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ABSTRACT

This thesis consists of three essays about modeling counterparty risk and pric-

ing derivative securities.

In the first essay, we analyze the counterparty risk embedded in CDS contracts,
in presence of a bilateral margin agreement. We focus on the pricing of collateralized
counterparty risk, and we derive the bilateral Credit Valuation Adjustment (CVA),
unilateral Credit Valuation Adjustment (UCVA), and Debt Valuation Adjustment
(DVA). We propose a model for the collateral by incorporating all related factors
such as the thresholds, haircuts and margin period of risk. We derive the dynamics
of the bilateral CVA in a general form with related jump martingales. Counterparty
risky and the counterparty risk-free spread dynamics are derived and the dynamics
of the Spread Value Adjustment (SVA) is found as a consequence. We finally employ
a Markovian copula model for default intensities and illustrate our findings with

numerical results.

In the second essay we address the issue of computation of the bilateral CVA
under rating triggers in presence of ratings-linked margin agreements. We consider
collateralized OTC contracts, that are subject to rating triggers, between two parties —
an investor and a counterparty. Moreover, we model the margin process as a function
of the credit ratings of the counterparty and the investor. We employ a Markovian
approach for modeling of the rating transitions and of the default probabilities of the
counterparties. In this framework, we derive the representation for bilateral CVA.
We also introduce a new component in the decomposition of the counterparty risky
price: namely the rating valuation adjustment (RVA) that accounts for the rating
triggers. We consider several dynamic collateralization schemes where the margin
thresholds are linked to the credit ratings of the counterparties. We account for

the rehypothecation risk in the presence of independent amounts. Our results are

X



illustrated in terms of a CDS contract and an IRS contract.

In the third essay, we study the problem of pricing in incomplete markets with
risk measures and acceptability indices. We propose a model for finding the dynamic
ask and bid prices of derivative securities using Dynamic Coherent Acceptability
Indices (DCAI) in the presence of transaction costs. In this framework, we define
and prove a representation theorem for dynamic bid ask prices. We show that our
prices can be computed using dynamic Gain-Loss Ratio (dGLR), which is a DCAL
To illustrate our results, we provide several numerical examples, by pricing barrier

options with dGLR.



CHAPTER 1
INTRODUCTION

Pricing, hedging, and risk measurement are the fundamental keystones of the
modern mathematical finance. This thesis is motivated by three problems arising from
these foundational concepts. In the first part, we study the problem of quantifying
the counterparty risk in CDS contracts. The second part addresses the problem
of counterparty risk assessment in the presence of rating triggers on the underlying
contracts. In the final part, we consider the problem of pricing and hedging derivatives

in markets with transaction costs using acceptability indices.

Counterparty risk modeling has gained paramount importance since the fi-
nancial crisis in 2008. As it is noted in Benjamin [Benl0], just shy of one-third of
the losses in the crisis were actually due to realized default events, whereas about
two-third were due to mark-to-market losses associated with the counterparty credit
risk arising from the OTC derivatives transactions. Evidently, this highlights the
significance of the role of the counterparty credit risk in the financial world. As a re-
sult, accurate and efficient measurement, mitigation and hedging of the counterparty
credit risk have been the main focus of attention between the market participants.
Quantification of the counterparty risk requires the computation of potential future
exposures, expected exposures and relevant price adjustments, by considering the de-
fault risks of the counterparties as well as their own default probabilities. One of
the main objectives of the counterparty risk measurement is to calculate the Credit
Valuation Adjustment (CVA). CVA is defined as the difference between the values
of a portfolio of OTC contracts, with and without considering the counterparty risk.
Essentially, CVA specifies the price of the counterparty risk, and indicates the ex-
pected loss or gain incurred in the case of a default of a counterparty or in the case

of an own default. In order to set limits against these losses originating from the



presence of the counterparty risk, financial institutions utilize various techniques that

allow them to mitigate and hedge their counterparty exposure.

Mitigation of counterparty risk involves incorporation of protective factors
such as collateralization, netting, and break clauses. Collateralization is a procedure
between two parties in a financial contract, where the borrower pledges an asset to the
lender as a reassurance against his default. In case of swap contracts, collateraliza-
tion is carried out bilaterally, thereby reducing the exposure for both counterparties.
Netting is the practice of mutually settling the financial transactions between two
counterparties to a net amount by canceling out the transactions having positive
value with the ones having negative value. Furthermore, netting is an effective tool
for mitigating the counterparty risk by reducing the overall exposure as well as the
operational risks. On the other hand, break clauses are used to decrease the coun-
terparty exposure by imposing optional or mandatory termination of the underlying
contract whenever a predefined termination event occurs. Such events are often de-
fined by incorporating credit rating triggers into the underlying contracts, so that
the termination event occurs if one of the counterparties’ credit rating decreases a
threshold level. These provisions provide protection against the losses associated with
the default events which occur after a termination event. Finally, hedging of coun-
terparty risk is performed in virtue of trading securities such as CCDS (Contingent
CDS), CDS, and IRS contracts. Although neither CCDS nor CDS contracts com-
pletely hedge or eliminate the counterparty exposure, they offer an efficient way to
transfer the default risk. Reducing and controlling the counterparty exposure (or in
general CVA) is one of the main objectives of all major financial institutions. We

present our contributions to these efforts in the first two chapters of this thesis.

The importance of risk measurement and management is beyond the scope

of counterparty credit risk, which specifically focuses on the risks arising from the



probability of the defaults of the counterparties. It is also crucial for financial insti-
tutions to measure and manage the risks that are associated with the fluctuations
in the security prices, interest rates, and the foreign exchange rates. Incorporating
these market risk factors warrant the development of advanced risk measures. From
Markowitz [Mar52] to Artzner et al. [ADEH97, ADEH99], the amount of academic
literature related to market risk quantification, and in particular risk measures, is
immense. In recent years, the theory of risk measures, in combination with the no-
arbitrage pricing theory, have been used to price derivatives. The contribution of the
last chapter of this thesis is to devise an analogous methodology for pricing derivative

securities.

Since the pioneering work of Pliska and Harrison [HP81|, the theory of ar-
bitrage has developed significantly, with various generalizations and extensions to
continuous-time and the presence of transaction costs. Indeed, the arbitrage pricing
theory is the backbone of the entire field of pricing and hedging derivative securities.
Broadly speaking, two important results form the foundation of the arbitrage pricing
theory: the First Fundamental Theorem of Asset Pricing (FFTAP) and the Second
Fundamental Theorem of Asset Pricing (SFTAP). The FFTAP asserts a necessary
and sufficient condition for a financial market to not to exhibit arbitrage opportu-
nities, in terms of the existence of a risk-neutral probability measure. On the other
hand, the SFTAP provides a necessary and sufficient condition for a risk-neutral prob-
ability measure to be unique whenever there are no arbitrage opportunities, which
eventually leads to the uniqueness of the price. Other approaches beyond the arbi-
trage theory have also been considered and studied in the recent literature, from which
the no-good-deal pricing is particularly of our interest. Specifically, it is the relation
between the no-good-deal pricing approach and the theory of risk measures, as well
as the performance measures (i.e. acceptability indices), that makes the no-good-deal

pricing approach specially important. As we stated earlier, our contributions to this



field are presented in the last chapter of this thesis.

This thesis is organized as follows:

In Chapter 2, we address the problem of counterparty risk modeling in CDS
contracts, in presence of a bilateral margin agreement. In Section 2.2, we first define
the dividend processes regarding the counterparty risky and the counterparty risk-free
CDS contract in case of a bilateral margin agreement. We also define and characterize
the CVA, UCVA, and the DVA terms as well as the credit exposures such as PFE,
EPE and ENE. We then prove the dynamics of the CVA in Section 2.3. Moreover, we
find the fair spread adjustment term and its dynamics in Section 2.3.2. In Section 2.4,
we simulate the collateralized exposures, and the CVA using our Markovian copula
model of default dependence. The results of this chapter are based on Bielecki,
Cialenco and lyigunler [BCI11]. Parts of these results have also been presented in the
AMS 2011 Spring Central Section Meeting, lowa City, TA, March 18-20, 2011 and in
the Stochastic Analysis in Finance and Insurance Workshop, University of Michigan,

Ann Arbor, MI, May 17-20, 2011.

We consider the issue of computation of the bilateral credit valuation adjust-
ment (CVA) under rating triggers in presence of ratings-linked margin agreements in
Chapter 3. In section 3.2, we present a general framework for the valuation of collat-
eralized credit valuation adjustment in the presence of rating triggers. Moreover, we
study dynamic collateralization in Section 3.2.3 and rehypothecation in Section 3.2.4.
We employ the Markovian copulae approach for modeling the joint rating transitions
of the counterparty and the investor in Section 3.3. Finally, we present numerical
results in case of a CDS contract and an IRS contract in Section 3.4. This chapter is
based on Bielecki, Cialenco and Iyigunler [BCI12]. Part of this chapter has been pre-
sented in the 7th World Congress of the Bachelier Finance Society, Sydney, Australia,
June 19-22; 2012.



In Chapter 4, the problem of pricing derivatives using dynamic coherent ac-
ceptability indices is examined. We define the no-arbitrage condition and the no-
good-deal condition in our set-up, and then present the Fundamental Theorem of
Good-Deal Pricing, in Section 4.2. Next, in Section 4.3.1, we introduce the defini-
tions of the good-deal ask and bid prices, and proceed by proving a representation
theorem for them. Finally, in Section 4.4, we derive an increasing family of dynami-
cally consistent sets of probability measures corresponding to the dynamic Gain-Loss
Ratio. We show that it satisfies some desirable properties, and then use it to compute
the good-deal ask and bid prices of some Barrier options. Results of this chapter are
based on Bielecki, Cialenco, Iyigunler and Rodriguez [BCIR12]. Parts of the results
of this chapter have also been presented in the Workshop on the Mathematics of Fi-
nancial Risk Management, Penn State University, University Park, PA, May 10-11,
2012.



CHAPTER 2

COUNTERPARTY RISK AND THE IMPACT OF
COLLATERALIZATION IN CDS CONTRACTS

2.1 Introduction

Not very long after the collapse of prestigious institutions like Long-Term
Capital Management, Enron and Global Crossing, the financial industry has again
witnessed dramatic downfalls of financial institutions such as Lehman Brothers, Bear
Stearns and Wachovia in 2008. These recent collapses have stressed out the impor-

tance of measuring, managing and mitigating counterparty risk appropriately.

Counterparty risk is defined as the risk that a party in an over-the-counter
(OTC) contract will default and will not be able to honor its contractual obliga-
tions. Since the exchange-traded derivative contracts are subject to clearing by the
exchange, counterparty risk arises from OTC derivatives only. The main challenge
in counterparty risk modeling is that the exposures of OTC derivatives are stochas-
tic and involve dependencies and systemic risk factors such as wrong way risks; the
additional level of complexity is introduced by risk mitigation techniques such as
collateralization, netting and additional termination events. Therefore, one needs
to model potential future exposures and price the counterparty risk appropriately

according to margin agreements that underlie the collateralization procedures.

Brigo and Capponi [BC09] focuses on a Gaussian copula model and study bi-
lateral counterparty risk using a CIR++ intensity model. Brigo, Capponi, Pallavicini
and Papatheodorou [BCPP11] extended this methodology to the collateralized con-
tracts with an application to interest rate swaps under bilateral margin agreements.
Hull and White [HWO01] propose a static copula model and study unilateral counter-
party risk on credit default swaps. Bielecki, Crepey, Jeanblanc and Zargari [BCJZ11]

study unilateral counterparty risk with the absence of any margin agreements. As-



sefa, Bielecki, Crepey and Jeanblanc [ABCJ11] consider the portfolio of credit de-
fault swaps using the Markovian copula model and consider only fully collateralized
contracts. Furthermore, Bielecki and Crepey [BC11] proposed a methodology for dy-
namically hedging the unilateral counterparty exposure using the same setup based
on the min-variance hedging principles. The problem of hedging the counterparty risk
is also studied by Kjaer [Kjall] using single-name credit default swaps and vanilla
options on the underlying contracts. Jarrow and Yu [JYO1] deal with the counter-
party risk by using a dependence structure based on the default intensities of the
counterparties. This approach, that also addresses the contagion risk issue, is also
considered in Leung and Kwok [LKO05]. Note that all these works mentioned above
employ the reduced form modeling technology. However, structural models have also
been used to model counterparty risk. Good examples of this approach are papers by
Lipton and Sepp [LS09] and Blanchet-Scalliet and Patras [BSP11]. Moreover, Stein
and Lee [SL11] study and illustrate credit valuation adjustment computations in the

fixed income markets.

Alternatively, Albanese, Brigo and Oertel [ABO12] suggest several securiti-
zation frameworks for structuring the credit valuation adjustment between counter-
parties where they also consider an additional party as the margin lender. Recently,
Crepey [Crel2a, Crel2b| proposed a general theoretical framework considering the
borrowing and lending costs as a price adjustment, which is called the funding val-
uation adjustment. In addition, Pallavicini, Perini and Brigo [PDB12] studied the
problem of incorporating the asymmetric collateral and funding rates, and developed a
similar framework in a discrete time setup. The problem of incorporating the funding
costs in counterparty risk modeling is also studied in various setups and applications
by Morini and Prampolini [MP11], Fries [Frill], Castagna [Casl1], Piterbarg [Pit10],
Burgard and Kjaer [BK1la, BK11b, BK12|, and by Fujii, Shimada and Takahashi
[FST10].



Various issues regarding the simulation of credit valuation adjustments under
margin agreements are studied by Pykhtin in [Pyk09]. The problem of fast com-
putation of credit valuation adjustment sensitivities is considered by Capriotti, Lee
and Peacock [CL11] and by Capriotti and Giles [CG12] using the method of algorith-
mic differentiation. On the other hand, Albanese, Bellaj, Gimonet and Pietronero
[ABGP11] proposed a computational framework for the efficient simulation and val-

uation of counterparty risk.

The manuscripts by Cesari et al. [CACT10] and Gregory [Gre09] provide
thorough treatments of the methods and the applications used in practice regarding

the counterparty risk.

In this chapter, we analyze the counterparty risk in a Credit Default Swap
(CDS) contract in presence of a bilateral margin agreement. There are three risky
names associated with the contract: the reference entity, protection seller (the coun-
terparty) and the protection buyer (the investor). Contrary to the common approach
which starts with defining the Potential Future Exposure (PFE) and derives the
Credit Valuation Adjustment (CVA) as the price of the counterparty risk, we find
the CVA as the difference between the market values of a counterparty risk-free and
a counterparty risky CDS contract and deduct the relevant credit exposures accord-
ingly. We consider the problem of bilateral counterparty risk assessment; that is, we
consider the situation where the two counterparties of the CDS contract, i.e. the
investor and the counterparty, are subject to default risk in a counterparty risky CDS

contract.

