A — Sec. 14.3 Integration with Initial Conditions 629
.
| 628 Chapter 14 Integration ) . :
' basic integration formulas, it is necessary firg R | egats 18. [(5-2"Ydx 39 /x? _# 2 g e
i Sometimes, in order (o apply the basic integ Example 8 shows. i ‘ ’ 5 o a o)
H : | : : ipulations on the integrand, as Examg 2 ’
' | to perform algebraic manipula w3 Zr Ko 1
i f ] 19. 7739 ) dx 20. = T3 ) dy 40. / (3/5+ ——) due 4], [(.r2 +5)(x — 3) dy
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‘ ) . | wetdx 22, — +2¢ ) dx o 8 Ty e s X(X + 3) dy
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| 1 Examp!e 8, we < e _.4 — 53¢ 4 2¢ S el
\ - 4 t?we factors in the integrand. The o 2\ yoo2y8 i i /H;d.r g /__43(1_1_ 50, / v £ F2v 51 /L +‘_L i
1| 1 answer could not have been found ==+ (?) =TT 4932 J (Gx) . 512 e
\ | simply in terms of | v dy and 4 a2 33 _ 1 1 (3 1)
(|| : {(v+ %1dv. There is not a formula NOW WORK PROBLEM 41 @@ 0. f TR s 0. 23T d 52. [ =
| | 1 . & f a general ) . i
I l f?;g&itl T;tfe?:ilct?onf 3l /(ﬁ _ _2_) M 32, /_4_ dy 53. 11 F(x) and G(x) are such that F'(x) = G'(x), is it true that
. 3 =5 oy .
. . Alaebraic Manipulation to Find an | 2 3w Joe F(x) — Gev) must be zero?
' @®EXAMPLE 9 Using Alg 3 du—4d di 34, /_1_ le.r dx 54. (a) Find a function F such that J Flxydy = xe¥ o C.
!{ Indefinite Integral L 5 1213 (b) Is there only one function 7 satisfying the equation
(] n . y . e¥ given in part (a), or are there many such functions?
| ) & (2_\' — l)(,\' + 3) d\' 35, /(Il + e )(l‘“ 36, [ (3})‘ — 2}!' + ~6—) d}: L d 1
i a. Find | =" dx. : 55, Find o\ 7= ) a~
| i ; . . . o : . . v (o
| Solution: By factoring out the constant § and multiplying the binomials, we get / . / (V= 33) d 3. / 0dr
[l olution:
| | / B U+ % / (247 +5x = 3) dx
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: 1 ( s g OBJECTIVE 14.3 Integration with Initia] Conditions .
: | = (D5 +0)5 —2 —
|| | 6 3 2 fofind a particular antiderivative of 3 If we know the rate of change, f’, of the function f, then the function [ itself is
1 [ - T - lunction that satisfies certain conditions, an antiderivative of J' (since the derivative of fis f). Of course, there are many
‘ | =% + T 3 +C This involves evaluating constants of antiderivatives of ', and the most general one is denoted by the indefinite integral.
| f i ntegration. For example, if
| . ‘ \
| | Another akgebraic approaCh to "_3 _ .1 ‘ ff(l_) — 2-\_
; : part (b) is b. Find [ —— dx. sis cacnt
: : . ) et ividing
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| & . ; : inator: J '
| i ' : in the numerator by the denomi : 1 Flo) = / F)dy = /1\' dr=x210. (1)
I ; _ x? N : That is, any function of the form f(x) = x2 + C has its derivative equal to 2y.
. and so on. 2 X2 3 1 it Because of the constant of integration, notice that we do not know f(x) specifically.
T = 2 Ty However, if f must assume 2 certain function value for a particular value of x, then
OW WORK PROBLEM 49 we can determine the value of C and thus determine flx) specifically. For instance,
' N if f(1) = 4, then from Equation (1),
)= 12 4£
1K
! 2 4d=14+C
Problems 14.2 ] -
| In Problems 1-52, find the indefinite integrals. #0) / Rz dt J 2 C=—1
l ' g .
: . Rl 3 dr
| !\ " / T * f 2 “11. / (4 +0)di b / i —
I ) ... 2! < ' 2 u (¥ = -
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" | d 73 13. / b =3y dy . ‘ol That is, we now know the particular function f(x) for which fi(x) =2vand f(1) =4,
| *5, / 5x77 dx 6. [ 54z i @ / RERG The condition f(1) = 4, which gives a function value of f for a specific value of x, is
1‘ . . rog #15. [ (3t — 41 + 5)di o called an initial condirion.
| i B Rt .
l F _ 7. /ﬁl“ 8. / xhdx
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Since dr/dq is the derivative of total revenue r, 'blemS 14.3

