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Abstract

Let n be a positive integer and > 0 a real number. LetV, be a set ofn points in the
unit disk selected uniformly and independently at random. De ne G(;n ) to be the graph with
vertex setV,, in which two vertices are adjacent if and onl)bif their Euclidean distance is at mest

. We call this graph a unit disk random graph Let = ¢ Inn=n and let X be the number of
isolated poinﬁs in G(;n ). We prove that almost always X  n? ¢ when0 c< 1. Itis known
thatif = (nn+ (n))=nwhere (n)!1 , then G(;n) is connected. By extending a
method of Penrose, we show that under the same condition on, there exists a constantK such
that the diameter of G(;n ) is boundedpbove byK 2= . Furthermore, with a new geometric
construction, we show that when = ¢ Inn=n and c > 2:26164 , the diameter of G(;n)

is bounded by (4 + o(1))= ; and we modify this construction to yield a function ¢( ) > 0 such
that the diameter is at most 2(1 + + o(1))= whenc>c( ).
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1 Introduction

Let n be a positive integer and > 0 a real number. LetV, be a set ofn points in the unit
disk D selected uniformly and independently at random. De ne G(;n ) to be the graph with
vertex set V,, in which two vertices are adjacent if and only if their Euclidean distance is at most

. We call this graph a unit disk random graph following the notation of Chen and the second
author [4], whose work on package routing algorithms in molde ad hoc wireless networks motivated
this paper. G(;n) is one example of arandom geometric graph(RGG), in which nearby points
randomly selected from some metric space are connected. Bess its graph-theoretical interest, the
unit disk random graph is the structural basis of many wireless communication network protocols
[4, 13, 14].

Early optimization problems on RGG's (e.qg., [8, 10, 12]) indude nding the minimal spanning
tree or the nearest neighbor graph. Recent emphasis on conaigvity and routing has followed the
development of mobile ad hoc wireless networks. These netwks are formed by a group of mobile
nodes which communicate with each other over a wireless chael without any centralized control. A
typical requirement is that each node in the network have a p#h to every other node in the network,
that is, that the network be connected. With this in mind, Gup ta and Kumar [7] considered
the problem of determining the critical power (i.e., ) guaranteeing connectedness asymptotically.
Numerical simulations on connectivity and the size of the lagest connected component can be
found in engineering and physics literatures [2, 5]. A rigoous mathematical treatment was given
by Penrose [11], who proved for the random geometric graph irthe unit cube that the hitting
times of t-connectivity and having minimum degreet are equal asymptotically. Penrose's theorem
is analogous to a well-known result in Erdys-Renyi random grah theory: If edges of the complete
graph on n vertices are added in an order chosen uniformly at random frm all J ! possibilities,
then with high probability for n large the resulting graph becomed-connected at the instant it
achieves a minimum degree of [3]. We recommend the monograph of Penrose [9] as an authoyit
on the mathematical theory and applications of random geom#ric graphs.

As soon asG( ;n ) is connected, it is not clear that the graph diameter is smal, that is, close to
2=, which is the Euclidean diameter of the unit disk divided by the length of the longest possible
edge. The main result of our work is a bound ofK= (where K is an absolute constant) on the
asymptotic value of the diameter of G(;n ) as soon as it is connected, and a tighter bound for
larger . This is important information, for example, for the design and analysis of any routing
algorithm in a mobile wireless ad hoc network withG( ; n ) as an underlying model. Our technique
for showing that long straight paths exist with high probability in G( ;n ) can be adapted to other
metric spaces, that is, to RGG's generally.