We focus on collateralized contracts, where a bilateral margin agreement is in
force as a vital risk mitigation tool, and it requires the counterparty and the investor
to post collateral in case their exposure exceeds specific threshold values. We propose

a model for the collateral by incorporating all related factors, such as thresholds,



margin period of risk and minimum transfer amount. We derive the dynamics of the
bilateral CVA, which are essential for dynamic hedging of counterparty risk. We also
compute the decomposition of the fair spread for the CDS, and we analyze the so called
Spread Value Adjustment (SVA). Essentially, SVA represents the adjustment to be
made to the fair spread to incorporate counterparty risk into the CDS contract. More
importantly, our results regarding the CVA and SVA representations are model-free.
Therefore, our results can be used under any particular model for relevant quantities
such as the default times, interest rates etc. Using the bilateral CVA formula, we
derive relevant formulas for assessment of credit exposures, such as PFE, Expected

Positive Exposure (EPE) and Expected Negative Exposure (ENE).

In our model, the dependence between defaults and the wrong way risk is
represented by a Markovian copula framework that accounts for simultaneous defaults

among the three names represented in a CDS contract.
2.2 Pricing Counterparty Risk: CVA, UCVA and DVA

We consider a standard CDS contract. A CDS contract is a swap contract
between a protection buyer and a protection seller referring to an underlying credit
name, called the reference name. The mechanics of a vanilla CDS contract can be
summarized as follows: the protection buyer periodically pays a fee, which is called
the spread, to the protection seller in exchange for a one-time payment made by
the protection seller to the protection buyer if a pre-specified credit event (such as
default) regarding the reference name occurs. We refer to the protection buyer as
the investor, and to the protection seller as the counterparty. We label by 1 the
counterparty, by 2 the investor, and by 3 the reference name. Traditionally, when
pricing CDS contracts, only the reference name’s default risk is considered. However,
in reality both the counterparty and the investor may default before the maturity of

the CDS contract, which is the source of the counterparty risk. The main goal of this
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chapter is to incorporate the default risks of the counterparty and the investor in the

context of a CDS contract.

In what follows, we denote by 7y, 7, and 73 the respective default times. These
times are modeled as non-negative random variables on a underlying probability space
(2,G,Q). We let T and ~ denote the maturity and the spread of our CDS contract,
respectively. We assume the recovery at default covenant; that is, we assume that

recoveries are paid at times of default.

We introduce right-continuous processes H; by setting H; =1{,<; and we

denote by H' the associated filtrations so that H! = o (H! : u < t) for i = 1,2, 3.

We assume that we are given a market filtration IF, and we define the enlarged
filtration G = FVH'VH?VH?, that is G, = o (F, UH; UH; UH}) for any t € R,.
For each t € R, total information available at time ¢ is captured by the o-field G;.
In particular, processes H® are G-adapted and the random times 7; are G-stopping

times for i = 1,2, 3.

Next, we define the first default time as the minimum of 77, 7 and 73 as
7T = 71 A T2 A 73, and the corresponding indicator process defined as H; := l{;<4. In
addition, we define the first default time of the two counterparties: 7 := 71 A 7, and

the corresponding indicator process f[t = lgacyy
We also denote by B the savings account process, that is

t
o rsds
B, :=elomsds,

where the F-progressively measurable process » models the short-term interest rate.
We also postulate that QQ represents a martingale measure associated with the choice

of the savings account B as a discount factor (or numeraire).

2.2.1 Dividend Processes and Marking-to-Market. We start by introducing
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the counterparty-risk-free dividend process D, which describes all cash flows associ-
ated with a counterparty-risk-free CDS contract;! that is, D does not account for the
counterparty risk. Note that all cash flows and the prices are considered from the

perspective of the investor.

Definition 2.2.1. The cumulative dividend process D of a counterparty risk-free CDS

contract maturing at time T is given as,

D, :/ SodH? — /@/ (1—H;) du, (2.1)
10,t] 10,t]

for every t € [0,T), where 6* : [0,T] — R is an F-predictable processes.

Process 0! represents the loss given default (LGD); that is §' = 1 — R}, where
R3 is the fraction of the nominal that is recovered in case of the default of the reference

name. We assume unit nominal, for simplicity.

The ex-dividend price process of the counterparty risk-free CDS contract, say
S, describes the current market value, or the Mark-to-Market (MtM) value of this

contract.

Definition 2.2.2. The ex-dividend price process S of a counterparty risk-free CDS

contract maturing at time T s given by,

S, = B,E U B, 'dD, gt} , te0,T]. (2.2)
t.7)

Remark 2.2.1. Accordingly, we define the cumulative (dividend) price process, say

S , of a counterparty risk-free CDS contract as

§t:St+Bt/ B,;ldDu, tE[O,T]
10,2]

We shall refer to such contract as the clean contract.
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Now, we are in position to define the dividend process D¢ of a counterparty
risky CDS contract, that is the CDS contract that accounts for the counterparty risk

associated with the two counterparties of the contract.

Definition 2.2.3. The dividend process D€ of a T-maturity counterparty-risky CDS

contract 1S given as

Df:/ CudHu+/ 55(1—Hu_)dH3+/ 6> (1—H, )dH}
10,1 10,4 10,1

+/ 81— H, )dH> +/ 6t(1—H, )dH", H?, (2.3)
10,¢] 10,¢]

+ 52<1—Hu>d[ﬁ,ﬂ31u—n/ (1 H)du, te0,T],
10,¢] 10,t]

where & 0,7] - R, i = 1,2,...,5 are F-predictable processes representing the
close-out cash flows and C : [0,T] — R is an F-predictable process representing the

collateral amount kept in the margin account.

A margin account is a contractual tool that supplements the CDS contract so
as to reduce potential losses that may be incurred by one of the counterparties in case
of the default of the other counterparty, while the CDS contract is still alive. For
the detailed description of the mechanics of the collateral formation in the margin

account we refer to Section 2.2.1.1 (see also [BC11]).

In case of any credit event associated with the collateralized CDS contract, the
first cash flow that takes place is the “transfer” of the collateral amount; for example,
in case when the underlying entity defaults at time t = 7 = 73, (before any of the
counterparties defaults) the collateral in the margin account is acquired by one of the
counterparties (depending on the sign of C;). Thus, consistent with the convention

of 50 called close-out cash flows (cf. [BC11]) we define the d's as follows:

e Weset d! = §} — (. This is because after the collateral transfer the counterpart
t t Yy

pays the remaining recovery amount 6; — Cj.
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e At time t =7 = 71, when the counterparty defaults, if the uncollateralized
mark-to-market (MtM) of the CDS contract, S; + Ly—r0) — C?, is negative,
then the investor closes out the position by paying the defaulting counterparty
the uncollateralized MtM. If the uncollateralized MtM is positive, the investor
closes out the position and receives a fraction R; of the uncollateralized MtM
from the counterparty. Therefore, in this case, the close-out payment is defined

as

B = By (51 Lmndt — G = (S Lyt = C)

e In the case of investor default, that is at time t = 7 = 75, if the uncollateralized
MtM is positive, that is if S; + Ly—r0; — Cy > 0, the counterparty closes out
the position by paying the uncollateralized MtM. If the uncollateralized MtM is
negative, the counterparty receives a fraction Ry of the uncollateralized MtM.

Hence, the close-out payment is defined as

0} = (St + Lm0t = Co) " = Ra (S: + Limryd! — C1)

e If the investor and the counterparty default simultaneously at time t = 7 =
T1 = To, and if the uncollateralized MtM is negative, the counterparty receives a
fraction Ry of the uncollateralized MtM; however, if the uncollateralized MtM
is positive, the investor receives a fraction R; of the uncollateralized MtM.
Therefore, we set

0f = = (S + Tgmryy 0t — C1) .

e Ift = 7 = 7 = 73, that is when the investor or the counterparty default
simultaneously with the reference entity, the investor receives a fraction R; of

the remaining recovery amount, (6 —C})", when the counterparty defaults.

2The term Il{t:T3}(5t1 represents the exposure in case when the counterparty and
the underlying entity default simultaneously.
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Likewise, if the investor defaults, the counterparty receives a portion Ry of the
remaining recovery amount, (6; — C;)”. The close-out payment in joint defaults

including the underlying entity has the form
0w =—(0l-C).

Remark 2.2.2. Notice that if 1 = 79 = o0 we have Hy = Hy = 0 and H = Hj,
which leads to

Df = C,dH?} + /

&(&Jﬁ)wﬁ—m/ (1— 1) du
10,t] 10,t]

10,2]

for all t € [0,T]. Substituting 6., we get

Df = C,dH} + /

(6= C) (1= B2 ) dHS —n [ (1= H2)du
10,¢] 10,¢]

10,¢]

_ &Mﬁ—m/ (1— 1) du,
10,t] 10,t]
and therefore D¢ = D.
We are now ready to define the price processes associated with a counterparty
risky CDS contract.

Definition 2.2.4. The ex-dividend price process S¢ of a counterparty risky CDS

contract maturing at time T is given as,

S¢ = B,E U B;'aD¢
J£.1]

Qt} , te|0,T). (2.4)
The cumulative price process 5S¢ of a counterparty risky CDS contract is given by,

‘§:6f+&/13fﬂf,teMﬂ.
10,4

2.2.1.1 Bilateral Margin Agreement and Collateral Modeling. Collateral-

ization is one of the most important techniques of mitigation of counterparty risk,
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and modeling the collateral process (also termed the margin call process) is of great
practical importance (cf. [Alg09]). In this section, we propose a model to describe
the formation of the required collateral amount at every time t € [0, 7] with regard
to bilateral margin agreements.®> The following contractual parameters are essential

in bilateral margin agreements and they are precisely defined in CSA documents.

Margin Period of Risk: The margin period of risk consists of several compo-
nents. Firms usually monitor their exposure on a periodic basis and receive or make
appropriate margin calls considering other collateral parameters. The frequency of
this process is called the margin call period and it is typically one day. This period
includes a number of phases such as computation, negotiation, verification and set-
tlement of the margin call also with possible disputes during the process. According
to the ISDA Master Agreement, in case of a potential default, the defaulting coun-
terparty enters into a short forbearance period to recover from a potential default
event where the collateral is pledged by the other firm. This time interval is called
the cure period. If the default is uncured, liquidation process of the collateral assets
starts (cf. [Int10b], page 26). This period mainly depends on the collateral portfolio
selection, precise assessment of asset correlation and concentration risks as well as
their liquidity, volatility and credit quality parameters. Therefore, the time interval
from the last margin call plus the cure period until all collateral assets are liquidated
and the resulting market risk is re-hedged is called the margin period of risk (cf.

[Pyk09]); we shall denote it as A.

Threshold: The threshold is the unsecured credit exposure that both coun-

3A bilateral margin agreement is a contractual agreement governed by a Credit
Support Annex (CSA), which is a regulatory part of the ISDA Master Agreement (cf.
[Int05], page 34) describing the use of collateral which is either directly transferred
between counterparties or held by a third party such as a clearing house (cf. [Int05],
page 68).
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terparties are willing to tolerate without holding any collateral. Bilateral margin
agreements specify thresholds for both counterparties and require them to post col-
lateral whenever the current credit exposure exceeds their thresholds (cf. [Int10b],
page 11). These threshold amounts are defined in the related CSA documents and
often set to react to the changes in the credit rating of the counterparties (cf. [Int10a],
page 13). We will denote the counterparty and the investor’s thresholds by I, and
[iny, respectively. Since we perform our analysis from the point of view of the in-
vestor, we set the counterparty’s threshold I',, to be a non-negative constant, and

the investor’s threshold I';,, to be a non-positive constant.

Minimum Transfer Amount: Margin calls for amounts smaller than the MTA
are not allowed. The purpose of the MTA is to prevent calling small amounts; this
is done so to avoid the operational costs involved in small transactions (cf. [Int10b],
page 13). We assume the minimum transfer amount to be the same for the investor

and the counterparty. We denote the minimum transfer amount by a positive constant

6.

Re-hypothecation Risk and Segregation: Collateral assets can be reused as a
funding source on other derivatives transactions. This is known as rehypotheca-
tion. An investor (counterparty) can rehypothecate the collateral received from the
counterparty (investor) by selling or lending out the assets to a third party, which
dramatically increases the credit risk associated with the collateral. Elimination of
this rehypothecation risk is essentially done by segregating the collateral to a third
party, such as a clearing house. This procedure carries certain funding risks, since
the counterparties will not be receiving funding benefit from the collateral posted,
so they need to raise funding in connection with their transactions using their own

funding rates.

According to the standard industry practice collateral amounts are adjusted
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at fixed tenor dates, termed margin call dates. Let us denote the margin call dates
by 0 <ty <--- <t, <T. On each margin call date, if the exposure is above the
counterparty’s threshold, I'c,,, and the difference between the current exposure and
the collateral amount is greater than the MTA the counterparty posts collateral and
updates the margin account; otherwise, no collateral exchange takes place since the
transfer amount is less than the MTA. Likewise, the investor delivers collateral on
each margin call date, if the exposure is below investor’s threshold, I';,,, and the
difference between the current exposure and the collateral amount is greater than
MTA (cf. [Int05], pages 52-56). Note that in this model collateral transfers are

allowed only if it is greater than the MT A amount.

In accordance with the above discussion the collateral process is modeled as

follows:
We set Cy = 0. Then, for ¢ = 1,2,...,n we postulate that
Ctiv = (s, Topry—C1, 561 (St; — Lepty — C,)
+ ]l{sti—Fm—Cti<—9}(Sti —Lino — Cy,) + Cy,

on the set {t; < 7}, and it is constant on interval (¢;,¢;11]. Moreover, Cy; = C; on the

set {7 <t<7T+A}

Observe that the collateral increments at each margin call date ¢; < 7 can now

be represented as,
ACti L= Cti_;,_ - Cti
- ]l{Sti_FCPty_Cti>9}(Sti —Lepy — Ct)) + ]l{Sti—Fmv—cti<—9}(Sti — Lino = C,) -

One should also note that the collateral construction given in [Pyk09], which

reads

Ct = I].{St>Fcpzy+6} (St - Fcpty) + 1{5t<rbuy—9} (St — anv) s
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allows intermediate collateral updates that are smaller than MTA. In our case, we
avoid this intricacy by defining the collateral process as a left-continuous, piecewise

constant process.

Remark 2.2.3. The collateral construction described above is cash based. The net

cash value of the collateral portfolio is determined using haircuts.

The haircut (or, valuation percentage) describes the amount that will be charged
from a particular collateral asset. Effective value of the collateral asset is determined
by subtracting the mark-to-market value of the asset multiplied by an appropriate
haircut (cf. [Int05], page 67). Therefore, the haircuts applied to collateral assets
should reflect the market risk on those assets. The haircut is defined as a percentage,
where 0% haircut implies complete mark-to-market value of the asset to be used as
collateral without any discounting. Government securities having high credit rating
such as Treasury bonds and Treasury bills are usually subjected to 1% to 10% haircut,
while for more risky, volatile or illiquid securities, such as a stock option, the haircut
miaght be as high as 30%. The only asset that is not subjected to any haircut as
collateral is cash where usually both parties mutually agree to the use of an overnight
index rate (cf. [Int10b], page 27). The term valuation percentage is also used in Credit
Support Annex (CSA) documents. The valuation percentage defines the amount that
the market value of the asset is multiplied by to yield the effective collateral value of
the asset. Hence, we have VP, = 1 — hy, where VP; is the valuation percentage and
h is the total haircut applied to the collateral assets at time t. We will not go into
the details of the formation of the haircut since it is either pre-determined in the CSA
documents or related to market risk measures such as VaR of the collateral assets.
(cf. [Int05], page 68). The main purpose of the haircut is to mitigate amortization
or depreciation in the collateral asset value at the time of a default and in the margin

period of risk. Moreover, the haircut should be updated as frequently as possible to
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reflect the changes in the volatility or liquidity of the collateral assets (cf. [Int05],
page 63).