r= /.(2000 —20g —~ 3(]2) dg lzm-V] and 2, find y Srlbft:‘(.‘[ to the given conditions.

2 'i
= 2000g — (20)q— = (8 )_ +C , ‘W _Z_x 3=
\ oblens 3and 4, ify satisfies the given conditions, find v(x)
so that e givert valte of x.

y-“:}j\/— y(g) =50, x=16
4 f.__t.Z_%_Zf V2)=1' xr=1
Revenue is 0 when ¢ is 0. Wg a-ssume.th‘a-t when no units are sold, there is no revenue; thatis,r = When‘ o ; - hlems 3-8, find y subject to the g:ven conditions.
This is our initial condition. Putting these values into Equation (7) gives " “ f--Sr +de; Y1) =2, y)=

:31——4 y(— 1)= 2
ld‘ 1

9
T

r=2000q — 10¢> — ¢’ + C

0 = 2000(0) — 10(0)> = 0* + C =+l YO =0 w0y =3

Hence, C = 0, and =2 VD=3, Y3 =10, y0) =
Although ¢ = 0 gives C = (), this is not ence, C =0, an 5 . FOn — O —
true in%enlerai. ?t occurs in this section By =+ L Y'y=1,yh=2 yh=3
because the revenue functions are r = 2000g — 10(]2 _ qﬁ
polynomials. In later sections, i ;dﬁmrffm?v
evaluating at ¢ = 0 may produce a To find the demand functicn, we use the fact that p = r/q and substitute for r: :

‘ sblems 9-12, drjdq is a marginal-revenue function. Find the

1
10. drjdg = 10— —

nonzero value for (. J dr/dg = 0.7 6
9 it
_ 2000g — 10¢> — ¢° % 'rldl] —275—q —03g> 12 dr/dg = 5,000-3(2q+2¢%)

]'mblems 13-16, dc/dq is a marginal-cost function and fixed
iy are indicated in braces. For Problems 13 and 14, find the
wlcost function. For Problems 15 and 16, find the total cost for
NOW WORK PROBLEM 11 /@ e lndicated valie of q.

A de/dg = 1.35; {200} 14, defdg =2 +75; (2000}

o ) & dojdg =0.08¢" — 1.6 + 6.5;  {8000}; ¢ =25
@®EXAMPLE 5 Finding Cost from Marginal Cost & defdg = 0.000204¢% — 0.046¢ +6; (15,000} ¢ = 200

In the manufacture of a product, fixed costs per week are $4000. (Fixed costs ar:u: 0Sl: 1. Dict for Rats A group of biologists studied the nutritional
such as rent and insurance, that remain constant at all levels of production during cifects on rats that were fed a diet containing 10% protein.?
given time period.) If the marginal-cost function is ‘The protein consisted of yeast and corn flour.

Cj; = 0.000001(0.002¢> — 25¢) + 0.2
{

Over a period of time, the group found that the
(approxnmate) rate of change of the average weight gain G
' (lﬂ grams) of a rat with respect to the percentage P of yeast
Solution: Since dc/dq is the derivative of the total cost ¢, inthe protein mix was

d—G=—£+7 0=< P =100

dpP 25 7 T T

101G =38 when P = 10, find G.

where ¢ is the total cost (in dollars) of producing g pounds of product per wee ;, find
the cost of producing 10,000 Ib in 1 week.

clq) = / [0.000001(0.002¢ — 25¢) + 0.2] dg

= (.000001 /(0.002{12 —25q)dg + /0.2 dq
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18. Winter Moth A study of the winter moth was made in

19.