For the rest of the paper, we will use the following notation. The vertices of G(;n ) are
Vi = fvi;:::;vhg. We usek k» for the Euclidean norm, so that D := fx 2 R?: kxk, 1g. Denote
by O the center of D. If x 2 Randr > 0,thenB(x;r) = fy2 R:kx yk, rgisthe disk of radius
r about x. The distance between a pointx 2 R? and a subsetS R? is d(x; S) := inf y2s Ky  xka,



and the distance betweenS; S® R2is d(S; S% :=inf y,s d(y; SY. For our purposes, the ball about
a subsetS R?of radiusr is B(S;r):= fx 2 R2:d(x;S) rg, which is the same ag s>sB(s;r)
when jSj is nite. We say that G(;n ) has a property P almost always (a.a.) if

nIli{n Pr[G(;n ) has the property P] = 1:

The organization of this paper is as follows. In Section 2, weuote a result of Dette and Henze
which characterizes the probability of having no isolated \ertices when In n=n, and we prove
that a.a., G(;n) hasn? C2(1 + 0(1)) isolated vertices when = c¢ Inn=nand 0 c¢< 1. From
a result of Gupta and Kumar or a modi caBon of Penrose, a.a., G( ;n ) is connected when it has
no isolated points; in particular, when = (Inn+ (n))=n for any nonnegative (n)!1 , a.a,
G(;n) is connected. In Section 3, we show that there is an absoluteonstant K (12927 )
such that under the same condition on , a.a.,G(;n ) has diameter K 2= . We then introduce
a geometric construction to show thatif = ¢ Inn=nandc > 2:26164 , then a.a., the diameter
of G(;n)is 4(1+ o(1))= . In fact, there is a function ¢( ) > 0 such that if c > c( ), then a.a,,
the diameter of G(;n )is 2(1+ + o(1))= .

2 Isolated vertices and connectivity

In [6, Thm. 2.5(c)], Dette and Henz compute the limiting distribution of the minimum  for which
G(;n) has no isolated vertices. We qtbote this result as Theorem 1 dfore computing the expected
number of isolated vertices when = c¢ Inn=nand 0 c< 1, and nally discussiBg how a result
of Gupta and Kumar, or a modi cation of a result of Penrose imply that = ' Inn=n is also
the threshold for connectedness of5( ;n ). In order to give Theorem 1 in its original form, de ne
GY ;n) in the same way asG( ;n ) except that the n points are selected from the disk ofunit area
and radius 1= ; furthermore, for xed ndene D1 :=minf :GY;n ) has minimum degree b.

Theorem 1 (Dette, Henze).

nD 2, logn!° Z;
whereZ is a random variable with Gumbel extreme value distribution Pr[Z  t] = exp( exp( t)),
and the symbol 1® means convergence in distribution.

Note that GY ;p ) has no isolated points if and only if Dp.1 . Theorem 1 implies that
limnps  Pr[Dna (Inn+ )=(n)]=exp( exp( p By simple re-scaling from the disk with
unit area to the unit disk D, we obtain that when = (Inn+ )=n,

nI'ilm Pr[ G(;n ) has no isolated points] = exp( exp( )):

We now use a standard second moment argument (cf. [1]) to comyte the number of isolated vertices
when is below the threshold.



Proposition 2. Let = cp In n=n, and denote by X the number of isolated vertices in the unit
disk random graphG(;n). If0 c< 1, thena.a, X nt ¢

Proof. For any vertex v; 2 V,, let A; be the event that v; is isolated irbG( ;n ), and let X; be the
indicator of Aj; i.e., Xj =1 if A; occurs and O otherwise. ThenX = i”:l Xi. We rst compute
the expected valueE[X].

The vertex v; is isolated in G( ;n ) if and only if there are no other vertices inB(vj; )\D . If
kvikz 1 ,thenB(vi; ) D .Ifkvikz>1 , theareaofB(vi; )\D isatleast 2(1+O( )).
Hence,

2 n 1
(A" PIAl @ )Y@ )" +@ ) 1 @+o() (1)

Usingl x=e X(1+o(l))asx! 0, andnotingthat0 c< 1, we have PrAi]=e °"(1+0(1)) =
n ¢(1+ o(1)). By linearity of expectation, E[X] = nPr[A;] n! . To show additionally that
a.a, X n! & itis sucient to show that Var[ X]= o(E(X)?2) (cf. [1, Cor. 4.3.3]). Note that

X X
Var[X]=  Var[Xi]+  Cov(Xi;Xj) E[X]+ n?Cov(Xy;X2);

i i6]
and so it su ces to show that Cov( X 1; X>2) = Pr[ A1\ Az] Pr[A1]Pr[As] is o(n 2"2). From (1), we
have Pr[A1]Pr[A2] = n 2c (1 + o(1)). We compute Pr[A1\ A;] according to the distance between
vy and vo. There are three cases.

1. kvi voko . Inthis case Pr[A1] = Pr[ Ay] = 0, which implies Pr[A;\ Az jkvi vjko ]1=0.

2. < kvi wvky 2. If kvikp 1 3, both B(vy; ) and B(vy; )Eﬁg completely within
D, the overlapping of B(vy; ) and B(vz; ) has areg less than (2= 3 3=2) 2. In this case
the area of B(vy; )[ B(vo; )is at least (4=3+ 3=2) 2. If kvitko > 1 3, the area of
(B(vi; )[ B(v2; ) \D is no less than the area oB(v1; )\D , which is % 21+ O( ).
Altogether, we have

PrlAi\ Aj ] < kvi vika 2]
|

4, '3,
3 2

n 2

©

n 2

1 3)1 +6 9% 1 22(1+0( ) = o(n ©):

3. kvy  vokp > 2 . If both vy;vo are in B(O;1 ), then PrTA1\ Ao jkvy woky > 2]
(I  )*1 2 2" 2 Conditioning on the events that one or both of vi;v, are not in
B(O;1 ), we have

PrlfA1\ Az jkvy wvoko> 2 ] (1 )4(1 2 2)n 2
n 2
+ 2(2 @ ) 1 g 20+ 0()) +(2 221 2q+0() " %



which leads to PrjA1\ Ajjkvy vk, > 2 ]=(1+ o(l))n 2¢?,

Combining the above three cases, by using Prk kvi viko< 2] 3 2and1l 4 2 Pr[ky,
vikz 21 1, weobtain PrA;\ Azl = (1+ o(1))n 2, which implies that Cov(X 1;X2) = o(n 2%%)
as desired. O

Gupta and Kumar proved [7, Theorem 3.2] that in the disk with unit area the threshold for
having no isolated vertices is also the threshold for connéedness, in the following sense, (stated
after rescaling to the unit disk).

Theorem 3 (Gupta, Kumar) . Let = P (Inn+ (n))=n. Then G( ;n ) is almost always connected
i (n)'!1

It is also true by exhaustive checking of [11, Thm. 1.1] in thesetting of the unit disk and
Euclidean distance, that the hitting times for connectivity and for th/ing minimum degree 1 are
almost always the same. Either way we see thatif(n)!1 and = (Inn+ (n))=n,thena.a,
G(;n) is connected.

3 Connectivity and graph diameter

In this section we prove in Theorem 4 that as soon a&(;n ) is cor}gected, the diameter ofG( ;n )
is at most K= , whereK > 0 is an absolute constant. When = c¢ Inn=nandc> 2:26164 ,a
separate argument using a geometric construction yields adund of (4+ o(1))= in Theorem 7. We
also show in Corollary 8 how further increasingc leads to a better upper bound on the diameter.

The%'em 4. Let (n)!1 be nonnegative. There exists an absolute constarkk > 0 such that if

(Inn+ (n))=n, then a.a., the unit disk random graph G(;n ) is connected with diameter
<K 2=.

The proof is based on Proposition 4 below. For any two pointsv;;v; in the unit disk D, let
Tij (k) = convex hull of B(vi;k )[ B(vj;k )) \D;

where the convex hull of B(vi;k ) [ B(vj;k ) is the intersection of all convex sets containing
B(vi;k )[ B(vj;k ). Figure 1 illustrates this convex hull when v;;v; are away from the boundary
of D. Let Ap(k) be the event that there exist two points vj;v; 2 V, such that (i) at least one point

isinsideB(O;1 (k+1) ), and (ii) there is no path of G(;n ) that lies in Tj; (k) and connectsy;

andv;.

Proposition 5. Let (n)!1 be nonnegative. There exists an absolute constanK o > 0 such
that if (Inn+ (n))=n, then

nI!i{n PrlAL(Kg)] =0:



Proof. SupposeA, (k) occurs. For simplicity, write Tj; (k) as Tij . Let S(vj) be the set of points
in Vo \ Tj; that are connected tov; by paths in T . Let R(v;) be the points in V, \ Tij nS(v;).

B(S(vj); ) is a connected subset oR?, which is disjoint with B (R(Vvj); ). Let Dy be the closure of
the connected component off;;j NB (S(v;); ») containing v;, and let D denote the closure ofT;j nD;.

Finally, let L = D1\ D,. By the proof of Penrose [11, p. 162]L is connected. Geometrically,L is
the boundary of D, inside Tj; , which separates pointsv; and v; .

L is on the boundary of B(S(vj); 5), so for any point w on L, d(w;S(vj)) = 5. On the other
hand, for any point u 2 R(v;), if there exists a point w 2 L such that ku  wk> 5, then
d(u; S(v))) , @ contradiction. Hence there are no pointsw 2 Vp \ Tij such that d(w;L) < .
This implies that the open strip which is the interior of B(L; 5)\ Tj; contains no points of V.

Let M = @T; n@, where @ Xdenotes the boundary ofX . If d(L;M ) > 5 then S(v; ) is indeed
a connected component of5( ; n ), making G( ;n ) disconnected. By Theorem 3, this happens with
probability approaching 0. Hence we can assume thati(L;M ) 5. Note that the intersection of L
and the line segmentv;v; is nonempty. Therefore the Euclidean diameter ofL is at least (k 1) .

Case 1. Suppose both pointsv;;v; are in B(O;1 (k+1) ). Then T is the convex hull
of B(vi;k )[ B(vj;k ), and d(T;; ; @) . In this case the (open) strip B(L; ) is completely
contained in D.

Take = = (4IO 2), and cover D by squares of side . Let X be the union of all squares that
intersect with D. Following Penrose, letL, denote the set of centers for squares irX, and for
z2 Ly, let B, be the closed square centered at.

[

o
o_<

Figure 1: Both v;;v; are insideB(0;1 (k+1) ).

Let U be the set of pointsz 2 L, such that B, has nonempty intersection with L. SincelL is
connected,U is a -connected subset ol ,, i.e., the union of the corresponding set of squares is
connected (see Fig. 1). For eaclz 2 U , the squareB, contains some pointu 2 L, and hence is
contained inB(u; ;)  B(L; ) This implies that for each z2 U , B is contained in D and has no
points of V,,. By the Euclidean diameter condition on L, card(U ) 4(k 1).

Case 2. Suppose the pointy; lies in B(O;1 (k+1) ), but v; does not. Then part of the
boundary of Ti; may be on the boundary of D. In this case we need to consider the boundary
e ect.



\\\unit disk boundary

Figure 2: One ofv;;v; is not insideB(O;1 (k+1) ).

Divide Tj; into two near-symmetric parts by the line vjv;. From the argument before Case 1,
a.a., there is a connected part ofL, denoted by L such that d(L%M) 5, and L%only intersects
the line segmentv;v; at one point w. Assumeu is a point on M with d(L%u) 5 (see Fig. 2).

Consider the half of Ti; which contains L% Since the boundary ofD can only appear on one
side of LY there is one half of the strip B (L ») that contains no points of @. Take L; to be the
boundary of B(L® z) in that half. Then the Euclidean diameter of L, is at least (k 1) , and
B(L® ) lies inside D and contains no points in V.

Again using the -square covering ofD, let W be the set of pointsz 2 L,, such that B, has
nonempty intersection with L;. Then W is -connected with cardinality at least 4(k 1). For
eachz 2 W , B; is contained in D and has no points inV,.