Therefore, the total value of the collateral portfolio at time t is equal to (1 +

hi)Cy, where hy is the appropriate haircut applied to the collateral portfolio.

2.2.2 Bilateral Credit Valuation Adjustment. We are interested in the
difference between the price processes S and S, representing the counterparty risk-
free and the counterparty risky CDS contracts described above. As we stated before,
this difference is called the CVA, and it indicates the price of the counterparty risk. In
this section, we shall define the CVA of a CDS contract that is subject to a bilateral
margin agreement. Moreover, we will prove a representation result for the CVA,

which is essential for computational purposes.

Definition 2.2.5. The bilateral Credit Valuation Adjustment process of a CDS con-

tract maturing at time T is defined as
CVA, = S, — SC, (2.5)
for every t € [0, T]. The cumulative CVA is defined as,
CVA, = S0, — 8G..

for every t € [0,T.

We now present a representation of the bilateral CVA.

Proposition 2.2.1. The bilateral CVA process on a CDS contract maturing at time

T satisfies
CVA; = BE [IL{KT:TZST}BT‘1 (1= Ry) (Sr + Lpargydt — C;) " ‘ Qt]
_ BE [mmzmg} BZ' (1= Ry) (Sy + Ljreryy0t — C1) ™ ‘ gt] . (2.6)

for every t € [0,T].
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Proof. We begin by observing that
/ﬁBf&u—MJﬂﬁ=Kﬁﬂwﬁ%ﬂ’
1t,17
/me%U—mJMEZK%ﬂMﬁKﬂ’
1t,17
/ B;llff: (1-H, )dH. = Br_lgﬁ{KTﬂzST} :
1t,17
Consequently,
/?qBﬁdDS::BT%huKﬁvﬁTy+BfﬁﬁuKﬁﬂgTr+Br%ﬁukﬁﬂﬁT}
t7
+ B;lgﬁﬂ{t<r:n=7’2§T} + B»r_lgi]l{t<7=7*=T3§T} + B;lc'r]l{’KTST}
- K/]T] B, M rsydu. 27)
t,

Using the definitions of the close-out cash-flows gﬁ, i=1,...,5, we get from (2.7)

/ B;ldDg - B;l (571_ - CT) ]l{t<’r:7-3§T} - H/ B;11{7—>u}du + B;ICT]]-{t<TST}
1t,T 1t,T]

+ B;l (Rl (ST+]~{T:T3}§71' - CT)+ _ (ST + 1{7’:7—3}571_ — C‘I‘)_> :[I‘{t<T:TlST}
+ B! ((ST + Lm0l — C) T = Ry (S, + Lperyydl — CT)_) Ljrrrpery

- B»r_l (ST + ]1{T=T3}571— - C‘r) ]l{t<T=T2=T3§T} - B—r_l (671— - CT) 1{t<T=T*=T3§T}-
(2.8)

Since
:H-{t<T§T} = ]]-{t<7':7'1§T} + :H-{t<7':7'2§T} + :H-{t<‘r:‘r3§T} - ]]-{t<T:7'1:7'2§T} - :H-{t<7'*:7'3§T} )
using the equality

Ri(S, —C) = (S, —C)) +Cr =8, —(1— R) (S, — C)F
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and observing that 1(,—,,;S; = 0, we can rearrange the terms in (2.8) as follows,

/ BgldDS = B;léiﬂ{t<T=TSST} - /ﬂ/ B;l]l{7>u}du (29)
1t,T]

1,71
+ B;lsT (ﬂ{t<7=n§T} + Ljpcrmry<ry — 1{t<r=7’1=T2§T}) Lirtry
— BN (1= Ry) (S 4 Tgr=ry)d; — CT)+ Lit<r=r <1}

+ B;l (1 - RQ) (ST + ]1{7':73}&} - OT)_ ]]-{t<7:72§T} .
Now, combining (2.9) with (2.1) we see that

Sy = BE |:(1{t<T:TSST} + IL{T>T})/ B,'dD,
1¢,T]

gt) (2.10)

+ Bt]E< (1{t<7-:7-1§T} + ﬂ{t<7’=72§T}

o]

— B;E [1{t<7=r1§T}Br_1 (1 - Rl) (ST + IL{T:W}(Si n CT)+ ) gt}

~Lft<r=ri=n<T}) 1{#73})1@ { /] oD ‘D,

+BE | Lpcrmren By (1= Ba) (87 4 Lrerg 2 = C2) 7 | G|
From here, observing that

l{TSt} + ]1{7—>T} + 1{t<T:T3ST}

+ <]]-{t<T=T1§T} + IL{t<'r:TQST} - IL{15<‘F=‘F1=7'2§T}> 1{77’573} =1,

we get

S¢ = B,E [ / B, 'dD,
J6.7]

;

B [ty 40— ) (5 Yot - [ 6]

+ Bt]E |:]]-{t<T=T2§T}BT_1 (1 — RQ) (ST + :”.{7-:7-3}571_ — Cfr)i ‘ gt} 9
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which is
SC = = BEE [Vjcron<ry B (1= Ry) (S + T jpmryy0l = Cy) ' ( G|
+ BE []l{KT:TQST}B;l (1= Ra) (Sr + Lreryy0t — C,) ™ ‘ gt} .

This proves the result. [

The result above shows that the CVA is the difference between the expected
loss in case the counterparty defaults first and the expected loss in case the investor
defaults first. It is more straightforward to compute the CVA using the representation

proved above than computing S — S¢.

Remark 2.2.4. Alternatively, the value of the bilateral CVA can be interpreted as
the value of an exotic option. Indeed, the value of the CVA is equal to the sum of the
values of a long position in a zero-strike call option on the uncollateralized amount

and a short position in a zero-strike put option on the uncollateralized amount.

2.2.2.1 Unilateral CVA and Debt Value Adjustment. The bilateral na-
ture of the counterparty risk is a consequence of the default risk of the counterparty
and the default risk of the investor. The values of potential losses associated with
these two components are called unilateral CVA (UCVA) and debt value adjustment
(DVA), respectively, and defined below. In practice, these two components are com-
puted separately. This is the main reason why we need to consider UCVA and DVA

components in this section.

Definition 2.2.6. The Unilateral Credit Value Adjustment is defined as,
UCVA, = BEE [1jcreriary By (1= B1) (S- 4+ Lpergdl = €)1 | G

fort € [0,T], and symmetrically the Debt Value Adjustment is defined as,

DVA; = BE []]-{t<T=7'2§T}BT_1 (1= Re) (Sr + Lir=ryyd; — Cr) ‘ gt] 7
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fort € [0,T].

Remark 2.2.5. DVA accounts for the risk of investor’s own default, and it repre-
sents the value of any potential outstanding liabilities of the investors that will not be

honored at the time of the investor’s default:

In fact, at time of his/her default, the investor only pays to the counterparty
the recovery amount, that is R (ST + IL{T:TS}& — CT)f. Therefore, the investor gains
the remaining amount, which is equal to (1 — Ry) (ST 4 Lirergy 0y — C’T)f , on his/her
outstanding liabilities by defaulting. Risk management of this component is of great

importance for financial institutions.

When considering the unilateral counterparty risk DVA is set to zero.

In view of Proposition 2.2.1 and of the above definition we have that
CVAt — UCVAt - DVAt,

for all ¢ € [0,7]. Note that the bilateral CVA amount may be negative for the investor
due to “own default risk”. This also indicates that the price S¢ of counterparty risky

CDS contract may be greater than the price S of counterparty risk-free contract.
Remark 2.2.6. (Upfront CDS Conversion)

After the “CDS Big Bang” (cf. [Mar09]) a process originated to replace stan-
dard CDS contracts with so called upfront CDS contracts. An upfront CDS contract
1s composed of an upfront payment, which is an amount to be exchanged upon the
inception of the contract, and a fized spread. The fized spread, say &, will be 100bps
for investment grade CDS contracts, and 500bps for high yield CDS contracts. The
recovery rate is also standardized to two possible values: 20% or 40%, depending on

the credit worthiness of the reference name. The corresponding cumulative dividend
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process of a counterparty-risk-free CDS contract is described in the following defini-

tion.

Definition 2.2.7. The cumulative dividend process D of a counterparty-risk-free up-
front CDS contract, maturing at time T', is given as
D, = SLdH? — UP—E/ (1-H))du, tel0,T),
10,t] 10,t]

where UP is the upfront payment, and K is the fixed spread.

Recall that the spread ko of a standard CDS contract is set such that the pro-
tection leg PLy and fized leg koDVO0lg are equal at initiation (making the price of
the contract equal to zero). Similarly, in the case of an upfront CDS contract, with &
being fized, the upfront payment UP is chosen such that the contract has zero value at
wnitiation. It is easy to convert the conventional spread ko into an upfront payment
PU and vice versa. Indeed, directly from the Definition 2.2.7, and definitions of P Ly
and DV 01y, we have

PLy—UP —KDVO0lyg = PLy— koDV01ly =0,

which tmplies the following representations

UP P
= K.
DV 01,

UP = (kg — k) DV 01, and Ko

In view of the conversion formulae presented above the discussion of CVA,
DVA and UCVA done for standard CDS contracts can be adopted to the case of the

upfront CDS contracts in a straightforward manner.

2.2.2.2 CVA via Credit Exposures. Credit exposure is defined as the potential
loss that may be suffered by either one of the counterparties due to the other party’s

default. Here, we discuss some measures commonly used to quantify credit exposure,
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such as Potential Future Ezposure (PFE), Expected Positive Exposure (EPE) and
Ezpected Negative Ezposure (ENE), and their relation to CVA. These notions are

commonly used in practice, since CVA computation can be performed using them.

Potential Future Exposure is the basic measure of credit exposure:

Definition 2.2.8. The Potential Future Fxposure of a CDS contract with a bilateral

margin agreement is defined as follows,

PFE =1g—ry (1= Ry) (S + Lipergydt — C7)

- ]1{7':7'2} (1 - RQ) (ST + IL{7’:7’3}5»} - C‘r)

Note that there exist several forms by which the potential future exposure is de-
fined by financial institutions. The PFE definition given above, as a random variable,
is in line with the PFE definitions in (cf. [DPR]), as opposed to the rather classical

definition of the PFE as the quantile of the exposure distribution (cf. [CACT10]).

Remark 2.2.7. Observe that the CVA can be computed using PFE as follows,

CVA, = BE [1y<;<ryB;'PFE | G|, t €10,7).

Expected Positive Exposure is defined as the expected amount the investor will
lose if the counterparty default happens at time ¢, and Expected Negative Exposure
is defined as the expected amount the investor will lose if his own default happens at
time t. Note that the losses are conditional on default at time ¢. EPE and ENE are

necessary quantities to price and hedge counterparty risk.

Definition 2.2.9. The Expected Positive Exposure of a CDS contract with a bilateral

margin agreement is defined as,

EPE, =E [(1 — Ry) (Ss + Lperyydt — C) ‘ r=m=t } ,
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and the Fxpected Negative Exposure is defined as,
ENE, =& [(1 — Ry) (Sr + Lipery0 =€) ‘ r=my=t }
for every t € [0,T].

Remark 2.2.8. It is shown (c¢f. [ABCJ11]) that in case of a deterministic discount

factor, the CVA process can be represented in terms of EPE and ENE as follows
T
CVA; = B, / B'EPEG™'(t)Q (1 = 74 € ds)
' T
— Bt/ B'ENE,G*(t)Q (7 = 73 € ds)
t

for every t € [0,T].

2.3 Dynamics of CVA

In this section, we derive the dynamics of the CVA. The dynamics of the CVA
are important for deriving formulae for dynamic hedging of counterparty risk. This

problem is left for future work.

We begin with defining some auxiliary stopping times, that will be useful later

on:
(

. 3 AT, BFED @ T fnF T FE T
T = ) T = ’
oo otherwise oo otherwise

\
(
T2 1f7'27£7'377'27£71 . 7 ifm =, 7'17£7'3
- , s e ,
oo otherwise oo otherwise
\
(
T3 if 13 =7, T3 F T T3 it =1, AT
5) . 6} .
A5k ) , 0= :
oo otherwise oo otherwise
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T if’Tl:TQ:Tg
7'{7} =

oo otherwise

Accordingly, we define the default indicator processes:

Ht{l} D= V<t e} = 1{7—{1}§t}7
H = L ctmsrym ) = Leeras
HPY = Lnstmpnminy = Lo}
HiY = L —ro<trstn) = H{T{‘l}gt}a
Ht{S} i = Vmymri <t ratrs} = H{T{5}St},
HI% = 1ty = Lier<)
H" = Lirymrimrp<t) = 1{7{7}95}'

Remark 2.3.1. Note that one can represent processes H,:{i},i =1,...,7, as follows
HY = 1} — [H* 1Y), — [H°, 1P+ ([P, 1Y), 1),
H* = H! = [H*, H"], — [H', H’], + [[H*, H'], H*),
HPY = 52 — [H? H?), — [H', H?), + [[H?, H'], H?),,
HY = [H',H?), - [[H®, H"], H?),,

HY = [ '), — [[H*. H"], B,
H® = [H® H?), - [H® H'], H?),,

™ = [[H, HY, B,

where [X,Y] denotes the quadratic covariation of processes X and Y. In particular,

these processes are G-adapted processes.
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Let G(t) = Q(7 >t | F;) be the survival probability process of 7 with respect
to filtration F. It is a F supermartingale and it admits unique Doob-Meyer decom-
position G = p — v where p is the martingale part and v is a predictable increasing
process. We assume that G is a continuous process and v is absolutely continuous with
respect to the Lebesgue measure, so that dv; = v,dt for some F-progressively measur-
able, non-negative process v. We denote by [ the F-progressively measurable process

defined as l; = G(t) 'v;. Finally, we assume that all F martingales are continuous.

We assume that hazard process of each stopping time 71" admits an (F,G)-
intensity process ¢* for every i = 1,...,7, so that the process M3} given by the

formula,
t

i =il [ (- B g
0

is a G-martingale for every t € [0,7] and i =1,...,7.
We now have the following technical result,

Lemma 2.3.1. The processes
) ) ) tAT ]
M= M _Hjﬁ—/ Pdu, t>0,i=12,...,T,
0

and

tAT
Mt = Ht/\T — / ludu, t 2 0,
0

where

7
I =1gpeng and =Y Ij,  t>0,i=1,2,..,7,
=1

are G-martingales.