20

21

Nova Scotia.” The prepupac of the moth fall onto the
ground {rom host trees. It was found that the (approximate)
rate at which prepupal density vy (the number of prepupae
per square foot of soil) changes with respect to distance x (in
feet) from the base of a host trec is

dy

it Todx
If y=573wheny=1,find y.

=—15—-x 1<yx<9 s

Fluid Flow  In the study of the flow of fluid in a tube of
constant radius R, such as blood flow in portions of the body,
one can think of the tube as consisting of concentric tubes of
radius r, where 0 < r < R, The velocity v of the fluid is a
function of r and is given by*

(P[ - P’).” g
= ———lr
v . 2y

where P; and P are pressures at the ends of the tube,  (a
Greek letter read “eta”™) is fluid viscosily, and / is the length
of the tube. If v = 0 when r = R, show that

(A= P)R -1

- 41y

Elasticity of Demand  The sole producer of a product has
determined that the marginal-revenue function is

er
d

Determine the point elasticity of demand for the product
when g = 3. (Hint: First find the demand function.)

= 100 — 3¢°

Average Cost A manufacturer has determined that the
marginal-cost function is

{e 2

;_; = 0.003¢7 — 0.4 + 40

where ¢ is the number of units produced. If marginal cost is
$27.50 when g = 50 and fixed costs are $5000, what is the

average cost of producing 100 units?

22, If f"(x) =30x* + 12v and /(1) = 10, evaluate
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f(965.335245) — f(—965.335245)

Q08

0.0024>

ol

25q ;

5 ) +02g+C and apply the formulas for
0.0 [ d"fe"du and/;drr
we find 1

c(g) = 0.000001 (

When ¢ is 0, total cost is equal ta Fixed costs are constant regardless of output. Therefore, when ¢ = The formiila

fixed cost. which is our initial condition. Putting ¢(0) = 4000 in the last equation,
C = 4000, so

Although ¢ = 0 gives C a value equal to ¢(g) = 0.000001 (0.002(] 25¢> ) +02g + 4000
fixed costs, this is not true in general. It 3 2
occurs in this section because the cost for rod
functions are polynomials. In later From Equation (8), we have ¢(10,000) = 5416 Thus, the total cost 10 P
sections, evaluating at ¢ = 0 may 10,000 pounds of product in 1 week is $5416. 67

produce a value for C that is different 15 &
from fixed cost. NOW WORK pROBLEM

Power Rule for Integration

- .l'”+l
/.\"*d.\': 1 +C ifn £ —1

n+

2 Adapted from R, Bressani, “The Use of Yeast in Human Foods,” in Single-Cell Protein, ed. R. 1. Mateles
and S, R. Tannenbaum (Cambridge, MA: MIT Press, 1968).

*Adapted from D. G. Embree, *The Population Dynamics of the Winter Moth in Nova Scotia, 1934-1962,
Mentoirs of the Entomological Society of Canada, no. 46 (1965).

*R. W. Stacy et al., Essenials of Biological and Medical Phivsics (New York: McGraw-Hill, 1935),
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@ EXAMPLE 7 An Integral Involving — du Problems 14.4
: u

