameitself; each tile is checked at most once,and removal of chips requiresupdates

of M inW in .

The result after migration and greedy deletion is the ¯ll solution for the Min-

Fill objective returned by the ¯ll game. Termination of the ¯ll gameis perhapsthe most

fundamental requirement, but the extra density constraints make it di±cult to prove.

Lemma IV.1 (Conjectured). The relaxed reverse¯l l Dirichlet game with Min-Fil l

objective terminates.

Sketchof possibleproof: It is conjectured that a given ¯ll game will correspond to a

uniquely determined augmented forwards ¯ll game (which depends on implementation

choices). It is not clear that the ¯ll gamewill terminate, due to complexities intro duced

to mandatory bankings of tiles in de¯cit. The following is given as intuition towards a

proof of the lemma.

The length of the ¯ll gameis at most the length of the corresponding augmented

forwards ¯ll game(the existenceof which is conjectured). The augmented forwards ¯ll

gameis a normal Dirichlet game,and soby Lemma II I.5, it terminates in a ¯nite number

of steps,and so the ¯ll gameterminates in a ¯nite number of steps.

We now show how terminating con¯gurations of the ¯ll gameare closeto locally

optimal ¯ll solutions. A ¯ll solution describes where to add ¯ll to existing features. A

locally optimal ¯ll solution h : f T j T a tileg ! Z for the Min-Fill objective has the

following properties.

De¯nition of a lo cally optimal ¯ll solution. A ¯ll solution h is locally optimal

provided that the following hold.

(i) Feasibilit y.
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(a) Nonnegativit y. h(T) ¸ 0 for all tiles T.

(b) Densit y attainmen t.
¡P

T 2 W f (T) + h(T)
¢

=±max ¸ L , for all windows W.

(ii) Lo cal optimalit y. For any tile T ¤, the candidate solution

hT ¤ (T) =

8
<

:

h(T) ¡ 1; if T = T¤

h(T); otherwise

violates feasibility condition (i)-(a) or (i)-(b).

The expression for density in (i)-(b) is representativ e of the calculation for

density, and is chosenwith the density boundsL and U in mind. In more generalterms,

the set of all nonnegative feasible ¯ll solutions h forms a partial order, where h1 ¹ h2

provided that h1(T) · h2(T) for all tiles T. Starting with a feasible ¯ll solution h, we

may obtain a (possibly non-unique) locally optimal ¯ll solution by greedily decreasing

the value of h by 1 on any tile T such that nonnegativity and feasibility are not violated.

Basedon the banking rules, the ¯ll gamecan be viewed as iterativ ely banking

a single tile T with M inW in (T) < L followed by clearing any de¯cits that might result.

With this in mind, we de¯ne a bank and clear cycle of the banking sequenceB, or more

simply, a cycle of B, to be a contiguous subsequenceof B consisting of a tile banked

while not in de¯cit followed by as many tiles banked while in de¯cit as possible. Thus

a banking sequenceB has a unique decomposition as the concatenation of some¯nite

number of cycles. A cycle consistsof a head, which is a tile T banked when no tiles are

in de¯cit and M inW inT < L, and a body, which consists of all tiles banked to clear

de¯cits before the head of the next cycle.

Lemma IV.2. Each tile appears at most once in a bank and clear cycle.

Proof. Let D be a cycle of B in a ¯ll game. Write D = (T1; : : : ; Tk ). The con¯guration

c of the ¯ll game just before T1 is banked has no de¯cit tiles, by de¯nition of a cycle.

Supposeto the contrary that sometile T is banked twice in the cycle D. Let Tr be such

a tile where1 · r · k is minimal. Becauser is minimal, at most 4 neighbors of Tr bank

beforeTr banks the secondtime. But then Tr could not be in de¯cit when it banks the

secondtime, since it started not in de¯cit, previously banked 4 chips, and lost at most

4 chips to its neighbors. Therefore no tile appears twice in D.
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A starting con¯guration of a ¯ll game may admit many possiblebanking se-

quences,and thus many possiblecycles. The next lemma shows that the order in which

de¯cits are cleareddoesnot matter. The gameessentially dependsonly on the order in

which tiles are banked when there is no de¯cit. After playing several cycles of the ¯ll

game, we might have a choice of how to play the next cycle; that choice depends only

on what the current con¯guration is. This is the setting of the next lemma, and the

techniques in the proof are related to the languageproperties discussedin Section I I I.B.

Lemma IV.3. Let c be a con¯guration in the ¯l l game such that c ¸ 0 (there are no

tiles in de¯cit). Let D1 and D2 be two cycles for that con¯guration with the same ¯rst

tile T1. Then jD1j = jD2j and D2 is just a reordering of the tiles of D1.

Proof. Without loss of generality, suppose jD 1j · jD2j. By Lemma IV.2, we know

jD1j; jD2j · n. Therefore we may write

D1 = (T1; T2; : : : ; Tj ); and

D2 = (T1; U2; : : : ; Uk ):

In D1, T2 is in de¯cit after T1 is banked, so T2 must appear somewherein D2. If not, D2

is not a cycle becauseit leavesT2 in de¯cit. Let Ui 2 = T2 and construct D0
2 from D2 by

moving Ui 2 to the beginning after T1. We have

D0
2 = (T1; Ui 2 ; U1; : : : ; Ui 2 ¡ 1; Ui 2+1 ; : : : ; Uk ):

This move can only increasethe de¯cit of all tiles to the left of Ui 2 in D2 and leavesall

tiles to the right of Ui 2 in D2 with the samede¯cit. Thus D0
2 is a cycle provided that

D2 is a cycle; changing the order in which tiles are banked doesnot changethe resulting

con¯guration. Repeat the construction with Ui r = Tr for all 3 · r · j to obtain

D0
2 = (T1; Ui 2 ; Ui 3 ; : : : ; Ui j ; V1; : : : Vk¡ j ):

Thus D1 is a pre¯x of D0
2. SinceD0

2 is a cycle, and no tile is in de¯cit after applying its

pre¯x D1, then j = k and D2 is just a reordering of the tiles of D1.

Lemma IV.4 (Conjectured). There exists a locally optimal ¯l l solution h, such that

the terminating con¯guration cE of the relaxed reverse¯l l Dirichlet gamesatis¯es h ¹ cE

and cE (T) · h(T) + 3 for all tiles T.
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Proof idea: A successfulproof may arguethat the ¯ring rules causethe gameto progress

in a su±ciently monotone fashion so that only a small number of chips can be removed

from cE beforeit becomesinfeasible. In particular, it will be arguedthat at most 3 chips

needto be moved from each tile beforea locally optimal solution is obtained.

Corollary I I I.9 gives a bound on the length of a Dirichlet game basedon the

number of chips in the game and the properties of the board, which may be applied

directly to the augmented forwards ¯ll game. In the r -dissectionsetting, let the number

of chips in the augmented forwards ¯ll game be ´ =
P

T b0(T), where b0 is the initial

con¯guration of the augmented forwards ¯ll game. Letting ¿ be the total number of

tiles, the diameter of the grid (including boundary) is (N r =w) + (M r =w) + 2, which

is roughly 2
p

¿ = 2
p

N M r =w, by inspecting the distance between opposite diagonals.

Thus the bound on the length the game is roughly 2
p

2´ ¿2. In order to bound the ¯ll

game using the bound on the length of the augmented forwards ¯ll game, we need the

following lemma.

Lemma IV.5. By adding at most 4 chips per tile to the initial con¯guration c0 ´

0 of the relaxed reverse ¯l l Dirichlet game, the game can be replayed with the same

banking sequence, disregarding ¯ring rules, so that all intermediate con¯gurations are

nonnegative.

Proof. Sinceeach tile appearsat most once in a bank and clear cycle, never doesa tile

go into de¯cit below ¡ 4; the largest de¯cit occurs when all the neighbors of a tile bank

before the tile itself does, and the original number of chips at the tile is 0. Playing a

reversegamestarting in initial con¯guration c ´ 4 and using exactly the samebanking

sequencekeepsall tiles out of de¯cit. The augmented forwards game is simply this ¯ll

gameplayed backwards.

Combining the preceding(conjectured) lemmasand the Dirichlet gamebound

in Corollary I I I.9 givesthe main result on the length of the ¯ll game.

Theorem IV.6 (Conjectured). Let cE be the terminating con¯guration of the relaxed

reverse¯l l Dirichlet game. Let h ¹ cE be the corresponding locally optimal solution, with

´ h =
P

T h(T). Let ¿ be the number of tiles, and supposeM ¸ N . Then the number of
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¯rings in the gameis at most

p
2

µ
2

N r
w

+ 2
¶

(´ h + 7¿)¿3=2:

Proof. Lemma IV.4 conjectures the existenceof a locally optimal ¯ll solution h with

cE (T) · h(T) + 3 for all tiles T. Let B be the banking sequenceof the ¯ll game.

Lemma IV.5 guaranteesthat the augmented forwards ¯ll gamewith initial con¯guration

b0(T) = h(T) + 7, and ¯ring sequenceF , whosepre¯x is BR , will never causea tile to go

into de¯cit. Corollary I I I.9 bounds the length jF j of the augmented forwards ¯ll game

by the desiredquantit y, sincethe diameter of the grid is at most (2(N r =w) + 2). Because

jBj · jF j, the theorem follows.

A more careful proof of the lemmasmight tighten the 7¿ term, but this would

not guarantee signi¯cant speed improvement for any ¯ll problem requiring a number of

¯ll units on the order of £( ¿), which seemslikely in most cases.

The following strategies may decreasethe length of the ¯ll game by reducing

the number of times tiles are banked.

² Clump ed banking. Bank a ready tile T d(L ¡ M inW in (T))=4e times instead

of once, in order to make up more of the shortfall at once;de¯cits created can be

handled all at once,as well.

² Con¯guration Preconditioning. Precondition the initial con¯guration by

adding as much ¯ll as possible so that the game still terminates close to a lo-

cally optimal solution. The reduction in time complexity will be proportional to

the percentage of total ¯ll added that is involved in the estimate.

² Lazy densit y up dates. Allow someconstant number of cyclesto executebefore

updating M inW in and M axW in values. Strong con°uenceproperties of balanc-

ing games will allow a tradeo® between gains in time complexity and error in

approximating the solution to the Min Fill objective.

IV.D Exp erimen tal results and discussion

The results appearing in Table IV.D arise from the ¯ll gamebeing played with

real-world layout data. The minimum and maximum densities over all windows of the
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¯xed features in the layout data are 0.0159543and 0.108103,respectively. All trials use

U = 0:108103,and so there is at least one window to which no ¯ll should be added.

Trials 1, 2, and 3 set L = :5U, :75U, and :9U, respectively. The lazy update value l

determines the number of cycles in the ¯ll game which occur before window densities

are updated. L ¤ and U¤ are the actual extremal window densitiesreturned by the linear

programming and ¯ll gamesolutions. The Min Fill objective in a given trial is thus to

add as few chips as possibleso that each window has density at least L and no window

density exceedsU.

Ideally, an integer program the Min Fill objective for given layout data, L , and

U is neededto return the optimal solution which can be usedas a benchmark to judge

the performance of the ¯ll game. Such an integer program is intractable, but we may

usethe corresponding linear program, which is tractable, though quite computationally

intensive. The linear program returns fractional con¯guration values,but rounding yields

a solution that is almost optimal. The ¯rst row of each trial in Table IV.D gives the

performance of this benchmark linear program. The meanings of the columns are as

follows. The \# chips" is just
P

T c(T), the total chips in the solution con¯guration.

The \extra chips" column gives the percentage of chips above the number given by the

linear program solution. L ¤ and U¤ are the minimum and maximum, respectively, over

all window densitiesgiven by combining the original ¯xed featuresin the layout data and

the ¯ll solution. The last column gives the percentage by which the given ¯ll solution

causesa violation in the upper bound U on density. The value l, set to 1, 10, 50, and

100 for each trial, determines how many banking cyclesoccur before the density of all

windows is updated.

The experimental results validate the use of the Dirichlet chip-¯ring model

in the context of allocating dummy ¯ll to make layout density uniform. Perhaps the

most important observation is that the strong con°uenceproperties of chip-¯ring allow

a large value of l (number of banking cyclesbeforedensity update) while still returning

a reasonablesolution. In thesethree trials, the gameis most successfulin observing the

upper bound on density when l = 1, as expected. Violations in this upper bound are

due to chips being added to tiles after they go into de¯cit. These violations arise from

the discrete nature of the ¯ll game,and would be reducedif chips were to correspond to
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Table IV.1: Results for the ¯ll gamewith Min Fill objective in achieving density between

desired lower upper bounds

Trial 1 # chips extra chips L ¤ U¤ U violation

LP 3146 0.00% 0.054025 0.108112 0.01%
Fill Game, l = 1 3718 18.18% 0.054052 0.110566 2.28%

l = 10 3700 17.61% 0.054052 0.110657 2.36%
l = 50 3170 0.76% 0.054052 0.112689 4.24%

l = 100 3162 0.51% 0.054052 0.111080 2.75%

Trial 2 # chips extra chips L ¤ U¤ U violation

LP 8523 0.00% 0.081034 0.108103 0.00%
Fill Game, l = 1 9482 11.25% 0.081083 0.119603 10.64%

l = 10 9500 11.46% 0.081083 0.121325 12.23%
l = 50 9794 14.91% 0.081078 0.128606 18.97%

l = 100 9845 15.51% 0.081078 0.128945 19.28%

Trial 3 # chips extra chips L ¤ U¤ U violation

LP 12954 0.00% 0.097242 0.108226 0.11%
Fill Game, l = 1 13861 7.00% 0.097293 0.129171 19.49%

l = 10 13825 6.72% 0.097294 0.131090 21.26%
l = 50 14007 8.13% 0.097293 0.135747 25.57%

l = 100 14081 8.70% 0.097293 0.137609 27.29%

a smaller unit of ¯ll. Also, since U is taken to be the maximum window density of the

layout ¯le before¯ll is added, adding any chips at all to tiles in this most densewindow

will violate U. This can be ameliorated by letting U be somewhatabove the maximum

window density in the original layout.

A signi¯cant amount of re¯nement is necessaryfor the ¯ll gameto beof practical

use to the VLSI design communit y, but the fundamental soundnessof the concept of

adding side constraints to the Dirichlet gamein order to approximate a solution to the

Min Fill objective for layout density control is born out by the experimental data.
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