Now for both cases, letA; denote the set of -connected setsA L, of cardinality i. By
a Peierls argument [11, proof of Prop. 5.2], there exist cotants > 0 and c® > 0 such that
card(Ani) @ Zexp(i). Hence

X X
Pr{An(K)] PriVa\ ([ 22aB2) = ;]
i 4k 1) A2Ap;
& Zexp(i) 1 -2 & Zexp i 2
i 4k 1) i 4k 1)
For n su ciently large, < ’6‘54—2, and c® ?<n. Therefore
X n 2 ! k
Pr{An (k)] n exp = on! ®
, 64
i 4k 1)
Taking k = Ko =16 , the last term in the above formula is o(1). O



Proof of Theorem 4. Proposition 5 states that there exists an absolute constantk o > 0 such that
asn goes to in nity, a.a. any two points v;;v; with at leastone in B(0;1 (Ko+1) ) are connected
by a path inside T;j (Ko). For points v;;v; with at least one in B(O;1 (Ko+1) ), let
Vi = Ug ! ur ! upx! ! Ug =V
be such a path with minimum g. Then clearly the Euclidean distance betweeruy and u, is larger
than for any jk 1j> 1. This implies that the balls fB (uk; 5) : k everg are disjoint. Hence
I ,m 2

2

N Q@

Area B Tij; (Ko);E

2
Ko+% 2+2|w+% : @

which gives path length
8(2Ko+1)
—+ Ky

where K ;1 is an absolute constant.

If both vertices lie outside of B(O;1 (Kg+1) ), then we can travel from the rst vertex to an
intermediate vertex just inside B(O;1 (Ko +1) ) using a constant length path, and then on to
the second vertex. To this end, letB, (k) be the event that some vertexv; 62B(0;1 (k+1) ) has
no correspondingy; 2 B(O;1 (k+1) )\ B(vi;(2k+1) ) with a path connecting v; and v; inside
Ti;j (k). We break this event into two cases as follows. LetCy (k) be the event that there exists a
vertex vi 62B(0;1 (k+1) )with no corresponding vertexv; 2 B(O;1 (k+1) )\ B(vi;(2k+1) ).
Let Dn(k) be the event that there exists a vertexv; 62B(0O;1 (k +1) ) with a corresponding
vertex v 2 B(O;1  (k+1) )\ B(vi;(2k +1) ) but no connecting path in T; (k). We have

|
2" n 1 2

PiCa()]  n1 (1 (k+1))> 1 = = o(nt ¥);
PIDn(K)]  PAn(K)]  o(n® =):
Therefore with k = Ko =16 as in Proposition 5, we have
PrBn(Ko)]  Pr[Cn(Ko)] +Pr[ Dn(Ko)] = o(1):

This proves that a.a., any point v; 2B (0;1 (Ko+1) ) is connected to a pointv; 2 B(vi;(2Ko+
1) )\ B(O;1 (Ko+1) )byapathin T;j (Ko). In this case, the area ofT;; (Ko) is no more than

(Ko )2+2Kg(2Kg+1) 2. Thus there exists an absolute constantk » such that a.a, any vertex
vi 2B(0;1 (Ko+1) )isconnectedto avertexv; 2 B(vi;(2Ko+1) )\ B(O;1 (Ko+1) )by
a path of length  K,. Combining with the previous argument, the diameter of G( ;n ) is at most

42Ko+1) 2
(2Ko +1) % Ka

whereK 3 = K, + K1 is an absolute constant. O



In statement of Theorem 4, taking any K > 128 + 4= suces, but we did not attempt to
optimize K. We shall need later the following corollary, essentially dtained from the proof of
Theorem 4 by replacing the Euclidean diameter 2 of the unit dsk in (2) with kv;  vjks for
arbitrary vertices Vvj;Vvj 2 V.

Corollary 6. Let (n)!'1 be ngnnegative. There exists an absolute constarK > 0 (the same
as in Theorem 4) such that if (Inn+ (n))=n, then a.a., every pair of verticesv; and v; in
the unit disk random graph G( ;n ) is connected by a path of length< K kv vjko= .

Proof. The casekv; vjk» is trivial. For kv; Vvjko> ,let Ko be asin Proposition 5 and letkK ,
and K 1 be as in the proof of Theorem 4. If at least one ofj;v; isin B(O;1 (Kg+1); ), the result
follows immediately by replacing 2 with kv;  vjkz in (2). If both vi;v; 2B(0;1 (Ko+1); ), then
there exists an intermediate vertexvy 2 B(O;1 (Ko+1) )\ B(vi;(2Ko+1) ), a path of length
at most K, betweenv; and vi, and a path of length at most (4(2Ko+1)=) kv vjko= + K
betweenvy andv;. Sincekvy Vvika k vi vjko+ kvi vk kvi Vvika+(2Kg+1) ,the result
follows, as < kv; vjko. O

We now consider an overlay of the unit disk with columns of tiles of height = 2 and width P 3=2,
where each column is centered o® and there is a uniform angular spacing between columns. Each
tile has an \active" lens-shaped interior region, so that two vertices in the active regions of abutting
tiles in the same column are adjacent inG(;n ). When ¢ > 2:26164 , a.a., there is a vertex in V,
lying inside every tile's active region, guaranteeing patts in G(;n ) in each column with average
edge length =2, which forms the basis of the bound on the diameter of5( ;n ) in the following
theorem.

P
[
Theorem 7. Let =c¢ Inn=n.Ifc> p—izik 2:26164 , then a.a., the unit disk random
33

graph G( ;n ) is connected with diameter (4 + o(1))= .

Proof. I&tonstruct an overlay of D with columns of identical rectangular tiles with height =2 and
width ~ 3=2. A single column of tiles, as illustrated in Figure 3(a), caosists of as many tiles as
will completely tinside D, arranged so that the geometric center of the middle tile cancides with
O. The overlay of D consists oft = 2b(In n)=2c such columns at a uniform angular spacing of=t ,
as shown in Figure 3(b) (other choices oft are possible). Each tile has an \active" lens-shaped
interior region. For the tile in Figure 3(a) bounded by lines L1; L ; L3; L4, this is the region ABCD ,
bounded by the arcABC of the circle which has centerD and radius = 2, and the arc ADC of the
circle with center B and radius = 2. It is easy to see that the area of the regiol ABCD is

a4 3,

Y '

By construction, two vertices in V, are adjacent in G(;n ) (i) if they lie in the active regions of
abutting tiles in the same column, or (ii) if they lie anywher e inside the same tile.

9



—
=
©
Wl

Lo t =2b(In n)=2c

o)

(@) (b)

Figure 3: An overlay of the unit disk ofa) columns of tiles, such thatb) the Inn columns are
uniformly angularly spaced and each centeredCat

Let M denote the total number of tiles in all t columns. Noting that the height of a single tile
is =2, we can compute that

2 4
M=t S+@ = ~(nn+ )
Let s be atile counted inM . Let F (s) denote the event that v; is not in the active region s for

24 3 3

PHF( = 1 —  n %'

Therefore choosing an arbitrary but xed tile sg counted by M,

" #
[ b_
Pr F(s) M PrF(so)] 1+ o) NNy o 4582
s counted in M
4 p_— P
= C*om innn: €T 3)
which implies that, asn!1 |,
n [ #
Pr F(s) = ol

s counted in M

10



provided that S

24

c> — " 226164
24 3 3)

This means that a.a., every tile counted in M contains at least one vertex ofV in its active region.

Let ; and ; be the tilings with angular orientation closest to those of the lines throughv; and
O, and v; and O, respectively. Almost always, for any pair vi;v; 2 V, there must exist vertices
uj;u; in the active regions of tiles in ; and ;, respectively, such thatkv; ujks and ky;  ujkz
are at most =(2t) +2 . By Corollary 6, there exist paths in G(;n ) from v; to uj, and from
v; to uj, each of length at mostK (=(2t) +2 )= = o(1)= , where K is an absolute constant
independent of the choice ofvj;v;. Traveling from u; to a tile in ; containing O takes at most
1=( = 2) steps. Transferring to the (active region of the) tile in j containing O takes at most 1
step, and traveling to u; takes at most 1=( = 2) steps. Thereforea.a., the diameter of G(;n ) is at
most (4 + o(1))= . O

For any two points with distance d in D, the shortest path connecting them has length at
least d= , which implies that asymptotically the diameter of the graph G(;n)is (2 o(1))= .
Combining this with Theorem 4, when G( ; n ) is connected, its diameteris (  1). We can improve
Theorem 7 and approach the asymptotic lower bound by giving gound in terms of ¢ in order to
stretch the height of the tiles, as described in the followirg corollary.

§(1+ )

Figure 4: A stretched tile increases the length of the typical edge; v; g inspected when bounding the
diameter of G(;n ).

Corollary 8. Let = cIO Inn=n. For every 2 (0;1], there exists ac( ) > 0 such that if ¢ >c( ),
then a.a., the unit disk random graph G( ;n ) is connected with diameter 2(1+ + o(1))=.

11



Proof. Let 2 (0;1], and let = (1 )=(1 + ). Starting with the tiling of Theorem 7, increase
the height of each tile by = 2 to obtain the new tiles illustrated in Figure 4. This is done while
keeping the center tile in each row centered orO, and so that the tiling overl?y consists only
of those tiles entirely within D. The width of a tile may still be taken to be = 3=2, although
a slightly greater width depending on is possible while still forcing adjacency between any two
vertices in the same tile. Note that the two circles whose inersection determines one of the active
regions are still centered on the boundaries of consecutiviles, but the extra height of the tiles
causes a vertical gap of = 2 between the active region and the tile bour}gary. The area othe
active regioB as a function of is Area( ) = 72 arccos %(1 + ) @2(1 + ) 3 2 2, Now let
c>c()= = (2Area( )= 2), making the quantity in (3) at most o(1). Therefore a.a., there is
a point of V, in the active region of each tile. Following the procedure inthe proof of Theorem
7 to nd a short path between any pair vi;v; 2 V,, a.a., the diameter of G(;n) is at most
% +0(1)= =21+ +o(1)=. O

Acknowledgments

We would like to thank the referees for their careful review and many helpful comments, including
pointing out results in [6, 7]. We would also like to thank Jian Shen, Lingguo Bu and Zhonghui
Ning for helpful discussions with one of the authors.

References

[1] Noga Alon and Joel H. Spencer.The probabilistic method Wiley-Interscience [John Wiley &
Sons], New York, second edition, 2000.

[2] Christian Bettstetter. On the minimum node degree and conectivity of a wireless multihop
network. In Proceedings of the 3rd ACM International Workshop on Modelihg, Analysis and
Simulation of Wireless and Mobile Systemspages 80{91, 2002.

[3] Bela Bollotas. Random graphs Cambridge University Press, Cambridge, second edition, @01.

[4] Xiao Chen and Xingde Jia. Package routing algorithms in nobile ad-hoc wireless networks. In
2001 International Conference on Parallel Processing Workhops pages 485{490, September
2001.

[5] Jesper Dall and Michael Christensen. Random geometric rgphs. Phys. Rev. E (3),
66(1):016121, 9, 2002.

[6] H. Dette and N. Henze. Some peculiar boundary phenomeneaof extremes ofrth nearest
neighbor links. Statist. Probab. Lett., 10:381{390, 1990.

12



[7] Piyush Gupta and P. R. Kumar. Critical power for asymptot ic connectivity in wireless net-
works. In Stochastic analysis, control, optimization and applicatons, Systems Control Found.
Appl., pages 547{566. Birkhauser, Boston, MA, 1999.

[8] Patrick Jaillet. On properties of geometric random problems in the plane. Ann. Oper. Res.,
61:1{20, 1995.

[9] Mathew Penrose.Random geometric graphs Oxford University Press, Oxford, 2003.

[10] Mathew Penrose. The longest edge of the random minimalpgsnning tree. Ann. Appl. Probab.,
7(2):340{361, 1997.

[11] Mathew Penrose. Onk-connectivity for a geometric random graph. Random Structures Algo-
rithms, 15(2):145{164, 1999.

[12] J. Michael Steele. Probability and problems in Euclidean combinatorial optimization. In
Probability and algorithms, pages 109{129. Nat. Acad. Press, Washington, DC, 1992.

[13] Ivan Stojmenovic, Mahtab Seddigh, and Jovisa D. Zunic. Dominating sets and neighbor
elimination-based broadcasting algorithms in wireless netorks. IEEE Trans. Par. Dist. Sys. ,
13(1):14{25, 2002.

[14] Jie Wu and Hailan Li. A dominating-set-based routing schene in ad hoc wireless networks.
Telecommun. Sys, 18(1-3):13{36, 2001.

13