Find C(2x3 4+ 3x) dx In Problens 1-80, find the indefinite imtegrals. ) '
J e 43x? +7' 1 /(v+5)7 dx e /(L""“ +2¢")dy 46 /4-’ F1dy
Solution: If u = x* +3x* + 7, th?n dir = (43 + 6x) dx, which is two times the
i = 4 . Sy ] P - oy ]
numerator giving (2x* + 3x) dx = —. To apply Equation (3), we write = / 1500 +2)"dx 7 /(S" F10)(7 = 20 —5v)° dx
/' 24 4+ 3y / ol B 3. f 2x(x 4 3)% dy 48, /‘2\;(3"\ dy ™ / 242 "
J ¥ +3 1+7 = -2 o ’ - e ®
4 [at + 100 + 507 +6)dl 0. /w‘ +2e7% — gy s, /&—4_ .
—§1T1|“1+C )dx 3—2;,-+451d“
1 - 3, /‘(w2 + 6007 + 337 + 1)y 52. /6f" i
5In|1 +32+7N+C (Rewrite i in terms of x.) : L D+ 2+ 1) dr
1 ’ 0. /(15r~~—6r+1)(5: — 347 53. /L(2_1 A=
=3 In(x* + 3"+ +C (vt 43" +7 >0 forally) Bl 51
3
7. —dx 4 54, S
NOW WORK PROBLEM 51 @@ /(-’—“w 1} % / (3_——4.2_ 7y B+ w” =2) (6w — w’ — dw®) = g
- 9 [\/lr—lr!.r 10. / 55, /—(.‘Zk% Y — 1610 gy
@® EXAMPLE 8 An Integral Involving Two Forms : : b
‘ 1 1 't / (Tx = 6)* dx 12. . 56, | 20— m-tene?
Find / ((1 el ]) dw. A7) ds © JFOCEET e S /(2-1‘3 + 00 4 )
—w w — :
; 13, 5t — M .
Solution: [ R 14, 1 +2+2dx 8. / (™) dx 59. / 7y —
i " );
*15, f4\ (27 + )13 4y i o
+a)! 16. (4 —5x)" dx 60, ; (" —e ™) dx 61. /'\'(2.L'+ et Hart=4 4.

i X . 7 -
= 1— —=d e
./((1—w)3+w—1>dw ./( ) ”’*./w-l‘“‘"

=-1 /(1 — w) 2 —dw] + / ! dw
w—1

17. / 3™ dy 18. /
19, /(21 + e gy 20, / el dw 64.

5eMH d 62. '/‘(”3 — ue™3y iy 63. /.r\/mdx

e iy 65. / (\/f exped dx

The first integral has the form [« dit, and the second has the form / dv. Thus, : . g
L. f xe™ g v 4 e .
. ; 22, [ vie™ gy 66 / 8% - :
1 1 ], e 1 A s Jd— dx # 2 e R
/ ( =+ ) dw = e w) +Inlw-1+C . J et 67. /(-l + 1)~ dx
(1-wy? w-1 = B [ de= gy 24 6 g '
=—4+Injw-1|+C R 2% +5
1—w ———m 2% 120= 4+ dy -2 : .
X+35 2 =l 69 X A
N ] Joor a2 . 211 T = = | dx
| s JLE1 12
i dx 28, / 6x*—6r 3 ;
For your convenience, we list in Table 14.2 the basic integration formulas SO 1 1 B2 s 70. f — *ITJ e
discussed. We assume that « is a function of x. IS ), j . i 3 i x—122
r @) ¢ 0. / SR, I 2
- 3 ] Go=iy el N ror il Gl U ICS .rﬁ)-“J dx
TABLE 14.2 Basic Integration Formulas -l‘ [I dx 1 3 72 I _
o e dy - f T+ 5)dr 73. / [\/3T+—l— ,’_‘:} dx
1. fkdu =ku+C k a constant 1 _[‘i‘ T 5,2 _ , . x=+3
P45 ! 34. / = 3 dx 74. / [ _;‘ NN dx
= s ' / 5 3= 4y JoB3r4+5 (B4 nF |
2 lu = c —1 & 4 g
/ B T e iz, ISTis 36. / ——jf dr 75. e dx 5
: J 57 —6 J &Y 76. / (€® —3)dx
3. [«wlu =Inu+C 10 '/‘[S;a'.r 1 1.4 g2x
wiH : 38. pramvall A3 77. / % el 2 /1
b / X . (3x) : dex . 78. —_} = + 9t
i / S TS T A i el 79, [ X+
: ¥ 1-3x . In(x* 4+ 2xv)dx 80, /\/_e Bt
= 23yt o - i
5. / kf(x)dx =k f flx)dx  kaconstan ) 42. f 2V 2x = ldx In Problems 81-84, find y subject to the given conditions;
Ue=2v'4| i / % [ 81, y=(3- 2x)%: ¥ =1
. T (1Y ’ -+
J V2719 82. y =m; yil)y=0

0. /[f(x):i:g(.t)]d.r: /f(.\') dx £ /g(-r)fi-‘:




