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ABSTRACT: We derive consistent and asymptotically normal estimators for the drift and volatility
parameters of the stochastic heat equation driven by an additive space-only white noise
when the solution is sampled discretely in the physical domain. We consider both the full
space and the bounded domain. We establish the exact spatial regularity of the solution,
which in turn, using power-variation arguments, allows building the desired estimators.
We show that naive approximations of the derivatives appearing in the power-variation
based estimators may create nontrivial biases, which we compute explicitly. The proofs
are rooted in Malliavin-Stein’s method.
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1 Introduction

It is well recognized by now that stochastic partial differential equations (SPDEs) serve as a key
modeling tool in various applied disciplines, and we refer the reader to the classical monographs
[Roz90, DPZ14, LR18], and also to the textbooks [Cho07, Hai09, LR17], for an in depth discussion
of the theory of SPDEs and their numerous applications. As with any stochastic model, statistical
analysis of SPDEs driven models is of fundamental practical importance, and it has been inves-
tigated in numerous works; cf. the survey paper [Cial8]. The existing literature on statistical
inference for SPDEs usually deals with space-time noise. In [CKL20], the authors make the first
attempt to study inverse problems for stochastic evolution equations driven by space-only noise,
and the present paper contributes, in particular, to the efforts initiated therein. Specifically, we
consider the one-dimensional stochastic heat equation driven by an additive space-only noise

) = g28ED 4 oW (z), t>0, 2€GCR

(1.1)
u(0,z) =0, z €@,

where 8 > 0, 0 € R, and W(w) is a space-only Gaussian white noise on a complete probability space
(Q,.Z,P). That is, W is a Gaussian process on G with mean zero and covariance E [W(x)W(y)] =
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d(x —y), for every z,y € G, and where § is the Dirac-delta function. The main goal of this paper
is to estimate the drift coefficient # or the diffusion (volatility) parameter o, based on discrete
observations of the solution wu.

In [CKL20, Section 3], statistical analysis of (1.1) was performed within the so-called spectral
approach, when the observations are performed in the Fourier space and discretely in time. It was
proved that the parameter 6 can be determined exactly by knowing the value of just one Fourier
coefficient of the solution w at three time points. Finding the drift coefficient exactly without any
statistical analysis is an unusual feature, and it is due to the singular nature of the statistical
experiment at hand, which in turn in this case was due to the special space-only structure of the
noise. Similar effect was noticed in [CL09] for equations driven by time-only noise. On the other
hand, within the spectral approach to (1.1), the parameter ¢ can only be estimated consistently
by observing a larger number of Fourier coefficients of u, although only at two time points. While
these are indeed remarkable properties, we emphasize that usually, the observer would measure
the solution w itself, rather than its Fourier coefficients. Moreover, to find or approximate even
one Fourier coefficient of u one has to use the values of u on the whole space G rather than some
local space-time values; see [CDVK20] for more details on approximating the maximum likelihood
estimators obtained by spectral approach.

The parameter estimation problem for SPDEs when the solution is discretely sampled in space
and/or time component was addressed systematically only recently by quite different methods; cf.
[CH20, BT20, BT19, Cho20, CDVK20, Chol9, KU21, KT19] and references therein. We follow
the p-variation approach of [CH20], which exploits the optimal regularity of the solution combined
with the power variation calculus to build consistent and asymptotically normal estimators of the
unknown parameters; see also [PT07, 2719, KT19, CKP21].

The main contributions of this paper can be summarized as follows. First, in Section 2, we
study the regularity properties of the solution u to (1.1) on the whole space G = R, and prove that
Ogu(t, x) =: uy(t, =) is Holder continuous, with exponent almost 1/4 in ¢, and almost 1/2 in z. The
case of a bounded domain G was investigated in [KL17]. Second, assuming that the derivative
Uz (t, ) is sampled at a uniform space grid a = 29 < ;1 < --- < zny = b, and M time points, using
the quadratic variation of u, in x € [a, b], we derive estimators for # and o. In Section 3.1 we prove
consistency and asymptotic normality as the number of spatial points increases, N — oo. The case
M =1 and G = (0,7) was discussed in [CKL20]. Third, and more importantly, in Section 3.2,
we show that naively substituting wu, by its finite-difference approximations in the aforementioned
estimators introduces a (nontrivial) bias. We compute explicitly this bias, and prove that the
corresponding estimators based on the discrete sampling of the solution u in physical domain are
also consistent and asymptotically normal as the spatial sample size increases. We argue that
this methodology to construct consistent estimators can be used to study parameters estimation
problems for SPDEs driven by colored noises, and we refer to the recent work [CKP21] that treats
semi-linear SPDEs. Fourth, we treat both, bounded and unbounded domains G € R. Interestingly,
the constructed estimators are the same for bounded and unbounded domains. We note that the
spectral approach in principle cannot be applied to the unbounded domain case.

The methods of proof of statistical properties of the proposed estimators are rooted in Malliavin
calculus and Stein’s method, combined with tight control of the covariance structures of the relevant
spatial increments of the solution. The theoretical results are illustrated via numerical experiments
in Section 4. Some concluding remarks are made in Section 5. For reader’s convenience, technical
and lengthy proofs are deferred to appendix.
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2 Analytical properties of the solution

In this section we will derive some fine regularity properties of the solution of (1.1). These prop-
erties, besides being of independent interest, will be also conveniently used in Section 3 to derive
estimators for the unknown parameters 6 and o.

We will consider two cases for the domain G: (a) the whole space, namely G = R; (b) the
bounded domain G = (0, 7) for which we endow equation (1.1) with Dirichlet boundary conditions

oW (z)
oz

, where W is a

u(t,0) = u(t,7) = 0, t > 0. Formally, when G = R, one can write W (x) =

two-sided Brownian motion.
We define a mild solution of (1.1) as

ta:—a//P —s,z,y)dW(y)ds, (2.1)
where P is the fundamental solution of the corresponding deterministic heat equation. That is
(a) P(t,z,y) = P(t,x —y) = (4n6t) "1/ 2e—lo—vl*/40t if G = R,
2 o
(b) P(t,z,y) :== PP(t,r,y) = = Z —k261 sin(kz) sin(ky), if G = (0, 7) with Dirichlet boundary
k=1

:]

conditions.

One can show that u is a well-defined Gaussian field; we refer to [Khol4, Chapter 3] for G = R,
and [KL17, Chapter 5] when G = (0, 7). As mentioned in [KL17] all analytical properties of the
solution v remain true when G = (0, ) with Neumann boundary conditions.

For 0 < a < 1, we will denote by C$™(G) the space of Holder continuous functions on G in
variable x and with any Hélder exponent 0 < § < «. Similarly, by Cg(cHa)*(G) we denote the space
of differentiable functions f on G such that 0, f =: f, € C¢~(G). In what follows, for two sequences
of numbers {a,} and {b,}, we will write a, ~ by, if there exists a number 0 < ¢ < oo such that
limy, 00 @n /by, = c. Respectively, a,, ~ by, if limy, o0 apn /by = 1.

Let us focus on the case G = R. First we note that the solution u is infinitely differentiable in
t > 0, and it is easy to show that

/875” i —y)dW(y), P—as, neN.

The regularity properties of u in the spatial component x are more delicate. Towards this end,
we fix a,b € R such that a > 0 and b > 0 (or @ > 0 and b > 0), and denote by Ay, for some h > 0,
the difference quotient operator (acting on the spatial component) of the form

f(t,z 4+ ah) — f(t,x — bh)
(a+b)h ’

Apf(t,x):= t>0, xR, (2.2)

which should be viewed as an approximation of f,(¢,z). For the sake of simplicity of writing we
will suppress the dependence of Ay on a,b, while keeping in mind this dependence which will be
important in the next section. We will also make use of the notation

t
v(t, ) ::U/ /Pm(s,:z—y)dW(y)ds, t>0, zeR.
0o Jr

We start with a key technical result that will be used throughout.
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Lemma 2.1. Let t,t' > 0 and xz,y € R. Then,

(z—y)?

2e 40(s1+s2)

/ o?
EAnu(t,2) Anu (¢'y) = 2m(a+b)2h2/o /0 (m

_ (@=y+(att)m)? _ (z—y—(a+b)h)?
e 40(s1+s9) e 40(s1+s9) ) d d (2 3)
_ _ s1 dssg, .
V81 + So \/81‘1‘82 1ee2
b2h2
49(51+52) be 40(s1+s2)

EAyu (t,z) v (¢, / / ac 4 ds;dss, (24
nu a:)v( 1:) 4f93/2 a+b) 51—|—32 )3/2 (81 + 59)3/2 5152 (2.4)

t e 49(‘1-&-92) (gj — y)2
Eo (t t 1-— dsq dss. 2.5
(t,x)v ( y 4\F93/2/ / (s1+ s2) 3/2 ( 29(81+82)) $1d52 (2.5)
Proof. The proof is deferred to Appendix A. O

Theorem 2.2. For each t > 0, the function u(t, -) is P—a.s. differentiable, and its derivative is

given by
«(t, ) —a// y)dW (y) ds. (2.6)

Moreover, ug(t,z) € 0;44_’1/2_([0,T] x R).
Proof. To prove (2.6), we will show that, for any ¢t > 0 and = € R,

,111_% [Apu(t,z) —v(t,z)] =0, P—as. (2.7)

From Lemma 2.1, we have E |Aju(t, 2) — v(t,z)|* = A; 4+ 245 4+ A3, where Ay, Ay and A3 are the
right hand sides of (2.3), (2.4) and (2.5) with ¢t = ¢’ and 2 = y respectively. Applying Lemma A.1
to A1, Ay and As, we get

2 2,2 2,2
Ay :3\/(7(40 e ((275)3/2 (1 — e ) 32 (1_6—“2?th>>
m(a +

2 (a 2 att)2h2
4o <(2t)1/2 8b9)th 932, _laxb?n >

ENCTE
80t 40t
2(a + b)h02 @ib)?h? 355 _1 (atb)2n2 32 1
W s e sds— s e sds
T 460t
(a+b)2h2 0

b h P 2 2 P 2 2
+ (a2_|\_/»920- /( +b) " /( +b) " 31 +82) 5/26 s1+32 dSl dSQ,
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A o?(2t)!/2 e e 20%1/2 e il
= 80t 80t _—_— 460t 40t
> =m0+ 0) ( I ) VA0 (a + b) < I )
a2h02 %9}52 1 450;2 1
- @ -3/2 —= e —3/2 -1
s e sds s e sds
2\/70?(a +b) /ﬁgﬁt /0 ]
a2h2
b2ho? 2212 3 1 2212 1
_ —3/2 ~5ds — -3/2 -5d
_— s e s s e s
2ﬁ92(a +b) /3912 /0
i 1
(s1+ s2) 5/26_51+52 dsy dss
4\F 92 +b) / /
bzho‘ thQ 40t2
b b 5/2," 55, dsi d
 4ym02(a+b) Jo 0 (514 52) e 17 dey day,
and 2 )
Ay = (202 1 27 _q1/2

93/2\/‘

Combining the above, and taking into account that
[e.e] o0 oo _ 1
/ 57327V ds =/, / / (51 + 59) %% 142 dsy dsy = /7,
0 o Jo

we get at once that
_ ElApu(t,z) —o(t,2)]*  (a? — ab + b?)o>
lim =
h—0 h 3(a+b)0?
Note that a® — ab 4 b?> > 0, and thus, for small h > 0, we have that

E|Apu(t,z) — v(t,z)|> < Ch, for some C := C(0,0,a,b) >0

Hence, (2.7) follows by Kolmogorov’s continuity theorem, and thus (2.6) is proved.
Using (2.6) and by applying Lemma 2.1, for ¢,h > 0 and = € R, we have

—e 49 51+52)

E|ug(t,z + h) — ug(t,2)|* = 93/2f/ / (5145232

// e 49(s1+52> Lo d
§1 482
95/2f (1t 5202
1
e 49 (s1+s2)

) t/h?  pt/h?
< €
Cih / / 81 n 82 3/2+ dsy dsg + Coh / / 51 n 82 5/2 dsy dso

< Cs3h*,

for some constants C7,C3,C5 > 0 and 0 < ¢ < 1/2. By Kolmogorov’s continuity theorem, we
-) has a continuous modification that is Hoélder continuous with any exponent

d51 d52

conclude that wu,(t,

a<1/2.
On the other hand, for each z € R, and 0 < s <t such that |t — s| < 1, we have

52 t gt
Elug(t, x) — ug(s,z)|> = W/ / (r1 4 r2) "3/ dry dry

o2 [—(2t)1/2+ (t—l—s)l/2+ (t+8)1/2 B (25)1/2

- JT032

<Ot — s|V2.



6 CIALENCO AND KIM

Again, in view of Kolmogorov’s continuity theorem wu,(-, ) has a continuous modification that is
Holder continuous with exponent aw < 1/4 on [0, 7], for any 7" > 0. The proof is complete. O

The case of bounded domain was studied in [KL17], where the authors showed that Theorem 2.2
holds true for G = (0, 7) and Dirichlet or Neumann boundary conditions. As we will show in the
next section, the space regularity of wu,(¢,x) is optimal - a fact critically used in deriving the
estimators for 6 and o.

3 Statistical analysis

In this section we will derive consistent and asymptotically normal estimators for the parameters
0 and o, assuming discrete sampling of the solution in spatial component (or spatial and time
components). Unless otherwise mentioned, we take G = R.

Consider the uniform partition {z; := A+ (B — A)i/N, i =0,..., N} of the interval [A, B] C R.
We recall that the quadratic variation! of process X on [A, B], is defined as

N
V(X;[A, B]) = ]\}gnooz X (z;) — X(2-1)|?, P—as.
i=1

3.1 Discrete observations of u,

In view of Theorem 2.2, u,(t,-) € C;/2_(R), for any ¢ > 0, and thus one would expect that the
quadratic variation of u(t,-) on any finite interval [A, B] C R, is finite (P-a.s. or in probability).
Indeed, using (2.6), applying integration by parts combined with some simple properties of the heat
kernel, we deduce

t ¢
ug(t,z) = —a/ /chy(t—s,x—y)W(y) dyds:a/ /Pm(t—s,a:—y)W(y) dyds
0 JR 0 JR
o [t o [!
:/ /Pt(t—s,a:—y)W(y)dyds=—/ /Ps(t—s,x—y)W(y)dyds
0 Jo Jr 0 Jo Jr
o t o v
:—// Ps(t—s,ar—y)dsW(y)dy:—/ lim/ Py(t — s,z —y)W(y)dsdy,
0 R Jo 0 RY—tJo

which consequently implies that

ug(t, z) = —% /Rtl/lglt (P(t—t,z—y)W(y))dy+ % /RP(t,x —y)W(y)dy (3.1)
= —%W(x) + Z/RP(t, x—y)W(y)dy. (3.2)

Note that [p P(t,z —y)W (y) dy is infinitely differentiable in z, and thus in view of [CH20, Propo-
sition 2.1], we have, for any fixed t > 0,

0.2

14 (Uz(t7 '); [Av B]) = 02

(B—A), P-—as. (3.3)

forany A,Be R, A< B.

'For convenience, we consider the quadratic variation only with respect to uniform partitions.



PARAMETER ESTIMATION FOR SHE 7

Remark 3.1. Note that the representation (3.2) implies that the Holder continuity 3/2— of u(t,-)
given by Theorem 2.2 is optimal.

As a direct consequence of (3.3), similarly to the method proposed in [CH20], for any fixed
t > 0, we consider the following estimators for 2, assuming o is known, and correspondingly, for

0% assuming that 6 is known,
0_J2V = UQ(B — A> 5-]2\/ . 92 ZZ 1 (uﬂ?(t xl) - ul‘(t7 .’132'_1))2
Sy (e (b, w5) — gt wim1))? B-A

Consistency and asymptotic normality, as N — oo, are readily available due to [CH20, Example 2.1].
By extension, assuming that (¢, z;) is also sampled at some discrete time points, say 0 < t; <
- <ty =T, for some fixed T' > 0 and M € N, we consider the estimators

2
/0\2 — o*(B—A)M 7 3.4
o Z;'\il SN (ua(ty, @) — ug(ty, zio1))? (34
92 ]\{ J\i Ugp\Ujy Tj) — Ug(Lj, Tj— 2
G = E:FJEDLJEE;?fDRI (s i-1) : (3.5)

which can be viewed as ‘time-average’ counterparts of 512\,, and 6]2\[. Strong consistency of @\]2\, M
and 53 57, as N — oo, follow trivially from the strong consistency of 512\, and 5%. On the other
hand, the proof of asymptotic normality is more delicate and technically involved. We use elements
of Malliavin calculus and Stein’s method to prove asymptotic normality of é?v v and 3]2\, Mo as
N — 00, which is performed over the course of several technical results listed bel(’)w, while most of
the proofs are postponed to Appendix A.2.

In what follows, we will denote by Y as the space-time sampling grid, namely

TN,M:{(tk,ﬂfi) |0<7f1<"'<tM:T, A=xg <z <---<zxNy=DB,
Tj+1l — L5 = T1 — X0, j:1,...,N—1},

for some fixed T' > 0, A, B € R. In addition, we set 7 := o2 /(6%/2\/x).

Proposition 3.2. For everyt >0, x € R and a < 1, we have

_ B-A 2 02(B—A)
A}floo]\fa NE |u, (t,m—l— N )—ux(t,x) g =0.
In particular,
, B-A > oX(B-A
A}gnOONE Uy (t,x—i— ~ > — uy (t, ) :(02).
Proof. The proof is deferred to Appendix A.2. O

We next investigate the limit distribution of the centered and averaged spatial quadratic vari-
ation of u, defined as

N . . 2 M
Owar = 1 ZZ[ ug (i, i) — ug(ty, xi—1)) i ] B %ZZ [EUtj,xz _1]7

j=11i=1 uz(tj,:c,) ux(tjvxi—l)) j=1i=1 tjaxz)
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where U(t, ;) := (ug(t, 2;) — ug(t,z;_1))*. In view of Proposition 3.2, E[U(t, x;)] is independent of
i, and for simplicity we will write EU (t,x;) = EU (¢ ( )
Note that for any j=1,...,M and k =1,.

Up(tj, Tk) — Uz (tj, xp—1) = / dug(t,- / / Vg 1w ()0 (t — t5) dus(t, y) (3.6)
T

is centered and stationary Gaussian.
Let us denote by H the canonical Hilbert space associated to the Gaussian sequence with unit

t; — t; _
variance {ux( 5> ) Ux(l/gfﬁk 1), j=1,...,M, k= 1,...,N} [NP12, Proposition 7.2.3].
(EU(tj)) M.NeN

By the product formula [NP12, Theorem 2.7.7] or [Nua06, Propositié)n 1.1.3] for multiple stochastic
integrals, we rewrite Qn s as

Qo = 2; 2 (g L), (3.7)
7 7

where Lt@l’“"t” is the n—th multiple stochastic integral with n < M, N:
Iootn(f) == / / Fyi, - yn)d(s1 —t1) - - 0(sn — tn) dug(s1,y1) - - - dug(Sn, n)
n 0700)77,

& f(yla s 7yn) dulﬂ(tlayl) T dum(tn7yn)7

for a symmetric function f and ® denoting the tensor product. Accordingly, using the isometry
for multiple integrals, we obtain

B = o Yo SR (122, )i (122 )]

k4=11,j=1
9 M 1 N
~ M = EU (t)EU (t¢) 4]'221 [E (ua(te, ) — ua (b, ©io1)) (uz(te, z5) — um(téal'jfl))]2
2 & s 2
=) (BUtR) > [ (et 1) — e (tp, 2i1)) (ua(te, 23) — e (te, zi1)) |
k=1 i=1
4 1 N
ME = EU (t)EU (t;) ; [E (e (tr, ) — o (b, wim1)) (g (te, 25) — ua(te, xi_l))]z
M
+ % (EU (tx)) Z (g (th, 2i) — e (tr, Tio1)) (ua(t, z5) — Ux(tk,xj,l))]z

k=1 i>7

+ % Z (EU(tk)EU(U))il Z [E (u$(tk, .T}Z) - ’U,m(tk, xi_l)) (uz(tg, ij) — ux(tg, acj_l))]Q

>k i>j
=:Qp+ Q1+ Q2+ Qnp.
By construction, clearly the ‘diagonal term’ p is equal to 2N/M. For @1, we see that
lim —QCl =2- 1 (3.8)

N—ooo N M
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This follows from the fact that
[E (ux(tk, .732) — ux(tk, xi_l)) (uz(tg, JIZ) - uz(tg, $i—1))]2 ~ EU(tk)EU(tZ) as N — oo.

To deal with the second cross term @ and the non-diagonal term @ xp, we compute explicitly (in
Appendix A.2) the expectations in inner sums, that consequently lead to the following representa-
tions

4 M N-1
QQ:WZ EU tk QZ —1 CI’N’L tk,tk) (3.9)
k=1 i=1
N-1
Qnp = Z (U (t1)EU () ™ S (N = D)@ (i, t, ta), (3.10)
>k =1
where the function ® is defined in (A.5).
Proposition 3.3. The following limits hold true:
lim —@Q2 =0, 3.11
Ngnoo NQ2 ( )
1
lim — = 12
Ngnoo NQND 07 (3 )
1
lim —EQ% y = 2- 1
Ngnoo N QN,M (3 3)

Proof. We note that for any x, ¢, ¢, co > 0, we have

800(07 x) - 82900(07 x) = ¢(C1,Cz)(07 .’I,') - 8Z¢(Cl,62)(07 x) = 07

where ¢, and ¢, ,) are defined in (A.3) and (A.4). Moreover, for z > 2 > 0, small z and ¢; > ¢y,
there exists a constant C' > 0, such that

2

loe(z,2)| < C2> (62(56 + 2)2 + c) e clz=2) ,
C 1 _(@—2)2

— 22 <(x + 2)? + 1) e (3.14)

N 2

which can be obtained, for example, by considering Taylor expansion of ¢, and ¢, ,) in z with

the remainder of order two. Therefore, for each it =1,2,...,N —l and k,£=1,2,..., M, we get

}QS(CLCQ)(Z?:E)’ <

: C (i +1)?
P < 1). 1
‘ N(Za 72 tk)‘ = \/ENQ ( thQ + ) (3 5)

Hence, by (3.9) and (3.10), we get that Q2/N < C/N — 0 and Qnp/N < C/N — 0, as N — oo,
and thus (3.11) and (3.12) are proved. Using them, and recalling that EQ%, ,, = Qp + Q1 + Q2 +
QnD, we get (3.13). This completes the proof. O

For convenience, we define the normalized version of Qn, s as

1
Anm =1/ ﬁQN,M-

Now, we are ready to study the asymptotic normality of Qx s by studying the total variation
distance between Qn s and a standard Gaussian random variable.
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Theorem 3.4. For each N, M > 1, there exists a positive constant C' such that

dry (Qnar, N(0,1)) <
where dpy denotes the total variation distance and N'(0,1) is a standard Gaussian random variable.

Proof. The detailed proof is deferred to Appendix A.2. O

Finally, we present the main result of this section.
Theorem 3.5. Assume that u(t,x) is observed at the grid points Ynar. Then:
(i) given that o is known,?

lim 6%, =6% P—as., (3.16)
N—oo ’

w-lim VN (%,M - 92) = N (0,20%). (3.17)

N—oo

(ii) similarly, given that 0 is known,

lim 6%, =0 P-as, (3.18)
N—o0
w- lim VN ((T]QV’M —0%) =N (0,20%). (3.19)

N—oo

Proof. Strong consistency (3.16) and (3.18) are already proved. Next we will prove (3.19) - asymp-
totic normality of 3]2\, - Aiming to connect Qn ps with 3]2\, s We rewrite Qn s as

T 2
QNM — MFZZ [ z tj’ l) x(tja 1)))2 _ 1]

j=1i=1 (ux(tj,xz)—ux(t],xz 1)

1 ( i= 1(u$(tj,xz) “z(tjaxi—l))z) - @
T MV2 = VNE (uq(tj, @1) — s (tj, 70))?
@ — NE (uq(tj, ) — Uz(tjal'ifl)f
VNE (ug(t;, 1) — ua(t;, 70))?

Then, from Proposition 3.2, we have

M N
a.s. \/N(92 Z Z (um(tj’xi) _ ux(tj,l‘ifl))2 _ w

ON M ~ 2
M\202(B — A) e 0

VN6 M 2B A)
M\fa(B AZ[

- NE (ua(ty.00) ~ ualty i) a5 N o
j=1

Equivalently, as N — oo,

s | N
QN,M aij ﬁ (J]2V7M — 02)

V6?2 M [62(B - A)
" M+/20%(B — A) ; [ 02

— NE (ug(tj, z;) — ug(t), xil))ﬂ .

2wdim stands for convergence in distribution of random variables.
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By Proposition 3.2 again, we have

2(B—A
VN 0(92) — NE (ug (t, ;) — ug(t, 25-1))*| — 0, as N — occ.

Moreover, Theorem 3.4 combined with Theorem A.3 implies that W—A}im On. = N(0,1). This,
—00

and using Slutsky’s theorem, implies (3.19). Finally, (3.17) follows by the Delta method and (3.19).
The proof is complete. ]

3.2 Discrete observations of u

While the estimators «972\, v and 3]2\, a have desirable statistical properties, they assume that the
observer measures the values of the derivative uy(t, ) which practically speaking is a questionable
assumption. As argued in [CKL20], for similar estimators involving spatial derivatives, it is natural
to replace uz(t;,2;) in (3.4) and (3.5) by a finite difference approximation of derivative such as
Apu(t;, z;), defined in (2.2). In particular, with h = (B — A)/N anda=1,b=0 (or a =0,b=1),
assuming the solution u is sampled discretely in the physical space-time domain Y 37, we can
consider the following estimators

< o?M (B — A)3

OXnr = i =N ( ) 5 (3.20)
N2ty > oin (ulty, mivr) — 2u(ty, zi) + ulty, vi-1))

L NS (u(ty wig) — 2ty @) + ulty, i) s21)

UN,M'_ M(B—A)3 s .

where, for the convenience of writing, we use the same notation T n 3 to denote the time-space grid
Yy, from previous section that contains the additional points (¢, zn+1) = (tj, B+h). Since 0% 5,

and 6]2\,7 a are just approximations of [9?\,  and 8]2\,7 A it is tempting to argue that the consistency
and asymptotic normality will be preserved. However, as we prove below, since the finite difference
approximation of the derivative is done at the critical spatial regularity, namely wu(¢,x) is only
3/2— Holder continuous, 9]2\,  and 6]2\, s are no longer consistent, or asymptotic normal, unless a
multiplicative adjustment is made. This ‘bias’ was first noticed in the numerical experiments in
[CKL20]. Here, we formally derive an explicit value of this bias. In particular, we prove that the
correction constant depends on the finite difference used for approximations.

Towards this end, we fix T'> 0, M € N, v > 1, and assume that a,b from (2.2) are such that
a,be€[0,1], a+b> 0. We denote by T N, the space-time sampling grid of the form

TN,M = {(tk,yi)r(tkazi) |0<ty <<ty =T, xj41 —xj =1 — X0,
a(B — A) b(B — A)

Yj Z:$j+T7 Zj ::xj—T, ij,...,N}.

See the picture below corresponding to a time cross section of T N,M-
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When v =1 and a = 1,b = 0, we recover the uniform spatial grid, i.e. TN,M = Tn,m. We also
obtain a uniform grid when a +b = 1or a+b = 1/2 or a = b = 1, all being equal to T s
up to some spatial end points. Generally speaking T ~N,M is not necessarily a uniform grid, and if
v > 1, then, as N increases, the distance between grid points x;, z; (or y;, z;) decays faster than the
reciprocal of number of sampled points. The uniform sampling grid Y s is of the most practical
interest, while the proposed general sampling scheme is mostly of theoretical value that shows that
the design of the sampling scheme may chance the asymptotic properties of the estimators.
Consider the following estimators

~ o?M(B — A)
O ar = — 5, (3.22)
Zj:l Zi:l (A%U(tj, 931‘) - A%U(tj, $i71))
2
I (Asaulty,z) = Asaulty,zio) (3.23)
N,M * M(B — A) . )
In addition, we put
1 1
— ifv=1 b>1
a+b 3(a—|—b)2’ Iy ;a+ =
= 1—(“;)”)), ify=1a+b<1
1, if v > 1,

that will serve as the correction constant or it reciprocal. Note that with v =1, a =1,b =0, we
have G?V’M = é?\/,M and &J2V,M = 612\/,M7 and in this case p = 2/3. Moreover, u = 2/3, when v = 1,
and a+b=1or a+b=1/2, both corresponding to sampling the solution also at a uniform spatial
grid. On the other hand, when v =1 and a = b = 1, we get u = 5/12. Recall that these are the
only uniform spatial grids when v = 1.

Theorem 3.6. Assume that the solution u(t,x) is observed at the mesh points TN,M- In addition,
assume that a,b € [0,1], a+b >0 in (2.2). Then:

(i) given that o is known,

P— lim pf% ,, = 62, (3.24)
N—oo ’
w-lim VN (,@%M - 02) = N (0,26%) (3.25)
N—oo ’

where P—lim denotes the limit in probability.

(ii) given that 0 is known,

B A
P J\}eréo ;O‘N’M—O', (3.26)
1
-lim VN (=6} — 0% ) = 207). 2
w-lim (MJMM o ) N (0,20%) (3.27)

Proof. For every t > 0 and = € R, we have

]\}E)nooNE A%u(t,l'—i—(B—A)/N)—ABN;A/A’LL(t,:L') = ——", (3.28)
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with the detailed proof presented in Appendix A.2.4. Then, (3.24) and (3.26) follow at once.
Asymptotic normality of 9]2\,7 o and 5]2\,7 s Will be proved by a similar methods as in the proof of
Theorem 3.5, and for brevity of writing some steps will be shortened. Let

[/ N . N )2
U(t,z;) :== A%u(t,xz) ABT—’YA’U,(t, Ti—1)
~ 2
EU(t) =K (ABT—’YAU(t, x;) — ABT—’Y‘A'U/(t, xi_1)> .

Note that the right hand side of the last identity does not depend on i. Consequently, we put
~ t )
QNM = J —1].
Z Z £ (5

] 11¢=1
Analogous to (3.7), we define the canonical Hilbert space H associated to the Gaussian sequence

ABN—*{‘“(% Tr) — ABN;WI“U(tja Tp_1)
~ 1/2
(EO())

and by the product formula for multiple stochastic integrals, we write

éN:M - ZZ Wt] <1%? 1,701'})’

]17,1

M,NeN

where It is the n—th multiple stochastic integral with a symmetric function f:
Lrt(f) = | f(ynseesyn) dAs_au(ty, yi) - dAs_au(ty, yn).
Rn NY N7Y
Then, one can show that

_ ON  ~ -
EQ%V,M =7 T Q1+ Q2+ Qnp, (3.29)

where

N

~ 4 1
Q1= W g; m ZZ; [E (A%(tk; xz) - ABT*;‘(tka mi—l))
2
X (AL—A(tbxi) — Aw(mﬂci—ﬂ)] ,
M
kz (EU (tr)E ) - ; {E (ABN;,;W(%%) - A%U(tk,%—ﬁ)

2
X (AMU(tkafﬂj) - AWU(tk,ﬂﬁjﬁ)] ,

N7Y

Onp =13 3 (BUGED (1) 3 [IE (Ansultz) ~ Ar_au(tizi))

>k >]

N7Y

2
X (Aﬂu(tg,xj) — ABT_H;qu(tg,xjfl)) :| .
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Similar to ()1, one can show that

~ 4y M ~ o Nl ~
Q2= 2 (BUW)) ~ DoV =)@ (it 1) (3.30)
i . k=1 i i =1 y N i
Qnp =775 2 (EU@IET () D (N = )8 (i, o o), (3.31)
>k i=1

where

TON* OF (it te) — Fi + 1, te) — F(i — 1, 4, ty)
2a+ b)2(B — A\~ Wit = B B ) = H 0 L et )

tr e
F(’i,tk,tg) = / / (Sl + 52)_1/2
0 0

i2(B—A)2 (i+(a+b)N1ﬂ)2<BfA>2 (if(a+b>N1’“’)2(BfA>2

X 28_ 40N2(s1+s9) _ e 40N2(s1+s9) _ e_ 40N2(s1+s9) d81 dSQ,

(SN(Za l, té) =

fori=1,...,N—1and k,£=1,2,..., M. We also define the normalized quadratic variation

_ 1 ~
OnM =1/ WQN,M-

As proved in Appendix A.2.5, the following assertions hold true:

1 ~
lim —Q2=0 3.32
N @ =0 (352
1 ~
lim — =0 3.33
NI, v =0 (3.33)
N o
i = EQN v =2, (3.34)

and for each N, M > 1, there exists a constant C' > 0 such that

(3.35)

2|Q

dry (QN,M,N(O, 1)) <
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Using these, we continue

2
_ 1 M <Zi\;1 (ABT}Au(tj,xz) ABNVAu(tJ’wz 1)) ) _ %
OnM = Mﬂ;

2
\/NE (ABT_WAu(tj,xl) — ABT—’YA’LL(tj,xO)>

o?(B— 2
M # — NE (A%u(tj,l‘i) — Aﬂu(tj,:z:i,l))

N7

+
Mﬁ; \/NE (AB—AU(t]’,ﬂfl) —Aﬂu(tj,lfo))Z

I

e~ Vo ZZ(AB AU tj,xz)—Ai (tj, i 1)>2_]\/[,u<72(B—A)

2

MV2u0*(B — A) j=1i 0
VN§? M B A) )
M\fua (B—A) ; [ — NE (ABTf;lU(tj,l'i) - A%u(tj,xi_1)> ]

a.

i

12

I N [(1_
20( 12\7M_J2)

VNO? M B A
M\f,m(B A) Z[

2
) — NE (A B4 u(ty, ;) — AB]\;/A u(tj,xi_1)> :|
J=1

i>/\/(0,1), as N — oo,

which completes the proof of (3.27). Finally, (3.25) follows by the delta method.

3.3 The case of bounded domain

The statistical analysis of (1.1) on bounded domain and with Dirichlet boundary conditions was
initiated in [CKL20], which also served as a basis for this study. Generally speaking, all results on
estimation of § and o stated above for G = R remain true verbatim for Dirichlet boundary problems
on G = (0,m), despite substantial differences between the form of the fundamental solutions of
the heat equation P and PP. Formally, assume that the observed phenomena is governed by the
evolution equation (1.1), with G = (0, 7) and endowed with zero boundary conditions. Also assume
that the space grid points of T s and 'Y‘N,M belong to G.

Theorem 3.7. Assume that u, is observed on T ar. Then, the estimators %V,M’ 3]2V7M, defined by

(3.4), (3.5) satisfy (3.16)-(3.19). Similarly, if u is observed at grid-points 'YMM, then the estimators
0% a1 O ars defined by (3.22), (3.23) satisfy (3.24)-(3.27).

One of the advantages of the methods of proofs developed in this paper is that the main ideas,
up to some technical computations, work for both the unbounded and bounded domain. For the
sake of brevity we skip the (majority of) repetitive proofs of the auxiliary results, and focus on the
major steps of the second part.

First, we note that in view of (2.1) the mild solution « in this case can be written as

1— €7k20t
u(t, x) \/7 Z sin(kx)&, (3.36)

k>1



16 CIALENCO AND KIM

where {{x}ren is a sequence of independent and identically distributed standard normal random
variables. Without loss of generality, assume that B — A = 1. We will show that u satisfies (3.28).
As before, we let a,b € [0,1],a 4+ b > 0 in (2.2). Using the representation (3.36) and expanding

A L u(t, x), after some elementary, albeit tedious, computations, we write

—~ ~ ~ 1 ~ 1 b ~ 1 b
Al = 231(0) —2B; (> + By ( + (a+ ) + B; <N — (a]\_;l )> R

and

2
202 N2V (1 — 6_k29t)

= 202 1
m(a + b)20 = k

2
—k20t
. . g2 N2V (1 —e )
Ba(z) = Ba(N, t,z,2) := 7r(a+b)292; 1 cos (k (2z + 2)) .

Let

_ Z cos(kz) 5 Z e F0t cos(kz) n Z e~ k0t cos(kz)

2 2 2
k>1 k k>1 k E>1 k

, z€(0,m).

For each t > 0, x € R and NV € N, the Taylor series of El(z) at z = 0 of order three gives that

n 2#0'2]0/(0) . ’ _
Al_w as N — oo. SlnCGf(O)—T['/Q,

we achieve

, as N — o0, and by a similar argument 121\2 ~ T

2
po”

= (3.37)

lim NE’AIU <t,x+1> —A1u(t,:z:)’
N—oo N7 N N7
Thus, same as in Theorem 3.6, weak consistency of 512\,  and 5]2\,7 s follow immediately.

Next, using that E&i§y = lyp—py for any k,¢ > 1, combined with trigonometric identity
sinasin 8 = (cos(a — 3) — cos(a + 8))/2, we deduce the counterpart of (2.3) that for ¢,¢' > 0
and z,y € (0,7),

0.2

m(a + b)2h262
— F(t,t',x —y— (a+b)h) +2F(t,t,x+y+ (a—b)h)

EAhu(ta x)Ahu(t/7 y) = |:2ﬁ(t7 tla T — y) - F\(ta t/7 T—y+ (a + b)h)

— F(t,t',x+y+2ah) — F(t,t',x +y — 2bh)|,
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where
—k20t' )

ﬁ(t, thx) = Z (1- e_k20t)(1 —°

1
k>1 k

cos(kzx).

Same as in the proof of Theorem 3.6, we define @ ~N,M, and derive the decomposition (3.29). Let us
focus on the nondiagonal term )y p, which in this case can be represented as

Qnp = M2 Z (BT ()BT (1 ) Z@N i\t o),

1>7

- 2
where we recall that EU(t) := E (Aiu(t, x;) — Aiu(t,xi,l)) and where

(/ISN(iajatkatf) E<A

v W . o
B M " (t’“’tf’ 7) - oF (tkvtf’ % + (a]\;b)> —2F <tk,tg, % - (“J\;b)>
- 2F (tk7t672_jv+1> +F (tk,tg, l_jvﬂ (a]\;b)> L P <tk7t£7z’—]j\7+1 (aj\;b))
A A SR O T P
_4F <tk,te, i +J<{— L (aj\;b)> toF <tk7t27 % + iﬁy) +oF (tk,tg, % _ ;‘;)
+2F <tk,tg’i+:]<f—2 + (aj\;b)> _F (tk,tg,WJr;‘i) _F <tk,tz,i+i]_2 B ;bv)]

Using similar arguments in the proof of (3.37), we treat each term separately, and one can prove
that ‘@N(i,j,tk,tg)‘ < O/N?, for some constant C' > 0, independent of 4, j, tx,t,. The terms @1

and Q2 are treated similarly, and consequently (3.32)-(3.35) for this case are proved. The rest of
the proof coincides with that from Theorem 3.6.

4 Numerical experiments

We consider the equation (1.1) on the bounded domain G = (0, 7) with zero boundary conditions,
and with the following set of parameters: 8 = 0.1, 0 = 0.1, T = 1. We will focus on estimating o.
Recall that in this case the solution is given by (3.36), which we use for our numerical approxima-
tions of the solution at any space-time point. We take 30,000 Fourier coefficients or terms in the
series appearing in (3.36), and the space sampling domain being the uniform grid of G. We use two
finite difference approximation schemes in (3.23): (a) forward differences, by taking a = 1,b = 0, in
which case the estimator is 6]2\,7 s given by (3.21) and the multiplicative bias 1/p = 3/2; (b) central
differences, by taking a = b = 1, now with 1/u = 12/5 and the estimator 512V7M is given by (3.23).

In Figure 1 we display three sample paths of the \/3/726']\/7 w (left panel) and \/12/50 x5 ps (right
panel). On the horizontal axis N is equal to the number of points in the discretization of (0, 7).
Crossed marked lines correspond to the estimators that use the values of u only at one time instance
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t =0.2 (i.e. M = 1), while the stared lines depict the estimators that use data from M = 150 time
points, uniformly meshed between 0.2 and 1. The obtained results show that indeed \/12/50 x5 s
and m&M M are consistent estimators of o. This also shows that increasing M does not change
the overall behavior of the estimators. Similar results were obtained for oy s where the derivative
U, 18 used.

To validate the asymptotic normality of these estimators, we simulated 1,000 paths of the
solution u(t,x) at ¢ = 0.2 and on a spatial grid with N = 1,000 points. We compute y,; for each
path. The normalized density of ox 1 superposed on the theoretical limiting density is presented
in Figure 2 (left panel). The corresponding Q-Q plot is displayed in the right panel of the same
figure. Overall, the obtained results validate the asymptotic normality of the &y as. Similar results
were obtained for other estimators.

The numerical computations are performed using programming language Python. The source
code is available at https://github.com/cialenco/Stats4SPDEs-SHE.

Estimated value of o using u(t, x) Estimated value of o using u(t, x)
—— Trueo —— Trueo
1 —— \Zoua,t=02 onad —— 2 gy, t=02
0.110 —— \/%_éN,M —— @EN,M

0.114
0.105+4

/'

0.100 —

0.095

0.090 4

T T T T y T T T T T T T y T
200 400 600 800 1000 1200 1400 200 400 600 800 1000 1200 1400
N N

Figure 1: Three sample paths of \/3/26n m (left panel) and /12/50 Ny (right panel). Solid
vertical line corresponds to the true parameter ¢ = 0.1.

0.5 .
—— Theoretical pdf
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.44
0 51
0
o
=] 4
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=3
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@
0.2 g
. £ 1
wn
-2 4
0.1
-3 .
,/’ .
0.0

3 2 1 o 1 2 3 a 3 2 a1 o 1 2 3 a
Theoretical Quantiles
Figure 2: Left panel: empirical density function of the normalized estimator /2N U(i(}N,l —0)

(light gray) and the density of a standard Gaussian random variable (black curve). The corre-
sponding Q-Q plot is displayed in the right panel.
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5 Concluding remarks

In this work we further study the stochastic heat equation driven by space-only noise that was
initiated in [CKL20]. Due to the special structure of the noise, this model yields several interesting
statistical features, usually not seen in SPDEs driven by space-time noise. We showed that the
ratio /o can be estimated efficiently by measuring the solution in the physical space just at one
time instant. However, the average of such estimators computed at several time points does not
increase the quality of the estimation (the asymptotic variance does not decrease as M gets larger),
in contrast, for example, to the results from [CH20, BT20, BT19]. On the other hand, the singular
nature of the statistical problem when sampling at different time instances was noticed in [CKL20].
In particular it was proved that for the case of the bounded domain G = (0,7), the parameter 6
can be determined exactly by knowing one Fourier mode of the solution at two time points, without
assuming that o is known. Thus, for a fixed k¥ € N, and 0 < t; < to, we consider the following
estimator

G _ isy ulty, i) sin(k;)
SOV L ulty, x;) sin(k2x;)
where z;’s form a uniform partition of (0, 7). Using [CKL20, Theorem 3.2], it is easy to show that
67]1(; is a consistent estimator of Fy, 4, (k26), as N — oo, and where F, p(z) = (1 — e~%) /(1 — e~t%).
The rate of convergence of this estimator remains an open problem. Importantly from statistical
point of view, in this case the joint estimation of # and ¢ in the discrete sampling scheme can be
now disentangled, and first we estimate 6 fairly simple, and then estimate o by one of the methods
presented herein. Noticeable, it is not clear at this stage how this argument can be transferred to
the case of the full space G = R.

An important aspect of the obtained results is providing a pathway to statistical analysis of
stochastic processes with smooth paths. We showed that reducing smoothness by naive manipu-
lations of derivatives may lead to nontrivial biases. In the recent paper [CKP21], the core idea
developed in this manuscript was successfully applied, via some inductive steps, to semi-linear
SPDEs driven by an additive noise, colored in space (of any degree).

An important extension of the current work is to consider nonlinear counterparts of (1.1),
which will contribute to the limited literature (cf. [CGH11, PS20, CKP21, ACP20] and references
therein) on statistical inference for nonlinear SPDEs. The general line of attack is to use the same
estimators from the linear equation, and prove that the solution of the nonlilnear equation can be
represented as a smooth perturbation if its linear counterpart, hence preserving quadratic variation
type arguments in derivation of the estimators.

For simplicity, we assumed zero initial data, u(0,z) = 0, € G, but morally, due to the same
smooth perturbation arguments, the results remain true for any smooth initial data. This was also
confirmed through numerical experiments.
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A  Appendix

In this section we present the detailed proofs for most of the results in this paper, as well as some
needed technical results. For reader’s convenience, at the end of this section, we give some known
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results from Malliavin calculus. We start with a result from Section 2.

A.1 Proof of Lemma 2.1

Recall that fort >0, z € Rand h > 0

u(t,z) = a/ot/RP(s,x —y)dW(y)ds, and Apu(t,z) = U/Ot/RAhP(s,x —y)dW(y)ds.

Then, (2.3) follows immediately by Itd’s isometry and the semigroup property of P. As far as (2.5),
we compute

Ev(t,z)v (ty) = 0°E </t/ Py(s1,2 —2)dW (2) d51> </0t’ /RPz(SZay —2)dW(z) dsz)
492/ //<x§182 Z>P<81’x_z)P(32vy—Z)> dz dsy dsg

g _@=2? (y—2)?
:167r93/ /0 3/23/2/(37—2)(?;—2)6 w1 1 dzdsy dsy
S

4‘9(5 *s ) _sitsy (L (z—y)sy
T 16 93/ / : S 13/22 / (22 = (z —y)z) e P12 (-5 as dsy dss.
T

Using the mean and the variance of Gaussian random variables, we get

e 4@(51+$2) (az — y)2
Ev (t 1’) (t y 4[93/2/ / 81 +52 3/2 <1 29(51 —|—82)

Identity (2.4) is obtained by analogous evaluations:

EApu(t,z)v (f,2) = o’E (/Ot/RAhP(sl,x —y)dW (y) d51> (/Ot /RP;B(SQ,Q; —y)dW (y) d52>

o2 et T —y p b p L1 P dods. d
s | Py = P~y ) Ploae ) aydss s

o2 ot _@eytan? @y? _ @oybh)? (@-p?
= —m W (.f[f — y) e 4057 10s9 ¢ 4051 4059 dy dSl d82
0 59
e 49(51+52) _ s1+s2 (Z+ asgh )2
Z ce 102" sits2) dzdsy dso
87r6?2 a—i—b / / 1/2 3/2
e 40(51+52) _s1ts9 _ bsoh 2
8 92 +b / / 1/2 3/2 Z-e 40519 (z sl+32) dZdSldSQ
T CL
b2h2

e 49(91-&-92) d e 40(s1+s2) ds: d
dsy dss + ——5 ds1 dso.
4f93/2a+b / / (s1+s9)32 172 4f03/2a+b / / (s1+82)32 7

The proof is complete.

> d81 dSQ.
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A.2 Proofs of results from Section 3

Without loss of generality, in all technical proofs in this section, we will set A =0 and B = 1. That
is,0=x90<x1<---<zy=1and z; =i/N.

A.2.1 Proof of Proposition 3.2
By Lemma 2.1, fort >0,z € Rand N > 1,

<t, -+ ;) — ug(t, )

—e 49N2(51+52) d d e 49N2(51+52) d d
/ / (51 +s0)32 82+49N2/ / (51 + sz

Consequently, by Lemma A.1, we get

B) = —2V2tr (1 —e 8911V2t> + 4tr (1 — e_4ezlv2t)

2
Bl =K Uy

4tN20 - 8tN20
+ —— ——ds — —— ——ds. Al
VON /0 §3/2 VON Junzg $3/2 (A1)

_B .
Since 1 —e™ 32 ~ 3/N?, for B >0, as N — 0o, we continue

NB; — ~N7l as N — .
\f/ 33/2
Note that .
/0 23/; ds = /0 sTHY2e75ds = (1/2) = /7,

which implies that

0.2
lim N |NBy— —=| =0
N—oo 92

for any a < 1. This completes the proof.

A.2.2 Proof of identities (3.9) and (3.10)

As usual we denote by erf the error function

erf(x / v’ dy.
f

Step I. First we will prove that for a uniform partition {z; | i =0,...,N} C [0,1], and N € N, for
any ¢ >jand k,£=1,2,... M, we have

= E(ug (th, 1) — e (b, wim1)) (wa(te, 25) — g (te, 25-1))
1

1 i—j
= Vi (N N)J“T\F‘p (N N)
1 i—j\ 7/ 1 i—j
\/te+tk79049<twk) (N’ i >+2\/§¢(40t5,40tk) <N’ N >, (A.2)
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where, for ¢, ¢y, co,x,2 > 0,

ez, 1) = [26_“"’2 — emelata)? e_c(”"_z)ﬂ (A.3)

Blerom (2, 7) 1= 21 <erf <\/xa> +erf <\/%) — erf (i@) = 1>
(e +2) <erf <x\/¥) +erf <‘”\/g‘) ~ orf <
—(z—2) <erf <’5\/_az) +erf ("i/‘az) —erf <\/%> - 1> . (A.4)

Indeed, since for ¢ > j, we have

zi —aj = xio1 —xj-1 = (i —j)/N,
xi—l‘j_lz(i—j—{—l)/N, xi_l—xj:(z'—j—l)/N.

then, for ¢ > j, we obtain that

__G=p* __G—tn?
e 40NZ(s1+s2) . (i —j)? e 40NZ(s1+s3) . (i—j+1)2
2(s1 + 82)3/2 20N2(s1 + s2) 4(s1 + 52)3/2 20N2(s1 + s2)
2

1) tr
I:T/ /
0 0
(

i—j—1)

TAONZ(s1+59) — i —1)2
_6 e (1 (Z J )))]dSldSQ

A(s1 + 52)32 \© 20N2%(sy + s9
=: 14_11 + 14_12 + /_13.

Next we note that for ¢, ty, tg,x > 0, in view of Lemma A.1, we get

te ti cx? _ ca?
/ / ((31 + 82)73/26_”*‘?2 — 2c:c2(31 + 52)*5/26 51+S2> dsq dss
o Jo

cx? 2

cz? _ _ _cx
=dte Tt +4Vte Tk — Aty +te Ttk
+ 4v/cx (/t - 873/267% ds — /Cz s*S/Qe’i ds>
k 0

ca?

cz? _é _ cz?
=4dVtee te +4\/tre h — A\t +tre ik
+ 4+/emx (erf ( +erf| — ] —erf| —— | —-1].
Vit Vi Vi +
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From here, by direct computations, we obtain

(i=j) i)? ___G=g)?
Al—QT\Fe 40N2t, 1+ 27/t 1€ 49N2tk QT\/tg—l—tke 40N2(ty+ty,)

Vli = j)r i i i
VN (erf<wm) et (gt ) - (mmN) - 1) |

(i—j+1)? (i—j+1)? (i—j+1)?

/_12 - 1 /tge_ 4ONZt, _ /tke_ 46NZy, | \/te T tkT6_49N2(tg+tk)

VEi—j+ D7 erf<z_]+1)+erf(2_]+1>—erf i—j+1 1),
2\/§N 24/0ty N 20t N 2 H(tg + tk)N
(i—i—1)* (i—j—1)? (i—j—1)?

Ag — _T\/&e_ 46N%t, _ Tﬁe 40NZt, 1 \/tg T+ tpTe T4ONZ(tp+ty)
——ﬁ(z_‘]_l)T erf(z_‘]_1>+erf<l_‘]_l)—erf _imgzt -1].
2VON 20ty N 20t N 2/0(ty + tx) N

After combining the above, one gets (A.2).

Step 2. Let
O (i, by, ¢ N ! Vi . — Vi +tr o
N(Y’a 0y k:) =T 90 N N +7 SD N N £+ s049(1&g+tk) N7N
7'\/> 1
— A5
2\/* 49t4,49tk <N7 N> ) ( )

where ¢. and ¢, ,) are defined in (A.3) and (A.4). Then, substituting (A.2) directly into the
definitions of Q2 and Qnp, the identities (3.9) and (3.10) follow at once. The proof is complete.

A.2.3 Proof of Theorem 3.4

By (3.7), and taking into account that Qn s = \/m QN v, we deduce that Malliavin derivative
DO, is given by
M N
DOn M =

l[xz 1@1] 1[431 1,%5)"
=1 =1

Hence, by the product formula for multiple integrals, we deduce

M N
2 _

k=1 ij=1
x E (ug(th, ¥;) — ugp(te, ©i-1)) (uz(tg,l'j) — up(ty, 1))
92 M
—1/2 tr,t
~ M2N Z (EU(tx)EU (t0)) / Z L ( [2im1,2:] @ 1[$j717$j])
k=1 ij=1

% E (g (tr, i) — ua(th, i-1)) (ua(te, 25) — ua(te, zj-1)) + E[DQn a3
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Let
R = DOnumll3 — EIIDOnm I3
9 M N
~1/2 bt
= hw O (EUMEU (k) /237 pite (1[%7%} ® 1[%.71,%})

k4=1 i,j=1
X B (g (te, ©i) — ue(tp, Tiz1)) (ua(te, x5) — ue(te, xj-1)) .
Then, in view of the above and by Theorem A.2, we have
1/2
drv (Qna, N(0,1)) < C1 (ERR ) / ; (A.6)

for some C7 > 0. Thus, we finally compute

M N
ER% y = ﬁ j/;ﬁ_w;:l (BU (t)EU (t;:)EU (t )EU (t¢:)) ™"
x E (um(t ) — ux(ti/,xi_l)) (uz(tk: .Z'k) — ux(tk/ Tl— 1))
E (ux(ty, g (b, 25-1)) (ug(te, 20) — ug(tyr, 24-1))
(u:r(tz’axz) g (tir, xzfl))( (tj’> J) Uz ( t » Lj— 1)
E (ua(tr, o) — ua(ty, 25-1)) (ua(te, xe) — uz(te, xe-1)) -

Note that

8 -1
ERA v = 7113 ST Y (BU(t)EU(t))EU (t)EU (t41))
i',g' k' =145,k =1

X q)N (’Z - k“,ti/?tk/) (PN (|j — l|,tj/7tg/) <I>N (‘Z _.ﬂuti’atj’) <I>N (‘k - l|,tk/7tj/) .
Since, by (3.15), foralli =1,2,...,N and k, ¢/ =1,..., M,

Co (i +1)2
P (Z tk,tg) \/>N2< thQ +1 s

we immediately conclude that
C!
2 3
ERy < —5-

This, combined with (A.6) concludes the proof.

A.2.4 Proof of (3.28)
By Lemma 2.1, for t > 0, x € R and N > 1, we get

1
A%u <t,m+N> —Aﬁu(t,m)

o __ (atp)?
- 27‘1—7\2 / / s1+ s2) —1/2 ( —e 491\’27(51“2)) dsy dsa
(a

142
T9N2'y (a+b+ N7 1
(s1+89) /2 [ & #NTTGrts2) — ¢ 0NTG1ts0) | disy dsy

2
B2 =E

(a+0b)?
T9N2’Y (a+b—nN7—1)2 1
a n b 31 + 82 1/2 e 49N2'Y(sl+32) —e 49N2(51+52 dSl dSQ

=: A1 + A2 + Ag. (A7)
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We deal with each term in (A.7) by applying consequently Lemma A.1, and write
~  8TONZ _ (atb)? 167N _ (atb)? 8T _ (ap)?
A= —— (202 (1 —esonv | — ——— 32 (1 — e aonve | — 2t)1/ 2 son27
= 3 v ¢ ) = by S R ORI
16 (air)? 4 b 89tN2; 40tN2;
+ Jtl/%*m + 7(a+b) / (a+d) s 3/2p=1/s 45 _ (a+d) s 3/2-1/s 45
3 3VONY | Jaonzy 0
(a+b)2
( n b) 40tN2; 49tN2'27 )
TLQ (a+b) (a+b) —5/2 —3 d d A 3
+7\/§NV /0 ; (814 s2) 7 %e =1¥52 ds; dsg, (A.8)

- 2y atb)N1=7)2 2y atb)N1=7)2
Ay = 747-0]\] (2t)3/2 <e(l+( ;-0111% : —e 891b2t> — 787—0]\7 $3/2 (G(H( A : — 6491i72t>

ON2
3(a+b)? 3(a+0b)? o
1—v\2 pn72v—2 a 1—v,2 2v—2
i1+ (Q?I bij\;)g PN gpyi/2e= e §(TN+ b)2(2t)1/26_m
a a
1—v\2 p72v—2 - 2v—2
_87(L+(a+b)NT7)°NT tl/Qe_(1+(aZBbl)\7];3 7)? N 8rN=7 /2, o
3(a + b)? 3(a + b)?
2 2
2r(1+ (a+ BN | TGN §—3/2,-1/5 Jg _ e §3/2e71/5 45
3(a+ b)2VON3-2 464N 0

(1+(a+b)NT=7)2

9 86tN2 40tN?
+ T / 53271/ 45 — / s8¢ /5 4
3(a+b)2VON327 | Jagine 0

1—~n3 O1N2 40tN2 _
_ T(1+ (a+b)N'77) (1+(a+)NI=2 [ (14+(a+b)NI=7)2 (51 + 82)—5/2e*ﬁ dsy dso
2(a 4+ b)2VON3-2v  J, 0

- 40tN?  (40tN? .,
2t 02 aNT /0 /0 (314 52) 7% dsy d (A.9)
and
~ ATON?Y _(-(apNTHZ2 STON?Y _(=(asp)NtTm2
Az = 3(27_’_[))2(203/2 (6 80NZt —e 891{72t> — m 3/2 (e 10Nt —e 48;{2t>
47(1— (a+H)N'T7)2ND 2 Q-GN T2 4y NP2

(2t)1/26_ 8ON2¢

7(2t)1/26_80]{/2t
3(a + b)? 3(a + b)?
1—v\2 AT2v—2 —(a 1—7)2 2y=-2
_ 8Tl = (a FHNTTPNITR g _Ostesmpln? | BTN ol
3(a + b)? 3(a + b)?
1_~13 _ 8etNZ __ 40tN%
21— (a+D)N'T /u—www 321/ gy /u—www? /2 s g,
Bla+oVON2 el 0

9 80t N2 40tN?
+ T / s3/2e71/s 45 — / s73/2¢71/s 45
3(a +b)2VON3=27 | Jagen> 0

2 2
T |1 — (a + b)Nl_W‘?) (1—(aielf)lzvv1*7)2 (1_(af;f>]jv1w)2 52— 1
B 2(a + b)z\/gNzafzy (51 + s2) e s1ts2 dsydss
a 0 0

- 40tN?  40tN? .
+2(a+b)2\/§N3—zv/0 /0 (51 + 52) 7727715 dsy dsy. (A.10)
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Using the asymptotics
o e _L
(1 - e_ﬁ) ~aN2 (6_1\’2 —e N2) ~ (B —a)N72%
with 8 > «, and sufficiently large N, we continue

By =~ L [ 4T(a +b) / s8¢ s ds + 7—(OL—H))/ / (s1+ 82)_5/26_31;2 dsy d52:|
0 Vo Jo Jo

NY| 3/
1—~\3 00 _ 1—~|3 oo
s L [zt@ron) / 5326115 g 4 21— (@ N / 3267115 g
N3==7 (a+b)2\f 0 3(a +b)*V0 0
(1+(a+bN1“f 5/2 s
(a—l—bQ\[ 81—1—82 e 1+2d81d32
‘1— a+bN1 7‘ 5/2
(a+b2\[ / / (s1+ s2) e 1+2d51d82

4t —3/2_—1/s T / / —5/2 —T2—
o —— s e ds+ —— s1+s e s1ts2 dsydsy],
3(a+b)2\/§/o (a+b)2vV0Jo Jo (514 52) P

for large N. From here, using that

/ 5—3/26—1/5 ds = \/77- and / / (81 + 52)—5/26751i52 dsy dsg = ﬁa
0 0 0

the identity (3.28) follows.

A.2.5 Proof of (3.32)-(3.35)

Without loss of generality, for computational simplicity, we assume that a + b = 1. Using
Lemma A.1, split function F' defined in (3.31) as

F(i,tk,te) =: Fi(i,t, te) + Fo(i, tr, te) + F5(i, tr, te) + Fa(i, ty, te),

where
) 4 3/2 i <z+12v1 )2 (i— 12v1 )2
Fl(z,tk,tg) 3(tk _|_t£) 2¢ 4ONZ(tptt) — o A4ONZ(tptty) _ o 40NZ(tp+tp)
3/9 42 N2 _(G=N1T7)2
_ 7t / 2e 40NZt, _ o 40NZ4, o 40NZyy
3k
i2 (i+NL1=7)2 (i=N1=7)2
_ %t§/2 [26_491\7%4 —e -ZGNQtZ _ e a0N7y, ]
3
8i 2 4> N2 (i+N1=7)?
Fy(i, ty, t to )26 0Nty — 2NN ) g L V20T 30N ()
(it te) = 39N2( b+t sonz (kT
_ N1-7)\2 (i—N1—7)2 .
_ W(tk +tg)1/2€_49N2(tk+tZ) _ 3S§V2t]1g/2e 49N2tk
. 1— 2 i 1—+42 . 1 i 1—v4y2 .9 1.2
wt;{m T +wt1/2 v 8 112" TNz,
30N? 30N2 39N2 ¢

. _ i 1—~42 . _ i 1—vy2
4(i + N1 7)2t1/26—7( ZéVNQtZ) N 4(i — N1=7)2 t1/2 T e 4f,VN2,:;>
N2t 30N> ’
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4 40N2(;k+t£) 401y22tk
Fy(i, th,te) = =733 . 3/2,-1/s gg _ / §3/20-1/s 4
B032N3 | Jaonzi, 0
[ 40N2 () +1p) 46N 21, 7]
. 1—v\3 T v
2(2 + N ’y) N2 5—3/2@_1/8 ds — /(Z+N1 R 3_3/26_1/5 ds
3/2 N3 40N2t,
30 N2 0
[ 40N2(tp+tp) 46N?¢y, 7
- A71l—v)3 —— I T2
T 2(i —N77) (=NZ77) s 3/2p=1/5 45 _ (G=N=27T) s 3/20-1/5 44
3603/2 N3 40N2t, ’
—NT=7)2 0
3 40N2%t,  40N?¢,
A i2 i 1
. _ —5/2 S14s
F4(Z,t]€,tg) = —m ; ) (31 + 32) / e sits2 dSQ dSQ
40N>t 460N2¢
. 1— 3 k 4
2 + N il ('+N1*W)2 ('+N1*'Y)2 _ _ 1
* : 293/21\[3) / l 1 (s1+ 52) "% itz dsy dsy
0 0
40N2¢ 40N2¢
. 1— 3 k 4
(i = N77)° [GNT=92 [G=NT2 —5/2 — 3
| ) (514 52)7 T dip diy,

Similarly to (3.14), one can show that, for each i, k, ¢,

. G
which imply that
, . 1
|2F(l,tk,t2)—F(Z—l-l,tk,tg)—F(l—l tk,t4)| N2v +2, and (I)N( ,,tk,tg) Nz. (A.ll)

Using these, (3.32), (3.33), and (3.34) clearly follow. N
Next we will prove (3.35), starting with computation of the Malliavin derivative of DQn

_ 9 M N
DOn .y = M\/ﬁzz 1J 1[1‘1 1,24 1[:& 1,%5)"

j=1i=1
Therefore,
1/2
H,DQNMH M2 ( tk EU tf ) Z ‘[1 [331 1 :1:1]) Il <1[33J 17‘”]])
k=1 ,j=1
x E (Aﬁu(tk,xl) —A%u(tk,l’iflw (Aﬁu(tg,$j) —Aﬁu(tegl'j—l))
12 N
o Z (BUET (1) " D2 B (Lo 1 © Loy 1)
k=1 t,j=1

x E (Aﬁu(tk,xi) —Aiu(tk,a}i_l)) (Aiu(tg,xj) —ALu(tg,a:j_l)>

N7Y N7Y N7Y

_ 2
+E HDQN,MH B
H
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Then,
- ~ 2 ~ 2
R
H H
= 75 2 (BUGET(t) 30 I (L © 1y 1))
k=1 i,j=1
x E (Aﬁu(tk,xl) —A%u(tk,xi_l)) (A%u(tg,xj) —Aﬁu(tg,xj_1)>,
and
- 8 M N -1
ER%w = o Do O (EU( VEU (t;)EU (£ )EU (te)
i Gk =144k, l=1
XE (A 4t z) = Ay ultwi1) (B 4 ulte, o) = Ay ulte,z1))
x E (Aﬁu(t]’afj) —Aﬁu(t]/,mj,1)> (Aﬁu(tg/,xg) —Aﬁu(t@,l‘g_l)>
x E (Aﬁu(tzf,mz) — A u(tlr,xl_l) (Aﬁu(t]’/,x]) — A u(tj/,xj_l))
« E (A%u(tk/,xk) _ A%u(tk/,xk_l)) A s ult, ) — Aﬁu(tgl,xg_l))
Consequently,

M

8 ~ ~ ~ ~ -1
ERY v = v . ; ; 1 (BT (£ )BT (t)ET (t4)ET (1))
X B (i — k| tir, i )ON (|5 — ), tje, te )P (i — Gl tir, t) B (ke — 1], tar, ).

Note that by (A.11), for each i, k, ¢,

~ C
@N(i7tk7tf) < L

52
SNz IERN,M < N2

for some C4,Cs > 0. Therefore, in view of Theorem A.2,

~ ~ /2
drv (QN,M,N(O, 1)) < Cs (E’R?VM) < 74’
for some C3,C4 > 0. This concludes the proof.

A.3 Auxiliary results
Lemma A.1. Let c,t,t' > 0. Then,

t .
/ / 1+ s9) 2 e dsy dsy = ((t' +1)%2%e” T ()3 2e v t3/26_%>
. . . 3/2 t’:t ¢
+ % ((t’ + 1) 2T T — () 2y — t1/2e*?> — 16; (/ s73/2¢75 ds —/ s32e7s ds>
L 0

t! t
T [ 1
— 403/2/ / (s1+ 82)75/26 s1ts2 dsq dsog,
0 0
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and
t rt . . . .
/ / (51 + 82) /26700 dsydsy = 4 ((#)1/2677 411278 — (¢ 4 4)!/2e 775
0 J0

t/+t t t t
c < T [< __1
+ 4c1/2 (/ s73/2e73% —/ 83/26i> + 201/2/ / (s1+ 82)75/26 sits2 dsq dso.
0 o Jo

t

Proof. Both identities follow directly after integration by parts.
O

As already mentioned, the proof of asymptotic normality of Qn s and Q ~,m relies on Stein’s
method and Malliavin calculus. For brevity, we list here only two relevant results from this topic,
and refer the reader to [Nua06, NP12] for details. Alternatively, the reader may see [CDVK20,
Appendix B] for a comprehensive snapshot of elements of Malliavin calculus used in the current
paper.

Theorem A.2. [NP12, Theorem 5.2.6] Let U be the canonical Hilbert space associated to a Gaus-
sian process. Let 1,(f) be a multiple integral of order q¢ > 2 with respect to the Gaussian process.
Assume that E [1,(f)?] = 0. Then,

dry (LN (0.0%) < 5 ((var [;IIDIq(f)I@DI/Q,

where dyv 1s the total variation distance and N (O, 02) is a Gaussian random variable with mean

0 and variance 2.

Theorem A.3. [NP12, Corollary 5.2.8] Let Fy = I;(fn), N > 1, be a sequence of multiple
integrals of order q > 2 with respect to a Gaussian process. Assume that E [FJ%,} — 02 >0, as
N — oo. Then, the following assertions are equivalent:

1. W_]\}gnooFN :/\/(0,02),'

2. lim_dry (Fy, N (0,07)) =0.
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