Proof. Fix i =1,...,7. Process M* follows a G-martingale, since it is G-martingale
M1} stopped at the G stopping time 7. Moreover, we have that M, = Z;l M}, so

that process M is also a G-martingale. [
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We shall now proceed with deriving some useful representations for the pro-

cesses S¢ and S.

Lemma 2.3.2. The ex-dividend price process, S€, of a counterparty risky CDS con-

tract, given in (2.4), can be represented as follows,

7
S¢=BE|B'Y 1{t<T:T{i}§T}Si - m/ By 'L rauydu gt] (2.11)
=1

16,71

where

0, =4y,

6, = S; — (1 = Ra)(S; + Lygmrg) 6t — C)*

0, = Si+ (1 — R3)(S; + Ly—rgy0r — Cy) 7,

6, =S — (1= Ro)(Sy + Tjpmray0r — C)T + (1 — R3)(Sy + Ljpmrgy0r — C) ™
0, =6, — (1= Ro)(3; — )7,

5, =0+ (1= R3)(6) — C)~

6, =6, — (1= Ry)(6, —C)" + (1 — R3) (6} — Cy)™.

Proof. Let us rewrite (2.10) using (2.9) in the following form,

S¢ = B/E

BT—l(Si Z 1{t<r:7“}§T} + BT_lsT Z :H.{t<T:T{i}ST}

i=1,5,6,7 i=2,3,4

— BT_1 (1—-Ry) (ST + ﬂ{T:TS}(ﬁ — CT)+ Z ﬂ{t<T=T{i}§T}

i=2,4,5,7

+ B;l (1 — RQ) (ST + 1{7273}(2 — CT)_ Z 1{t<7':7'{i}§T}

1=3,4,6,7
gt :| I

—fi/ B;lﬂ{T>u}du
1t.T]
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which, after rearranging terms, leads to
S¢ = BE [B;léill{KT:T{l}ST} + B (S, — (1= Ry) (S-—Cp)T) 1{t<r:r{2}§T}
+ B (S, + (1= Ry) (8- — Cr)7) Licrerm<ry
+ B (S = (1= Ra) (8 = Co)" 4+ (1= Bo) (S- = C) ) Loty
(88— (1= B) (0 = €)") L rireny
+ B! <5i + (1= Ry) (6; — CT)7> Liicr—rorer)
(61— (1= Ry (8 = )" + (1= Ro) (8 =€) ) Lpoerrirary

—/i/ BJIH{T>u}du Qt}
1t,7]

This proves the result. [

In case when R; = R, = 1 process S is the same as process S¢. Thus, we obtain

from the above

Corollary 2.3.1. The ex-dividend price process S of a counterparty risk-free CDS

contract, can be represented * as follows,

St = BtE

7
B'Y fierpinert 0t — R /] B, Lirsuydu gt], (2.12)
=1

7]
where 0} = 62 = 68 = 67 = 61, and 02 = 6% = 6* = S,. Thus,

4
B Ltcrry<ryor + B Y 1 {t<r—rt <1} Sr (2.13)

1=2
o]

4*We note that formula (2.13) provides a representation of Sy, which is convenient
for our purposes. The traditional representation of Sy, typically used in the context
of counterparty risk free CDS contracts is
6]

St = BtE

—li/ B;l]l{7>u}du
1t.T]

St = BtE |:B7311{t<73ST}571_3 - K// 3511{7—3>u}du
16,71
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The following result is borrowed from [BJROS] (see Lemma 3.1 therein)
Lemma 2.3.3. The following equality holds (Q-a.s.)

B,E [11 \ B3,

7.
(2.14)

Bt T _17i
] Lo<r) Gy B /t BIUS G (u) du

{t<T:T{i}§T
for every t € [0,T.

The pre-default ex-dividend price processes, say S and S ¢, are defined as the
(unique) F-adapted processes (cf. [BJROS8]) such that
S¢ = 11y SE, S = Lyen Se.
In view of the above we thus obtain the following result

Lemma 2.3.4. We have that, for everyt € [0,T],

5¢ = G%) Eg /t B;1G (u) (;m;—a du ]—“t] (2.15)
and

~ B, T oy

Sy = G()EQ / (Zz o —,g) ft]. (2.16)

Proof. From Lemma 2.3.2 we have that

S¢ = B/E

o]
7.

Let us now fix t > 0, and define Y, := —k Jt.5] B 'du for s > t. Thus, we get

7
B;l Z 1{t<T:T{i}ST}6Z — kBE {/ B;lﬂ{TNL}du
=1 16,77

Now, in view of (2.14) we see that

B,E

Z/ BUS G (u) du

7
B;l Z I]'{t<‘r:‘r{i}§T}S: gt] ﬂ{t<7} G
=1

—KkBiE {/ Bu_lﬂ-{7'>u}du gt:| = BiE [1{T>T}YT ‘ gt]
1t,T]

+ BE []]-{t<T§T}YT | gt} -
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It is known from [BJROS], that

B T
BE [1{t<T§T}YT ‘ gt] = 1{t<7—} G(t> E {/ YudG(U)
t

d

and

B
BE [1rsmyYr | Gi] = Jl{m}G(t) E[G(T)Yr | F/].

Finally, since Y is of finite variation, (2.15) follows by applying the integration by

parts formula

G(t)Yr — /tT Y,dG (s) = /tTG(s) dY, = —n/tTG(s) B, tdu.

Equality (2.16) is obtained as a special case of (2.15), by setting By = Ry =1. [

We are ready now to derive dynamics of the pre-default price processes, that

we shall use in order to derive the dynamics of the CVA process.

Lemma 2.3.5.

(i) The pre-default ex-dividend price of a counterparty risky CDS contract follows

the dynamics given as

dSC = ((rt +1,) 8 (Z 1o )) dt + G7H(t) (Btdmf - §Edu>

+G2(0) (30du), — B (u,mC),)

/OT <Zm —/f)

(ii) The pre-default ex-dividend price of a counterparty risk-free CDS contract fol-

for t € [0,T], where

Fi

lows the dynamics given as

dgt = ( Ty + lt St (Zl (SZ - /i)) dt + G_l(t) <Btdmt — S;dﬂ)

G20 (Sl oy = B (), ).
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fort € [0,T], where

mt:E

/OT <le5l—ﬁ> ]—“t].

Proof. The argument below follows the one in the proof of Proposition 1.2 in [BJROS].

In view of (2.15) we may write SO as

S’Itc — BtG_l(t)Ut,

Ut:mf—/ot (Zm —m>

Since G = u — v, then applying [t0’s formula one obtains

d (G OU) = G (t)dmE — (Zzz )

+U (G2 (t)d (), — GT2(t) (dpe — dvy))

where

— G72(t)d (pu,m"),.
Consequently,
dSC = B,G(t)dm¢ — <Zl5 —m>
+ BU, (G2 (t)d (), — G2(t) (dpe — L, G(t)dt))
— BG2(t)d (p,m" ) + rBG (t)Uydt
- ((n )8 <Zz 5 — )) dt + GY(1) (Btdmf . §tdu)

+ G731 <§td (1), — Bid{p, mC>t) ,
which verifies the result stated in (i).

Starting from (2.16), and using computations analogous to the ones done in

(i), one can derive the result stated in (ii). O
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Using the lemma above, we derive the dynamics of the CVA process as follows.
Proposition 2.3.1. The bilateral CVA process satisfies,
7 . .
dCVA,; = r,CVAdt — CVA,_dM, — (1 — H,) <Z z;gg) dt
i=1
+ (1 - Ht) BtG_l(t)dnt - G_l(t) CVAtd,LLt + G_2<t> CVAtd <,LL>t
- (1 - Ht) G_z(t)Bt (d <,u7 m)t —d <H’> mC’>t> s
for all t € [0,T] where CVArr, =0 and

T 7
/0 B;'G (u) (Z z;g;) du
=1

nt:]E

‘E] ) te [O’T]7

with

& =1—R)(S — ),

& =—(1-R)(S — ),

& = (1= R)(Si = C)" = (1= Re)(S — Cy),
& =(1—Ri)(d —C)",

& =-(1-R)(6 —Cy),

& =(1=R)(0; —C)" = (1= Ra)(d; — Cy)™.

Proof. Applying the integration by parts formula we get that

dCVA, = (1 — H,)(dS, — dS€) — (S, — S9)dH,.
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This together with Lemma 2.3.5 implies

7 .
dCVA, = — (S,- — SC ) dM, + (1 — H,) (n (S-S -1 (S;’ - 31)) dt (2.17)

i=1

+ (1= Hy) G72(t) (S — S7) d ),

- (1 - Ht) G_Q(t)Bt (d <,U7 m)t —d <:u> mC’>t) )
which proves the result. O
2.3.1 Dynamics of CVA when the immersion property holds. Here we adapt
the results derived above to the case when the immersion property holds between
filtrations F and G, that is the case when every F-martingale is a G-martingale under
Q. In this case, the continuous martingale p in the Doob-Meyer decomposition of
(G vanishes, so that the survival process G is a non-increasing process represented as

G = —v. Frequently, the immersion property is referred to as Hypothesis (#). For

an excellent discussion of the immersion property we refer to [JLC09].

Assumption 2.3.1. Hypothesis (H) holds between the filtrations F and G under Q.

In view of the results (and the notation) from Proposition 2.3.1 we obtain the

following result.

Corollary 2.3.2. 2.3.1 Assume that Assumption 2.53.1 is satisfied. Then,
7
dCVA, = r,CVAdt — CVA,_dM, — (1 — H,) <Z z;’gg) dt
i=1
+ (1 - Ht) BtG_l(t)dnt,

for all t € [0,T] where CVArr, = 0.
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Remark 2.3.2. If we assume that the filtration F is generated by a Brownian motion,
then, in view of the Brownian martingale representation theorem, there exists an F-

predictable process ( such that dny = (;dWy, and

7
dCVA, = r,CVAdt — CVA,_dM, — (1 — H) (Z lifi) dt
=1

+ (1 — Hy) B.G7H () dW,
for allt € [0,T] where CVApp, = 0.
We have the following important result regarding the cumulative CVA dynam-
ics.
Lemma 2.3.6. Dynamics of the CVA are found as follows,
dCVA, = (1 — H,)(dS, — dS°) + (2, — CVA,_)dH,,
for all t € [0,T] where CVArp: =0 and
7
Z =Y ¢
i=1
Proof. We have,
dCVA, = (1 — H,_)(dS, — dS°)
= (1 — H,)(dS, — dS°) + (AS, — ASC)dH,
= (1 — H,)(dS, — dS°) + (Z, — CVA,_)dH,
= (1 — H,)(dS; — dSC) + (Z, — CVA,)dH,
= (1 — H,)(dS; — dS°) + (Z, — CVA,_)dH,

where

7
Zy = ng
i=1

for all ¢ € [0,T]. O



Corollary 2.3.3. We have

7
d@t = Tt@tdt + Z (5; - CVAt_) thZ + (1 — Ht) BtG_l (t) dnt,

i=1

/T B'G (u) (Z z;g;) du ' E]

where

nt:E

and

& =(1—R)(S —C),

& =—(1-R)(S — ),

& =0-R)(S—C)" = (1-R)(S = Cy),
& =(1—Ri)(d —Cp)",

& =—(1-R)(6 —Cy),

& =1— R0 —C)" = (1= R)(0; = C),

for all t € [0,T].

Proof. Substituting the terms dS, and dgtc found in Lemma 2.3.5, we get,
dC/\TAt = (1 — Ht)rt<§t — gf)dt
~ ~ 7 . ~. s
+ (1= H)l (S, — S7)dt — (1= Hy) > 1(0; — 6,)dt
i=1

7 .

+ (Y (6~ 8,) — CVA,_)dH, + (1 — H)B,G (t)dn,
which is equal to,

dc/\/\At = Tt(ﬂtdt - CVAt_th

7
+ Y &dM] + (1 — H,)B,G™(t)dn,.
i=1

37
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Remark 2.3.3. It has been shown in (c¢f. [BCJZ11], page 10) that in a specific case
of a Markovian copula model of unilateral counterparty risk and assuming that the
filtration F is generated by a Brownian motion with r = 0, the dynamics of CVA

reduce to the form found in Corollary 2.3.3 with Ry =1 and 1 = oo.

2.3.2 Fair Spread Value Adjustment. CDS contracts are quoted in terms of
their spreads®, which do not take the counterparty risk into account. Therefore,
computing and monitoring the counterparty risk embedded in the CDS spreads is of
great importance for financial institutions. In this section, we introduce the Spread
Value Adjustment (SVA) as the difference between the counterparty risk-free and the
counterparty risky CDS spreads. The SVA provides a more practical way to quantify
the counterparty risk, and also it is a very useful indicator for the trading decisions

in practice (cf. [Gre09]).

Let us fix t € [0, 7], and let us denote by k; the market spread of the counter-
party risk-free CDS contract at time ¢; that is, x; is that level of spread which makes
the pre-default values of the two legs of a counterparty risk-free CDS contract equal
to each other at time ¢,

Sy (k) = 0. (2.18)

It is convenient to write the above equation in the form that is common in practice:
PL; — ki RDV01, = 0, (2.19)

where PL and RDV 01 are processes representing (pre-default) values of the protec-

®As we mentioned in Remark 2.2.6, CDS contracts can be quoted in terms of
upfront payments. However, it is always possible to convert the upfront payments to
running spreads.
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tion leg and the risky annuity ¢ , respectively, so that

Bt / —1,3 1 3
PL = 2 E BI1GP (u) 0} i) du| 7|, 2.20
TG (1) 16,T] (W) i§677 ' (2:20)
and
ol ioon]
RDVOL, = —_& BI\G* (u)du | Fi |, 2.21
LG 16,7] (u) ' (2.21)
where

Gt =Q(m>t| F).

Therefore, we get,

E [ fu B2'G° () 0% (X507 1) du | 7]
E [f]thAT?)] B;1G3 (u) du ‘ ]—"t} .

Ry =

(2.22)

We denote by ¢ the spread which makes the values of the two pre-first-default

legs of a counterparty risky CDS contract equal to each other at every ¢t € [0,7T] as

SE (k€) = PLY — k°RDV01¢ = 0. (2.23)

Likewise, we use the spread § initiated at time ¢ = 0 in order to compute the
fair price of a counterparty risky CDS contract at any time ¢ € [0, T]. Using Lemma

3.1, k¥ admits the following representation for every t € [0, T1,

c_ PLY
© T RDVO0IS

where

%We note that formula (2.20) provides a representation of PL;, which is conve-
nient for our purposes. The traditional representation of PL;, typically used in the
context of counterparty risk free CDS contracts is

B,

PL:—]E/ B YG? (u) 01N du
ey [m )

ft:|7

where \? is the F-intensity of 73.
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T 7 )
PLS = =) / B'\G(u) (> 15, | du| F, (2.24)
G(@t) |/ P
and
B
RDV01¢ = tEU B;'G (u) du ]—}]. (2.25)
G (t) 16,7]

We may now introduce the definition of the spread value adjustment.

Definition 2.3.1. The SVA of a counterparty risky CDS contract maturing at time
T is defined as,
SVAt = Rt — litc

for every t € [0,T].

We have the following useful representation.

Proposition 2.3.2. The SVA of a CDS contract maturing at time T can be repre-

sented as
CVA,

B-1G (u) du ’ ft}

SVA, =
B,G-1(t)E [ J

1]

for all t € [0,T], where the pre-first-default bilateral Credit Valuation Adjustment

—~—

process CVA is given as

CVA, = 8, — 5¢, (2.26)
for every t € [0,T].
Proof. Let us rewrite PLY as
PLY = PLY — k,RDVO1Y + k,RDV01¢
by a simple modification. Now, using (2.5) and (2.23), we conclude that

PLC = 5% (k) + K, RDVO1S = S,(k;) — CVA, + r, RDV01C.
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Since S,(k;) = 0, then ¢ has the following form,

o _ —CVA, + x,RDVO1{
6 RDVOIS

which is

—_—~—

t RDV01C """

Observe that the SVA can be computed using the CVA via the representa-
tion above. This is particularly important, since in practice the CVA is a commonly
computed quantity; therefore, SVA can be found without any additional effort. Fur-
thermore, this result is model-free, which means that it is valid under any particular

model.

2.3.2.1 SVA Dynamics. Applying It6 formula one obtains the dynamics of the

fair spread process and of the counterparty risk adjusted spread process as

1
dky = ——— BflGl (t) ("it - 5tllt1) dt + % d<772>t (2.27)
RDV01, RDVO01,
1 1
R d<771’772>t N (dnt1 — /-itdnf) , t € 0,7,
RDV01, RDV 01,
where
RDVO01, :=E U B'G3 (u) du ft] ,
1t,T]
with
n =E {/ B *G? (u) 6l du ]:t} :
10,7

and

w2 =E U BIGP (u) du }}} :RT)T//Olt+/ BIGP (u) du.
10,77 10,¢]
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Moreover,
1
RDV01, RDVOl
1 1 2 1 1 C g2
———— A C) |+ ——= (¢ —rd),
RDV01, RDV01,
where
RDVO01; = E U BIG® (u) du ft] :
1t.7]
with
7 .
l=E / B'G (u) (Z z;SL) du E] ,
10,7 1
and

(2=E {/ B,'G (u) du
107}

Combining the above results, we find the dynamics of the SVA process:

c
]:t} = RDV01, +/ B, 'G (u) du.
10,2]

dSVA; = dr;, —dx®, t€0,T].

Dynamics of the SVA are of great importance for observing the behavior of
the difference between the fair spread and the counterparty risk adjusted spread.

Counterparty risk dynamics can be assessed in a more intuitive manner by computing

the SVA dynamics.

2.4 Multivariate Markovian Default Model In this section, we propose an
underlying stochastic model following the lines of [BCJZ11]. Towards this end we
define a Markovian model of multivariate default times with factor processes X =

(X1, X2 X3) which will have the following key features:

e The pair (X, H) is Markov in its natural filtration,

e Each pair (X', H') is a Markov process,
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e At every instant, either each counterparty defaults individually or simultane-

ously with other counterparties.

Note that the second property grants quick valuation of the CDS and inde-
pendent calibration of each model marginal (X*, H"), whereas the third property will
allow us to account for dependence between defaults. We present here some numerical
results as an application of the above theory. The default intensities are assumed to
be of the affine form

Lt X)) = ai + Xj,
where a; is a constant and X is a homogenous CIR process generated by,
dX; = G (i — X;) dt — o7/ X;dW},

for i = 1,2,3. Each collection of the parameters ((;, it;, 0;) may take values corre-

sponding to a low, a medium or a high regime which are given as follows.

Table 2.1. CIR parameters for different risk profiles

Credit Risk Level ¢ p o Xo

Low 0.9 0.001 0.01 0.001
Medium 0.8 0.02 0.1 0.02
High 0.5 0.05 02 0.05

Moreover, following the methodology in [BCJZ11], we specify the marginal

default intensity processes as follows
G =U0+0+0+, ¢=U0+0+0+1, ¢=U+F+1+1,
where the related survival probabilities are found as

Q(r; >t)=E [e* Jo qid“} and Q(r>t)=E [e* Jo l“d“] )
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For a detailed discussion including implementation and the calibration of the model,

we refer to [BCJZ11] and [ABCJ11].

2.4.1 Results. Our aim here is to assess by means of numerical experiments the
impact of collateralization on the counterparty risk exposure. We present numeri-
cal results for different collateralization regimes distinguished by different threshold
values. The numerical experiments below have been done using the parametrization
given in [BCJZ11], the recovery rates are fixed to 40%, the risk-free rate r is taken

as 0 and the maturity is set to 7" = 5 years.

Table 2.2 shows the values of CVAy and SVA for different threshold regimes.
Threshold values in Cases A-F are chosen as a fraction of the notional (cf. [Pyk09]).
In practice, institutions pick their collateral threshold levels before initiating the con-
tracts. Therefore, it is very important to see how much the predetermined threshold

levels actually reduce the overall exposure, as well as the CVA values.

Computations are done assuming that (see Table 2.1) the underlying entity,
the counterparty, and the investor has high risk levels. Simulated fair spread without
counterparty risk is found as 153bps. Case A represents the uncollateralized regime
where there is no collateral exchanged (this is done by setting the thresholds infinity),
whereas other Case F corresponds to the full collateralization where the thresholds
are set to 0. In each case, computations are done by setting MTA to zero and
assuming there is no margin period. One can observe that decreasing threshold value

dramatically decreases the initial CVA and therefore the SVA values.

In Figure 2.2, we present the EPE and EN E curves for each case A to F, and
we also plot the mean collateral values. Computations are carried out by running 10*
Monte Carlo simulations. It is apparent that the behavior of the EPE and ENFE

values decrease as a result of increased collateralization. Note that there are peaks in
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Table 2.2. Collateral thresholds, initial CVA and SVA values

Copiy Line CVA, SVA,
Case A oo -00 1.01 x 107* 0.2153
Case B 1.5x107% 04x107° 6.13x107° 0.1305
Case C 1x 1073 02x 1073 436 x 107> 0.0931
Case D 0.5x107%  0.1x107® 218 x107° 0.0464

Case E 0.25 x 1073 0.05 x 1073 1.14 x 107> 0.0243
Case F' 0 0 0 0

the collateral value in the very beginning and through the maturity. This effect can
be explained as follows: Observe from Table 2.2 that the investor has lower threshold
than the counterparty in each cases from A to F. As a result, having a lower threshold
value, investor will be posting collateral before the counterparty. Therefore, until the
counterparty’s exposure reaches the threshold, the collateral value remains negative;

meaning that there will be margin calls for the investor before the counterparty.

Figure 2.4 plots the mean of sample CVA paths. Starting from CVA, we
compute the mean sample paths in each case. The behavior of CVA as a credit hybrid
option, as indicated in Remark 2.2.4, can be clearly observed in the graphs. CVA
values decrease over time as a result of time decay since the expected loss decreases
close to the expiration. The effect of collateralization on the CVA values is apparent
in the graphs. Observe that increased initial threshold values are of great importance
since one can significantly reduce the future CVA values by appropriately setting the
collateral thresholds. Moreover, one can also use dynamic thresholds by linking the
threshold values to the counterparties’ default intensities or credit ratings. In this
way, counterparties will have more control on the future values of the CVA of the
CDS contract and dynamically manage the CVA since the collateral thresholds will

be reacting to the changes in the default intensities or credit ratings.
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CHAPTER 3

COLLATERALIZED CVA VALUATION WITH RATING TRIGGERS AND
CREDIT MIGRATIONS

3.1 Introduction

Modeling, managing and mitigating counterparty risk is a crucial task for all
financial institutions. One of the most popular mitigation techniques used by the
market participants is including additional termination events (ATE) in OTC trans-
actions. As defined in Section 5(b)(vi) of the ISDA Master Agreement (see [Int02]),
ATEs allow institutions to terminate and close out the derivatives transactions with
a counterparty if a termination event occurs. We consider a particular, and in fact

the most common, termination event: rating triggers.

A rating trigger is defined as a threshold credit rating level, which is agreed
upon the initiation of the contract. If the credit rating of the counterparty or the
investor decreases below the trigger level, before the maturity, the contract is termi-
nated and closed out. Therefore, rating triggers provide additional protection from a
counterparty with a deteriorating credit rating, by allowing the investor to terminate
the contract prior to a default event. Furthermore, since a significant credit deterio-
ration is usually followed by a default event, adding rating triggers serves as a cushion
against such defaults. On the other hand, rating-triggers are also very effective in

mitigating counterparty credit risk.

The counterparty credit risk modeling literature has grown significantly since
the credit crunch in 2008. We refer to Bielecki, Cialenco, and Iyigunler [BCI11],
Assefa, Bielecki, Crepey and Jeanblanc [ABCJ11], Brigo, Capponi, Pallavicini and
Papatheodorou [BCPP11] and also Crepey [Crel2a, Crel2b] for recent general results
in counterparty risk modeling. Nevertheless, the literature on counterparty risk mod-

eling with rating triggers is very limited. In Yi [Yill], CVA valuation with rating
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triggers is studied for optional and mandatory termination events, and a compound
Poisson model is introduced for modeling rating transitions and default probabilities.
Zhou [Zhol0] considers practical problems regarding CVA valuation with additional
termination events under a simple model from a practitioner’s point of view. Re-
cently, Mercurio [Merl1] studied a similar problem and introduced a valuation model
by proposing several generalizing assumptions to simplify the CVA computations con-
sidering the unilateral counterparty risk. However, a comprehensive approach which
involves the joint modeling of rating transitions in a risk-neutral setting and the

dynamic, ratings-dependent collateralization has not been studied in the literature.

In this chapter we consider the problem of collateralized bilateral CVA valua-
tion with rating triggers and credit migrations. We first find the CVA representation
in presence of rating triggers. We show that the value of the underlying OTC contract
needs to be adjusted also for the rating triggers. This new adjustment term is called
the rating valuation adjustment (RVA). We show that RVA represents the expected
loss in case of a default event that is preceded by a trigger event. In the bilateral
case, we see that RVA is decomposed into two components: URVA and DRVA, rep-
resenting the rating valuation adjustments for the counterparty’s and the investor’s
rating triggers. Furthermore, we consider dynamic collateralization using the rating
transitions. In this framework, the collateral thresholds are defined as the function-
als of the current credit ratings of the counterparty and the investor. In practice
such rating-dependent margin agreements are standard and they are described in the
Credit Support Annex (CSA). Moreover, we consider the rehypothecation risk of the
collateral in the presence of independent amounts. These results described above are
model-free. Therefore, we employ a Markovian approach for modeling the joint rating
transitions and the default probabilities of the counterparty and the investor. The
applications of the Markov copulae is previously studied in Bielecki, Crepey, Jean-

blanc, and Rutkowski [BCJRO06] in the context of basket credit derivatives. Moreover,
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Bielecki, Vidozzi, and Vidozzi [BVV06, BVV08] applied Markov copulae to the collat-
eralized debt obligations and ratings-triggered corporate step-up bonds. Theoretical
aspects of the Markov copulae can be found in Bielecki, Jakubowski, Vidozzi, and
Vidozzi [BJVV08] and Bielecki, Jakubowski, and Nieweglowski [BJN11]. We finally
illustrate our results with numerical examples. We analyze the impact of early ter-

mination clauses and dynamic collateralization on the bilateral and unilateral CVA,

as well as the DVA and RVA in case of a CDS and an IRS contract.
3.2 Credit Value Adjustment and Collateralization under Rating Triggers

We consider a generic OTC contract between two names: the investor and
the counterparty. In the model we propose in this chapter, the counterparty risk
associated with this contract will be sensitive to the current creditworthiness of the
two parties. We postulate that the creditworthiness of each party is represented by
the same K := {1,2,..., K} rating categories. We postulate that the ratings are
ordered from the best, i.e. 1, to the worst, i.e. K, with the convention that the level

K corresponds to a default.

To model the evolution of the credit worthiness we introduce two right contin-
uous processes X! and X? on (€, G, Q), with values in K, and we denote by X! and X?
the associated filtrations: X’ = (&/),5, with &} = o(X},u <t)fort e Ry, i =1,27
Processes X! and X2 represent the evolution of the credit ratings of the counterparty
and the investor. In what follows we shall make additional specific assumptions about

processes X%, i =1,2.

We assume that we are given a market filtration F containing the informa-

tion about the relevant market variables (i.e. short rate process), and a filtration F

7All filtrations considered in this chapter are assumed to satisfy the usual con-
ditions.
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that contains the information regarding the financial contract underlying our OTC

contract. Accordingly, we define G :=FV F v X! v X2.

Recall that the savings account process B is given as,
By =ehmd  teo,T],

where the F-adapted process r models the short-term interest rate. We postulate that

Q represents a pricing measure corresponding to the discount factor 8 = B!,

As mentioned above, both the counterparty and the investor are defaultable,

and the respective default times are given as
m=inf{t>0: X =K}, i=12
We shall also consider the first default time 7 := 71 A 7.

We denote by R; € [0,1] a G,,—measurable random variable, which represents
the recovery rate of party ¢ = 1,2. The recovery rates represent the fraction of the
mark-to-market value of the underlying contract recovered from the defaulting names,

which appears in the close-out amounts.

Let D represent the counterparty risk-free cumulative dividend process of our
OTC contract over a finite time horizon [0,7], which is the “clean” version of the
contract that does not account for the counterparty risk.® We assume that D is of

finite variation.

In accordance with the classical risk neutral valuation we define the counter-

party risk-free ex-dividend price (clean price from now on) process of the contract:

Definition 3.2.1. The ex-dividend price process of a counterparty risk-free contract

8All cash flows are considered from the point of view of the investor.
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is defined as, °

S, = BtE[/ B;'dD,
J.17

G,

for all t € [0,T].

The process S is also called the clean mark-to-market process. Let us also define the

process S := S + AD.

We consider collateralized contracts, therefore we define a G-predictable pro-
cess C' on [0,T] representing cumulative collateral amount in the margin account.

Mechanics and the modeling of the collateral process are discussed in Section 3.2.3.

3.2.1 Pricing Bilateral Counterparty Risk. Let us consider the case K =
2, therefore allowing only the default and the pre-default states prevail. This case
corresponds to the model presented in Chapter 2 in the context of CDS contracts, and

also discussed by Bielecki et al. [BCI11, BC11, BCJZ11] and Assefa et al. [ABCJ11].

Recall that, we denote H}' := Ly, <y and H} := 1y;,<; as the default indicator
processes of 71 and 7y respectively. We also define 7 := 71 A 75 as the first default
time of the counterparty and the investor and let H := l{,<;; be the default indicator

process corresponding to 7. We now have X}! =1+ H! and X? = 1+ H?

Let D¢ represent the counterparty risky cumulative dividend processes of the
contract that is subject to counterparty default risk. Therefore, given D, we define

the counterparty risky cumulative dividend process D¢ as follows.

Definition 3.2.2. Counterparty-risky cumulative dividend process has the following

9Required integrability properties are assumed implicitly.
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form
Dy=(1—Hy)Dy + HiDr + Ly (Crliz<y
+ (Rl(STA - CT)JF - (STA o CT)i)]l{T:nSt}
- (RQ(STA - CT)_ - (STA - CT)+)]]-{T=72§t} - (Sq—A - OT)]]'{T:leTQSt}) ,

for all t € [0,T].

We proceed with defining the ex-dividend price of a counterparty risky con-

tract,

Definition 3.2.3. The ez-dividend price process of a counterparty risky contract is
given as,

§¢ — BtIE[/ BIldD,
.71

G| .

for all t € 10,T).

Having defined a counterparty risk-free and a counterparty risky contract, we
are now interested in the difference between their ex-dividend prices. Recall that,
this difference is called the Credit Valuation Adjustment (CVA). Since we consider
bilateral case, both the investor and the counterparty can default on their contrac-
tual obligations. Therefore, we refer to the CVA as the bilateral credit valuation

adjustment.

Definition 3.2.4. The bilateral credit valuation adjustment is defined as,
CVAt - St - Stc 5

for allt € [0,7 ANT.

Bilateral counterparty valuation adjustment process has the following repre-

sentation.
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Proposition 3.2.1. The credit valuation adjustment process can be represented as
CVA, :BtIE[]l{T:ﬁST}BT_I(l CR)(SA - )t ) gt]
~BiE|Lirmrry B, (1= R2)(S2 — €))7 | G4 (3.1)

for allt € [0,7 ANT.

A proof of this proposition, where the underlying is assumed to be a CDS
contract, is given in Proposition 2.2.1 in Chapter 2, and also in Bielecki et al. [BCI11].

Recall that the bilateral CVA can be decomposed as

UCVA; = BE[L{,—r,<ry B (1 — R)(S2 = C) 7| G, (3.2)

DVA; = BE[L{r—r,<r By (1 = Ro)(S2 — Cr)™ | Gi],

for all t € [0,7 A T]. These components represent the two legs of bilateral CVA,
namely the Unilateral Credit Valuation Adjustment (UCVA) and the Debt Valuation
Adjustment (DVA), representing the expected losses in case of the counterparty’s and

the investor’s defaults, respectively.

3.2.2 Pricing Bilateral Counterparty Risk with Rating Triggers. We now
proceed with introducing the rating trigger times, and the close-out cash flows in
the CVA valuation. We also show how the clean price of our OTC contract can be

adjusted for the counterparty risk and the rating triggers.

3.2.2.1 Trigger Times. As we stated before, the counterparty risk of the OTC
contract we consider is sensitive to the creditworthiness of the investor and the coun-
terparty. Specifically, we consider an OTC contract that is subject to a rating trigger
clause:

If the investor’s or the counterparty’s credit rating deteriorates to or below the

trigger level (except the default level), the contract is terminated and closed out.
Note that there are no mark-to-market losses associated with the trigger events.
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The trigger levels are set as K for the counterparty, and K, for the investor,*’
where 1 < K, Ky < K. Let 7/ represent the first time that the i-th party’s credit

rating crosses the his rating trigger, that is
=inf{t>0: X/ > K}, i=12
The corresponding rating trigger event times'! are defined as
A =inf{t >0: X! e {K;, Kipq,..., K —1}}, i=1,2,

and we set

R ~R .

~R
h=rFfArf and 7 .

= 7/'\1R/\T2
Clearly, 71 = FEAT fori=1,2.

We denote by H/* := 1 reyy and HE = I(zr<yy the rating trigger indicator

processes including and not including the default event, respectively.

3.2.2.2 Cash Flows, Prices and Adjustments. The close-out portion of the
cumulative dividend process of the counterparty risky contract needs to account for
the MtM exchange without incurring any losses at a trigger time other than default.
On the other hand, if a trigger event occurs simultaneously with a default event,
the deal will be settled according to the default event. Consequently, we propose
the following definition of the cumulative dividend process of the counterparty risky

contract,

Definition 3.2.5. The counterparty-risky cumulative dividend process of an OTC

10Tt is implicitly assumed that X{ < K; for i = 1, 2.

HThat is, excluding default.
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contract subject to rating triggers is defined as
DF = (1= HYD, + Dyn HE + Ljpner (cTRHtR
T (Ry(S5 — Con)* = (8% — Con)”) [H®, HY),
— (Ro(S5 — Cor)™ — (S5% — Cpr) %) [H®, H?),
— (8% = Con) [(H, H'), )y + (S5 — Con) [H”, H),)
for all t € [0,T].
Accordingly, the ex-dividend price processes associated with a counterparty
risky contract with rating triggers is defined as follows.

Definition 3.2.6. The ex-dividend price process SE of a counterparty risky contract

with rating triggers, maturing at time T, is defined as

Sk — BtIE[ / B:ldDE
7

gt] )
for allt € [0,T].

We now introduce the credit valuation adjustment term when the underlying

contract is subject to rating triggers.

Definition 3.2.7. The bilateral credit valuation adjustment with rating triggers is
defined as,
CVAF = 5, — SE. (3.3)

fort € [0, 78 AT].

The following representation generalizes the results derived in the previous

chapter and in Bielecki et al. [BCI11].
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Proposition 3.2.2. The bilateral credit valuation adjustment defined in (3.3) can be

represented as
CVAL =BiE[1onepeny Bt (1 = R)(S5% = Con)* |G
—BtE [B{TR:TQST}B;I%(l - RQ)(STAR - CTR)_ ‘ gt:| 5 (34)

fort € [0, 7R AT].

Proof. Using Definition 3.2.5, we get,

dD; — dD}' = dD, — (1 — H")dD; — D, dH[* + D.r_dH[* — 1{;reryCrrdH[
— Lgpreqy (Ri(S5 — Cror) ™ — (S5 — Cpr) " )d[H™, H'],
+ Lrery (Ro(S5% — Cor)™ — (S5 — Cpr)T)d[H", H?),
+ Lrreqy (S5 — Cor)d[[H®, H'], H?,

- I]-{TRST}<STAR - CTR)d[HR, ]/_.;R]t .
Integrating both sides leads to,

/ B;Y(dD, — dDF) = / B 'HEdD, — B;'D, dHE + / B;'D.r_dHE
1t,7) 1t,1] 1t,7] 1t,1]
- / L rery By (Ri(S% — Cor)t — (S5 — Cor)7)d[H", H'),
7]
+ / Lirery By ' (Ro(S5% — Cpr)™ — (S5 — Cor) M) d[HT, H?),,
7]
+ /] 7 I]-{TRgT}Bgl(STAR - CTR>d[[HR7 Hl] 7H2]u
t7
— / ﬂ{TRST}Bil(STAR — CTR)d[HR, [/‘\[R]u — /] ] H{TRST}BglcTRdHf.
t,T
Since,

/ B;lDTR_dHf—/ B;'D, dHF =0,
J£.7]

16,71



we obtain,

.

B, 'HRdD, — L repy By 2CondH Y

B (ap, — anf) - |
16,7

7]

- /] ] IL{TRST}BJI (Rl(STAR - CTR>+ - (Sﬁ? - CTR)_)d[HRv Hl]u
t,T

+ /} . Lirery By (Ro(S5% — Cor)™ — (S5 — Cpr) ) d[H®, H?),
t,

L rery By (S5 — Cor)d[[H®, H'], H?],

-1

($% — Cor)d[H", H", .

u

1(dDu - de) ) grR] = ]l{tSTR/\T} E

n{tSTRAT}E[ / B / B-'HEID,
1t,T) 1t,T]

]]_{TRST}BJICTRdHf

\.\

S

¢

=

!

Lirery By (Ri(S% — Cor)t — (S5 — Cpr)7)d[H®, H'),

]
Lirery By (Ro(S% — Crr)™ — (S5 — Cor)T)d[H®, H?),

+

=

S

Jt,T]
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+/ l{TRST}Bf(STAR — C.r)d[[H®, H'), H?], (3.5)
Jt.T]
- / 1orery By Y (S5 — Cor)d[HE, HY), g,R] :
1.7
Notice that, since t € [0, 7% A T], we have
/ B,'HfdD, = / B, 'H%dD, + / B,'HfdD,
1t Jt,r R [rR T
= / B, 'HEdD, . (3.6)
[TR.T]
Therefore,
LycrrnryE| / B HEAD, | Gor| = 1yconnnE| / B, HdD, | G.x|
B 1¢,7] B [+R,T]
= ]l{tgrR/\T}ﬂ{ngT}BT_Rl(STR + ADTR) = ﬂ{tgq—R}ﬂ{q—RgT}BT_Rl(STR + ADTR) . (3.7)
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Taking conditional expectation given G, and using the tower property in (3.12) reads

ﬂ{tSTRAT}(St - StR) = ﬂ{tSTR/\T}BtE[/

6,71

B-Y(dD, — dDF) ( gt} (3.8)

— Lyermnny BE | B (Lipnery (S5 = Crn)

— (Ru(S5% — Con) ™ — (% — Con) ) Licr, <y

+ (Ro(S5% — Crr)™ — (S5 — Crn) ) Lrrep <y

+ (S5 — Con) Uity — (Soh — Crr) Lipr_sncry) ‘ gt] :

Since

(S% — Con) = (S5 — Con)* — (85 — Co)”
it follows that (3.15) is equivalent to
Lg<rrny (St — SfY) = l{thR/\T}BtE[B;% (1rrery(Sik — Crr)
— (Ri(S% — Cpr) T 4 (S5 — Cyn) — (S5 — Con) )L rier <y
+ (Ro(S5 — Cpr)™ — (S5 — Crr)™ — (S% — Con)) Lrhemyery
+ (S5 — Con) Urnor,—myery — (Sek — Crn) Lpn_zrcry) ’ Qt} :
After simplifying the terms above, we obtain
L<rrnry (St = Sf) = Lj<rnnry BiE {B;Rl (Lgrrery (S5 — Crn)
+ (1= R1)(S% — Crr) " L paep<my — (S% — Cor)Liprer, <my
— (1= Ry) (S5 — Crr) Liprpyery — (S5 — Crr)Lipr_py<ry
+ (S5 — Crr) R <t} — (S5 — Crr)lirr_zrery) ‘ gt] :
which is equivalent to
Vusernry (St = S7) = Lygrnnay BE| B [Linery (S% = Crn) = Linery (S% = Con)

+ (1= Ri)(S% = Con)  Uppnogy<ry — (1= Ro)(Sth = Crn) ™ Lipner,<my)] ’ Qt} :
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Finally, we find that
St = Sf = BE[Ujpner <y B (1 = Ri)(S5 = Con) ( G|
— BE| 1oy B (1= R)(S% = Con) ™ |G

on the set t € [0, 7% A T], which proves our claim. O

Note that since there are no losses associated with the trigger events other
than defaults, and since CVA (as well as CVA®) only reflects the expected losses,

these cases do not appear directly in (3.4).

Similar to (3.2), we can define

UCVA} := BE[L;rery<ry B (1 — Ry)(S% — Crr) |G,

DVA}* := BE[1{r—p<ryBoa (1 — Ra)(S% — Crr) ™ |Gy ],

for t € [0,7% AT]. Therefore, the credit valuation adjustment representation found

in (3.4) can be decomposed as CVA® = UCVA® — DVA®.

Remark 3.2.1. Note that although banks report on DVA (or DVAE in our case) in
their earnings reports, it is not included in determining the capital levels. This is also

stated in [Banl1, Paragraph 75] as

Derecognise in the calculation of Common FEquity Tier 1, all unrealised gains and
losses that have resulted from changes in the fair value of liabilities that are due
to changes in the banks own credit risk.

Therefore, Basel III framework does not allow the banks to account for DVA
in their requlatory capital calculations (see also [Banl12] for a detailed discussion,).
The main reason of this treatment of DVA in Basel III is to not to allow banks to

have the value of their liabilities decrease while their credit risk is increasing.
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The difference between CVA and CVA® indicates the change, either as a re-
duction or as an increase, in the CVA due to rating triggers. Therefore, the coun-
terparties can determine the appropriate rating trigger levels at the initiation of the
contracts. This is very important for the financial institutions; since, as we mentioned
before, rating triggers are commonly used tools to mitigate the CVA. This leads us

to introduce the following concept.

Definition 3.2.8. The Rating Valuation Adjustment (RVA) process, is defined as
RVA, = CVA, — CVAE, (3.9)
for all t € [0, 7R AT].
The rating valuation adjustment term defined above has the following repre-
sentation.

Proposition 3.2.3. The RVA process can be represented as

RVA; = BE[l(;rcrer<ry By (1 = R1)(S2 — C-) 1| G

- BtE[H{TR<T=T2ST}B;1(1 - RQ)(STA - CT)i ’ gt} )

for allt € [0, 7R AT).

Proof. From (3.1) and (3.4) we obtain
CVA, — CVAE = BE[1(,_p, <y BZ1(1 — Ry)(S2 — C,)F ‘ gt]
~ BE[1rerery By (1 = Ro)(S2 = Cr) | 6.

— BE[Lnnen B (1= R)(S3 — Co)* | G

+ BE [ nepyeny BoA(1 = Ro)(S2% = Con) ™ | Gr]
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which can be written as,
CVA; — CVAR = BtE[ﬂ{T:nST}B;u —R)(SA - )t ( gt}
~ BE[1rrery B (1 = Ro)(S3 — Cr) ™ |G|

— BE ﬂ{TRzngT}Br_ll(l — Rl)(SrAl - C)" ‘ gt]

+ BE :11{TR:T2§T}B;21(1 — Ry)(S2 —C,)” ‘ gt] .
Therefore, simplifying the terms above yields
CVA, = OVAR = BE|(Lr—r,<ry — Lrnen<r) B2 (1= R1)(SS = Cr)7| G, |
- Bt]E[(ﬂ{T:mST} — Lgrrer<ry) B (1= Ro)(Sp; = Cry)™ ‘ Qt} :
which is equivalent to
CVA, = CVAF = BE[Urcrneny B (1 - R)(S2 = Cr)* |G/
_BE [H{TRQ:TQST}BQQ — Ry)(S2 - C,)” ‘ gt] ,
for t € [0, 7% A T], which proves the result in view of (3.9). O
Remark 3.2.2. Note that RVA can be positive or negative. If RVA is positive then
there is a decrease in the bilateral CVA. If RVA is negative then this indicates an
increase in the bilateral CVA due to adding rating triggers. Furthermore, RVA is
always non-negative in case of measuring unilateral counterparty risk (T, = 00).
Let us define

URVA, : = BE[L(zrcrer, <y By (1 = B1)(S2 = C) VG,

DRVA; : = BiE[Lz#<r—rycry By ' (1 = Ro)(S2 — C-) 7 |Gy
for t € [0, 7% A T]. Therefore, RVA has the following decomposition,

RVA, = URVA, — DRVA,,
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for t € [0,7% A T]. Here URVA represents the expected loss if the counterparty
defaults first which is preceded by a rating trigger. Similarly, DRVA is the expected
loss in case the investor defaults first after a rating trigger. Therefore, including
rating triggers provision in an OTC contract provides protection from losses due to
default events which happen after a credit downgrade. Accordingly, the value of the

contract is adjusted for this protection, as shown in the following result.

Corollary 3.2.1. We have the following decomposition for the counterparty risky

price process

Sk =5, — CVAR
= St - C’VAt + RVAt

= St - UCVAt + DVAt —f‘ URVAt - DRVAt,

fort € [0, 7R AT].

The above result is particularly important because it provides an explicit view
of the adjustments we consider in case the underlying contracts have rating triggers.
In practice, each term in the above decomposition is computed separately. Moreover,
each term in the decomposition is treated differently, in the sense that different desks
and departments are responsible for applying the above adjustments. We will see that
it is possible to have further refinements of the above decomposition, by considering

additional risks associated with the counterparty risk.

3.2.3 Dynamic Collateralization. As we mentioned in Section 2.2.1.1 in Chapter
2, in bilateral margin agreements, counterparties are required to post collateral as
soon as the clean price of the contract exceeds thresholds, which are defined in CSA
(see [Int94]). In particular, these thresholds are defined in terms of the credit ratings

of the counterparties. Specifically, the collateral threshold of a counterparty decreases
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as a result of a credit rating downgrade and increases as a result of a credit rating
upgrade. Consequently, a counterparty with higher credit rating will have higher

threshold than a counterparty with a lower credit rating.

It is important to note that there is an adverse relation between the margin
requirements and the credit ratings. A credit downgrade along with higher borrowing
rates and exposures forces the companies to post increasing amounts of collateral to
their counterparties, which can be fatal. For example, the ratings linked collateral
thresholds, coupled with rehypothecation, have been considered to be one of the key
drivers of AIG’s collapse in 2008. Before 2007, as a ‘AAA’ rated company, AIG
had not been required to post any collateral for most of its derivatives transactions.
However, after several downgrades AIG had posted more than $40 billion in collateral

as of November 2008 (see [Int09] for details).

Thus, one of the key issues in modeling of the collateral process'? is the issue of
modeling of the thresholds. In what follows, we shall model the collateral threshold for
the counterparty at time ¢, say I'}, as I} = ~!(¢, X}, S¢), where v1 : [0, T] x K xR —
R, is a measurable function. Likewise, we shall model the collateral threshold for the
investor at time ¢, say I'7, as ['? = v%(¢, X7, S;), where 42 : [0,T] x K xR - R_is a

measurable function.

For a proper modeling of the collateral we need to consider the so called inde-
pendent amounts (i.e. initial margins) posted by the counterparty and the investor
by the constants 5; € R, and 8, € R_, respectively. We also need to consider the so
called minimum transfer amount (MTA), which is a positive constant denoted by @

and the margin period of risk, which is again a positive constant denoted by A.*3

2Since in this chapter we only consider symmetric cash flows (form the point
of view of both the parties), we only need to model a single collateral process.

13We refer to Section 2.2.1.1, and to Bielecki et al. [BCI11] for a detailed dis-
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Let us denote the margin call dates by 0 < t; < ... < t, < T as in Sec-
tion 2.2.1.1. On the margin call date ¢;, if the exposure is above the counterparty’s
current threshold, I' tll_, and if the difference between the current exposure and the col-
lateral amount is greater than the MTA the counterparty posts collateral and updates
the margin account; otherwise, no collateral exchange takes place since the transfer
amount is less than the MTA. Likewise, the investor delivers collateral on the mar-
gin call date t;, if the exposure is below investor’s threshold, Fi_, and the difference
between the current exposure and the collateral amount is greater than MTA (cf.

[Int05], pages 52-56).

In accordance with the above discussion the collateral process is modeled as

follows:
We set Cy = 0. Then, for i =1,2,...,n, we define
Cy:=1ys, 15, (,61—52)—rgi—cti>e}(5ti + B, (B1 — B2) —TL — Cy,)
+ L5, 4By, (52— 1) -T2, —Ci, <0} (S, + B, (B2 — 1) — 7 —Cy)+ Ch,

for t € (t;,ti11], on the set {t; < 7%}. Moreover, C; = C,r on the set {7% <t <

78 + A}, where A represents the margin period of risk.

Observe that the collateral increments at each margin call date t; < 77 can

now be represented as,
AC’ti L= Cti_;,_ - Cti
- 1{5t¢+3t¢(/31*,32)*Ft1ifcti>9} (Stl + By, (ﬁl o ﬁQ) o Ftlz o Ctz)

+ L5, 4B, (82— )12 —Cr, <03 (S, + B, (B2 — 1) — 7 —C).

In Section 3.4 we assume, for simplicity, that the margin period of risk, in-

cussion and definitions.
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dependent amounts and minimum transfer amount are equal to zero. Thus, the

collateral amount at time ¢ (from the point of view of the investor) is given as
Cr = Lis,, 1150,y (Se = Ti, = Co) + L, 12 <,y (St — T — C,) + Ci,

for t € (t;,t;11]. Furthermore, we consider the following structure for the collateral
thresholds

Vit x,8) = p'(t, x)s, 1=1,2,

where p' : [0, T] x K — [0, 1] is a measurable function. The functions p' and p? repre-
sent the collateral rates for the counterparty and the investor at time ¢, respectively.

Essentially, the collateral rates indicate the percentage of exposure at time t.

In practice, the threshold levels are set in CSA documents (available upon
request) for different credit rating levels. However, these levels usually do not follow
a pattern, and they are not formulated as functions of the credit rating levels. Here, we
propose two forms of the collateral threshold levels. We introduce two specifications

of collateral rates:'*

e The linear case:
K —=x
K -1

for all i = 1,2. In particular, p'(t,1) = 1 and p'(t, K) = 0.

pit, ) ==

e The exponential case:

A el ife <K
pe(t,x) ==
0, ife=K

forall i =1, 2.

14Recall that the credit ratings of each credit name take values in the set K =
{1,2,..., K}, where K represents the default and where 1 represents the highest
possible rating.
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In the linear case, collateral thresholds change linearly with the credit qualities
of the counterparties. Likewise, in the exponential case, the collateral thresholds
exponentially change with the credit ratings. Therefore, the collateral rates in the
exponential case are always less than the ones in the linear case, which leads to lower
collateral thresholds, and as a result more collateral being kept in the margin account.
In both cases, the amount of collateral to be posted increases with the decreasing
credit ratings. We will use these collateralization schemes for our experiments in the

last section.

3.2.4 Rehypothecation Risk. We now consider the case that the collateral receiver
(counterparty or the investor) can rehypothecate the collateral. Rehypothecation®®
refers to the usage of the collateral in the margin account for (risky) investment and
funding purposes. Naturally, it may not be possible to fully recover the collateral
in case of a default, if the counterparties rehypothecate the collateral. Therefore,
rehypothecation risk is defined as the risk of not fully recovering collateral as a result
of rehypothecation. The vital importance of considering rehypothecation risk is also

stated in ISDA’s AIG report (see [Int09]) as follows.

Normally, the lender (i.e., AIG) would invest collateral received in highly liquid
and safe short-term securities such as Treasury bills to earn a modest return. AIG,
however, invested the collateral it received in subprime mortgage backed securi-
ties.As borrowers began returning the securities they had borrowed and demand-
ing repayment of collateral. AIG found it could not sell the mortgage-backed secu-
rities in which it had invested the cash collateral and had to search for alternative
sources of funds.

Let us define a G,,-measurable random variable R} and a G,,-measurable ran-

dom variable R? as the recovery rates of the rehypothecated collateral for the investor

150rigin of the word rehypothecate comes from the Medieval Latin hypothecare
to pledge, from Late Latin hypotheca pledge, from Greek hypotheke, from hypotithenai
to put under, deposit as a pledge
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and the counterparty. Following Brigo et al. [BCPP11], we assume that R; < R and

Ry, < Rl since in case of a default the collateral has priority among other liabilities.
Let us now define the cumulative dividend process associated with the coun-
terparty risky contract with rehypothecation.

Definition 3.2.9. Cumulative dividend process of a counterparty risky contract that

takes rehypothecation risk into account is represented as,
DI — (1 = HR)D, + Dy _HE + 1y (ciRHtR
+ (Rl<sz ~ Con)t — (S5 — @R)—) (H", HY,
— (Ro(82% = Con)™ = (85 = Con) ) [H", Y,
- (STAR - @R) (H?, HY], HY), + (STAR = (ZR) (H", ﬁR]t) ,
for all t € [0,T], where
Con = Con | Lenry oy (i oo + 1 0) + Loncryir, (Lo gm0 + BiLe po)

+ Lorcry oy (R Lo 50 + B3 lc p<o0) + Loncsr |

The definition above can be interpreted as follows. If the counterparty defaults
first and if he also holds the collateral, then he delivers only a fraction, R?, of the
collateral posted to the margin account. Likewise, if the investor defaults first and if
he holds the collateral, then he delivers only a fraction, R%, of the collateral posted

to the margin account.
We are now ready to define the ex-dividend price processes associated with a
counterparty risky contract with rating triggers and rehypothecation risk.

Definition 3.2.10. The ez-dividend price process S®" of a counterparty risky con-

tract maturing at time T, with rating triggers and rehypothecation risk is defined as,

i = BE| / B, D" |G, |,
o
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for all t € [0,T].
Next, we give the definition of credit valuation adjustment of a contract with
rating triggers in presence of rehypothecation risk.

Definition 3.2.11. The credit valuation adjustment with rating triggers taking the

rehypothecation risk into account is defined as,
CVAFM = 5, — sFh | (3.10)
for allt € [0, 7R AT).
This form of the counterparty-risky cumulative dividend process leads to the
following representation for the bilateral CVA.

Proposition 3.2.4. The bilateral Credit Valuation Adjustment process with rehypoth-

ecation risk defined in (3.10) can be represented as
CVAR® = BE[ Loy BoA (1~ R)(S3 — Cla)* | G|
— BtE[]L{TR:TQST}BT_,%(l — Ro)(SA — C)” ‘ gt] , (3.11)
for all t € [0, 7% AT), where
Clp = Cor [17R=71¢72(R'f105>o + 1o p<o) + Lpep—r (RMc ps0 + RE1e ,<0) ‘ gt] ,
and

6’3R = CTR |::H-TR:TQ7$T1(I]-CTR>0 + R}QL]]-CTRSO) + ]]'TR:TliTQ(Rlll:H'CTR>0 + RS:H-CTRSO) ‘ gti| .
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Proof. Using Definition 3.2.9, we have
dD, — dDf" = dD; — (1 — HF)dD, — D, dHE + Don_dHE — 1;nepyCond HE
— Trrery (Ri(S5 — Con)t — (8% — Crr)7)d[HE, HY,
+ Lprery (Ra(S% — Crn)™ — (8% — Con) ) d[HT, H?),
t Lpnery (S5 — Co)d[[H™ HY) B,
— Lprery (S5 — Cor)d[HE, HY, .
Integrating both sides leads to,

/ B;'(dD, — dD®") = / B, 'HEdD, — B,;'D, dHF + / B;'D,r_dHF
Jt,T]

1t,7) 1¢,T 1t,7)

- /] ] Lneny By (Ri(S5 — Con)t — (8% — Cor)7)d[HE, HY),
t,T

+/] ] Lrery By (Ro(S% — Con)™ — (S5 — Cor)¥)d[HE, H?,
t,T

+

/] | :H-{TRST}BJI(STAR - 5TR)d[[HR7 Hl] 7H2]u
T

- / 1nery By (S5 — Cor)d[HE HY), — / 1 nery By ' Cond HE .
Jt.T] ]

t,T]
Since,
/ B'D.r_dHE —/ B;'D, dHF =0,
1t, 7] 1t,T]
we obtain,
/ B;Y(dD, — dDF") = / B, 'HRdD, — 1(rrery By 2Cond HE
1t.T] 16,7 1t,T]

- /] ] IL{TRST}BJI(Rl(STAR - 6TR)+ - (S‘rAR - 5TR)_)d[HR’ Hl]u
6T

+ Linery By (Ro(S% — Con)™ — (S5 — Cpr))d[HE, H?),
J6.7]

+

/} | ]l{ngT}B;1<STAR - éTR)d[[HRa Hl] ) HQ]u
T

—/ 1nery By (S5 — Cor)d[HE HY, .
Jt.7]
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R

Conditioning on 7", we get

1jrrinry E[ / B-Y(dD, — dDIh) ‘ gTR] = lgyernny E / B:HEAD,
- 16,7 B 16,7

- / 1(nery By ' Cond HE

- / Lrnery By (Ri(S5% — Con)™ — (S5 — Cpr)7)d[HE, HY),,

+ /] ] Lrrery By (Ra(S5% — Cor)™ — (8% — Con))d[HE, H?,
t,T

+ / Lrery By (8% — Con)d|[[HR, HY], H?), (3.12)
1tT]

gTR] |

/ B 'HEdD, = / B 'HRdD, + / B;'HRaD,
1,77 Jt, 7|

[T7.T]

- / ]]_{TRST}B,;l(STAR - 6TR)d[HR, _FIR}U
16,77

Notice that, since t € [0, 7% A T], we have

= / B 'HEdD, . (3.13)
Gy

Therefore,

G |

IL{tSTR/\T}E[ / B, 'H,dD, QTR} = ﬂ{tSTR/\T}E[ / B, 'H,'dD,
1t,7] [TR.T)
= Ljs<rinryLirrary Bn (Srr + ADpr) = LyermyLiprary B (Syr + AD.r) . (3.14)

Taking conditional expectation given G, and using the tower property in (3.12) reads

Lersay (e = ) = Lygonnry BEE| / B\(dD, - dDEM| G| (315)

J1.7]
= 1jernnry BiE [B;,%(IL{TRST}(STAR — C.n)

— (Ri(Sk = Crr) ™ = (S5 = Cor) ) prrr <1y
+ (Ro(S% — Crr)™ — (85 — 5TR)+)1{TR:72§T}

—|— (STAR - 5TR)]1{TR=7'1=TQST} - (STAR - GTR)H{TR:?RST}) ’ gt:| .
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Since

(S = Crn) = (St — Cpn) ™ = (St = Cr) ™,
it follows that (3.15) is equivalent to
Lit<ranty (St = S)°) = Lis<rrnry BB [B;Rl (Lrrery(Sik — Crn)
= (Ri(S7k = Con)* 4 (S5 = Con) = (S7 = Con) e ey
(RS = Con)™ = (8% = Con) ™ = (S5 = Co)) Ly
+ (S5 = Crr) U rheg, ey — (S5 — Crn) L pr_snery) ‘ Qt} :
After simplifying the terms above, we obtain
Li<rinry (St = S = Lycrrnry BIE [B;Rl (]]-{TRgT}(STAR — C,r)
+ (1= R1)(S5% = Cor) U rny <y — (S5 — Crr)Lynzn <1y
— (1= Ro)(S5 — Crn) " Urrryery — (Sth — Crn) Lprrycry
+ (8% = Cor)lipnery—yery — (8% — Cor)Liprosnary) ‘ Qt] :
which is equivalent to
Li<rinry (St — SfY) = Ly<rrary BE [BIRI [Lirrery (S5 — Crr) — Liprery(Sh — Crn)
+ (1= R)(S% = Con) pnpyeqy — (1= R)(S% — Con) Lppn_ryemy] ‘ gt} .
Finally, we find that
Si = S = BE[Upn_neny Bob(1 = R)(S% - Con)* |G,
— BE[ Lo B2 (1 - B)(S5 — Con)™ |G
on the set ¢t € [0, 7% A T, which proves our claim. O

Remark 3.2.3. Observe that if we set Ry =1 and R} = 1, which means no rehy-

pothecation risk, then we have CVA®" = CVAR.
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Next, we define the rating valuation adjustment in the presence of rehypoth-
ecation risk.

Definition 3.2.12. The Rating Valuation Adjustment process ( RVA" ) with rehypoth-

ecation risk is defined as

RVA! = CVA, — CVA"

fort € [0, 7R AT].

We have the following representation for RVAf",
Lemma 3.2.1. RVAR" can be represented as
RVA!" = RVA,
+ BBy | Lppeg smery B (1= Ri)[1e, 50((S5 — Cr )t = (S5 = RICy) )]
F Lprenneny Bt (L= R)[1e, 0((S8 — Cn)* — (S5 = RIC,)Y)
+1c,<o((Sh = Cr)" = (S, = R3Cr) "))
+ BiE | Lrepyin <y By (1 — Ro)[le,,<o((S5 — RECr) ™ — (S5 — Cry) 7))
+ Lppreryer <y B, (1= Ra)[1c,,50((S5 — RICL,) ™ — (S5 — Cr)7)
+1c,,<0((S5 — RECr)™ — (S5 — Co) )],

fort € [0, 78 AT].

Proof. Using (3.1) and (3.11) we obtain
CVAt — CVA?JL = BtE H{T:TlgT}B;1<1 - R1)<STA - C7'>+ ‘ gt:|
- BtE H{T:TQST}B;1<1 - RQ)(STA - CT)i ‘ gt]

— BE[Lnnen B (1= R)(S3% - €)* | 6

+ BE _H{TRZTQST}BT_Rl(l - R2)(STAR - 5%)’ ’ gt} )
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where
5iR = ]173:717£7'2 (R?CjR + OT_R) + ]‘TR:TliTQ(R;LC:R + RSCT_R> )
and

52}% - I]-TRZTQ;éTl (C:—R + RSCT_R> + ]]‘TR:leTQ (R?C:R + RSCT_R)

Rearranging the terms above yields
CVA, — CVAR = BE[1(,—ery BZ1(1 — Ry)(S2 — €)' ‘ G| (3.16)
~ BE|ljrenen B, (1 = R2)(S5 — ) | G, |

_ BtE ]]-{TR:HST}BT_ll(l — Rl)(STAl - 57%1)+ ‘ gt:|

+ BE :ﬂ{TR:DST}B;;u — Ry)(S5 - C2)™ ‘ gt] :
Plugging in the terms C', and C? into (3.16), we get
CVA, = CVAF" = BE |1 ey B (1 = Ra)(S2 = Cr)* ( G|
— B,E [H{T:TQST}B;O — R)(S7, — Cry)” ‘ Qt]
— BE [E{TR:TI;mgT}BT_Il(l — Ri)[le,,50(55 = RICr,) " + 1o, <0(S5 = Cry)F)]
+ Lgprer—ryery B (1= R1) [, 0(S5 — RICH)T + 1e, <0(S5 — R3C) ™)) ‘ Qt}
+ BE [H{TR:T#HST}BT_;G — Ry)[l¢,,50(S5 — Cr) ™ + Lo, <0(S5 — REC,) 7]

+ :H'{TR:7'2:7'1§T}B’:21(1 - R2)[ILCTQ>O(S£2 - RlllCTz)_] + ]ICTQ<O(S£2 - R}QLCTQ)_ ‘ gt} .
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It follows from (3.9) that
CVA, — CVA*" = RVA, + Bt]E[]l{TR:TlgT}B;%(l — Ry)(S% — Cpr)? ‘ Gt]
— BE[Lirerery B (1= B)(8% — Con)™ |G/
_ BE [R{TR:TI#QST}B;I (1 - R1)[Ley, »0(SE — RIC) T + 1y, <0(S2 — Cp) ™))
+ Vrepy—ery B (1= Ry)[Le,, 50(S5 — RICy )T + e, <o(S5 — RECy,) )] \ Gt}
+ BE| L rer iy B (1= Bo)Loy,50(S5 = Cn) ™ + Loy, <055 — BACr,) ]
+ Lppreryen <y B, (1 = Ro)[lc,,50(S5 — RYCr) |+ e, <0(S5 — RSCy) ‘ Qt} :
Finally, we find

CVA, — CVA" = RVA,
+ Bt]E[IL{TR:T#TZ,ST}BT‘ll(l R)[e,, ~0((S2% — Con)™ — (S2 = RIC,, )]
F Lron ey B (1= Ri)[1e, 50((S% — Crn)t — (S2 = RIC,,)T)
o, <ol (S5 = Con) " = (82 = RAC) )| 6 |
+ BE 1 pneryineny By (1= Ro)[Loy,<o((S5 — BACr,)™ = (8% = Con) )]
+ Lpreryn <y B, (1 — Ro)[Le,,50((S5 — RICr,)™ — (S5 — Crn) 7))
+ Lo, <ol(S5 = B5Cr)™ = (85 — Con) ) |G
for t € [0, 7R AT). O

Remark 3.2.4. Note that RVA" can either be negative or positive. If the difference
1s positive, then there is a decrease in the bilateral CVA, however if it is negative then

there is an increase in the bilateral C'VA.
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Let us define
URVA : = BE |1 {;rry zry<ry B, (1 = R1)[1c,, 50((S5 — Cr) T — (S5 — R{CH) ™))
+ H{TR:T1:T2§T}B;11<1 - Rl)[]lC’Tl>0((STA1 - C’T‘l)+ - (STAl - R?Cn)—i—)
e <o((85 = Co)t = (85 = REC) ] |Gi]
h . _ -1 A h _ A _
DR‘VAt T BtE II‘{TR:TQ?&‘HST}BTQ (1 - Rz)[:ﬂ‘o‘rg<0((s7'2 - R2 CTQ) - (STQ - CTQ) )]

+ ﬂ{TR:TQZﬁST}BT_Ql(l - RQ)[HCTQ>0(<STA2 - R?CTQ)_ - (SA - sz)_)]

+ 1oy, <o(S3 — RAC)™ = (83— Cn) ) | G1]

T2

for t € [0, 7% A T]. Therefore, RVA" has the following decomposition,
RVA" = RVA, + URVA!" + DRVA”
for t € [0, 7% ATY.

Here URVA" represents the expected loss if the counterparty defaults first
which is preceded by a rating trigger. Likewise, DRVA” is the expected loss in case
the investor defaults first after a rating trigger. Therefore, including rating triggers
provision in an OTC contract provides protection from losses due to default events
which happen after a credit downgrade. Accordingly, the value of the contract is

adjusted for this protection, as shown in the following result.

Corollary 3.2.2. We have the following decomposition for the counterparty risky
price process
St = S, — CcVAM"
=S, — CVA, + RVA"
= S; — UCVA; + DVA; + RVA!

=S, — UCVA, + DVA; + RVA, + URVA" + DRVA}

fort € [0, 7R AT].
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The above result provides an enhanced form of the decomposition found in
Corollary 3.2.1, by taking the rehypothecation risk along with rating triggers into
account. As we stated earlier, each term in the above decomposition is computed and

treated separately in practice.
3.3 Markovian Approach for Rating-Based Pricing

In this section, we employ Markov copulae for modeling the rating transitions
in our framework. Our approach is based on the studies of Bielecki et al. [BCJR0G,
BVV06, BVV08, BJVV08, BIJN11].

3.3.1 Markov Copulae for the Multivariate Markov Chains. Let us first
consider two Markov chains X! and X2 on (Q, F,P) with the infinitesimal generators

Al — [ailj] and A? := [a?,], respectively.

In what follows, we work under the following assumption, which is necessary

for the Markovian copulae property.

Assumption 3.3.1. The system of equations,

G = ay, Vi jheK, i#j, (3.17)
kel
STad i = ad, VihkeK, h#k, (3.18)
JjeK

has a positive solution.

The proof of the following proposition can be found in [BVVO08].

Proposition 3.3.1. If Assumption 3.3.1 is satisfied, then A% = [a;} ;1 ]injrex (where
diagonal elements are defined appropriately) satisfies the conditions for a generator
matriz of a bivariate time-homogeneous Markov chain, say X = (Y1,Y?), whose

components are Markov chains with the same laws as X' and X?2.
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Hence, the resulting matrix A* = [a; ;]injrex satisfies the conditions for a
generator matrix of a bivariate time-homogeneous Markov chain, whose marginals
are Markov chains with the same distributions as X' and X2. Therefore, the system
(3.17)-(3.18) serves as a Markov copula between the Markovian margins Y, Y2 and

the bivariate Markov chain X.

Note that the system (3.17)—(3.18) can contain more unknowns than the num-
ber of equations, therefore being underdeteremined. Therefore, as it is proposed by
Bielecki et al. [BVVO08], we impose additional constraints on the variables in the
system (3.17)—(3.18). We postulate that

0, ifi #j,h#kj#k
aj,id.k = (3.19)

amin(a'}ﬁa}%k)u lfl#jah%k7j:k
where a € [0, 1]. Using the constraints (3.19) the system (3.17)—(3.18) becomes fully

decoupled, and we can obtain the generator of the joint process.

We interpret the constraint (3.19) as follows. Y! and Y? migrate according
to their marginal laws. Nevertheless, they can have the same values. The intensity
of migrating to the same rating category is measured by the parameter a. If o = 0,
then the components Y! and Y2 of X migrate independently. However, if o = 1, the

tendency of Y'! and Y? migrating to the same categories is at maximum.

3.3.2 Markovian Changes of Measure. Since rating transition matrices indicate
the historical default probabilities, we need to switch to the risk-neutral probabilities.
In practice, the change of measure is done such a way that the resulting risk-neutral
probabilities are consistent with the default probabilities inferred from the quoted
CDS spreads. We need to apply changes of measure, while preserving Markovian
structure of the model X. Therefore, the process X, which is Markovian under the

statistical measure, will remain Markovian under the risk-neutral measure as well.
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Let Y be a Markov process under P with generator A and domain D(A) and
define

f(}/;f) t Af(YS)dS

—6_ 0 f(Ys)

f._
M=)

The following definition is borrowed from [PR02].
Definition 3.3.1. A strictly positive function f € D(A) is a good function if Mtf 18

a true (genuine) martingale with mean 1 as Ep(M{) = 1.

Let f € D(A) and h be a good function and define

AMf = hTYA(fR) — fA(R).

The proof of the following Theorem can be found in [PR02].

Theorem 3.3.1. Let Q" be the probability measure associated to the density process

M. Then'Y is a Markov process under Q" with extended generator (A" D(A)).

If Y is a finite state Markov chain, then we have the following result.

Corollary 3.3.1. Let Y be a finite state Markov chain on K with cardinality K and
generator A = a;; and let h = (hq, ..., hi) be a positive vector. Then Y is a Markov

process under Q" with generator A" = [a;;h;h;"].

Using the above corollary, we can change the measure from the statistical
measure P to a risk-neutral measure Q using a vector h = (hy1,hos ..., hxg) € RE,
so that the process X will be a time-homogeneous Markov chain under Q. In this

case, the infinitesimal generator under Q is found as

AX = (@],
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where

R e .
_ @ih,jk T, if ih # jk,
Qip,jk =

— Y Gingr s if ih = k.
In Bielecki et al [BVVO08], it is suggested that the vector h;; can be chosen as
hij = et g j e,
where the parameters oy and as can be estimated through calibration.

3.4 Applications

In this section, we illustrate our results in the context of a CDS and an IRS
contract. We postulate that our CDS and IRS contracts are subject to rating trig-
gers, so that they are terminated in case a trigger event occurs. We compute the
adjustments we discussed previously; namely, CVA, DVA, URVA and DRVA of the
contracts for different rating trigger levels. Moreover, we compare CVA® and CVA

values and find the impact of adding rating triggers on the adjustments.

For the sake of simplicity, we carry out our analysis with K = 4 rating cat-
egories: A, B, C and D. The level A represents the highest rating level, whereas D
corresponds to the default state. We assume that the counterparty initially has rating

B. In what follows, we suppose that the 1-year rating transition matrix is given in

Table 3.1.

Moreover, we assume that the current rating of the investor is A. Investor’s

1-year rating transition matrix is assumed to be given as in Table 3.2.

We assume that the rating transition matrices given above are already risk-

neutral, therefore we set a; = s = 0. We also assume deterministic recovery rates;

R1:R2=0.4andRh:R§:1.

3.4.1 CVA of an IRS with Rating Triggers. In this section, we compute the
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Table 3.1. Counterparty’s rating transition matrix

A B C D

0.9 0.08 0.017 0.003

0.056 0.85 0.09 0.01

0.01 0.09 08 0.1
0 0 0 1

O Q ©m =

Table 3.2. Investor’s rating transition matrix

A B C D
0.8 0.1 0.05 0.05
0.04 09 003 0.03

0.015 0.1 0.7 0.185

0 0 0 1

g o w »

CVA, DVA, and RVA of a fixed-for-float payer 10-year IRS contract with $1 notional,
in presence of rating triggers as break clauses. We assume that the payments are
done every quarter, and the fixed leg pays the swap rate, while the floating leg pays
the LIBOR rate. We also assume that the swap is initiated at T := 0 and we denote

by T} < Ty < --- < T,, the payment dates and S by the fixed rate.

As we noted above, the rating transition matrices of the counterparty and the

investor are given in Tables 3.1 and 3.2, respectively.

The cumulative dividend process of the IRS contract at time 7} is given by

i

Dy, = (L(Ti) = )b,

k=1

where L(T;) is time-T; LIBOR rate and 6, = T}, — T,_1 for k = 1,2,...,n. We also
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suppose that the instantaneous interest rate r follows
dry = (0 — ary)dt + cdW,

where we set 7 = 0.05, § = 0.1, @ = 0.05 and ¢ = 0.01. We find the corresponding

swap rate as S = 0.0496.

We carry out our analysis for uncollateralized, linearly collateralized and ex-
ponentially collateralized cases for « = 0 and @ = 1. In practice, these parameters are
estimated using the current market data. Our results are displayed in Tables 3.3-3.12.
We observe that the initial URVA values decrease with the decreasing counterparty
trigger levels, which we denote by K. Similarly, the initial DRVA values also decrease
when we decrease the investor’s trigger level, which is denoted by K. However, the
RVA values, which indicate the total bilateral adjustment due to the additional rating
triggers, do not follow a certain pattern. For example, in Table 3.3, although we de-
crease the trigger levels from K; = B, Ky = Bto K; = C, Ky = C, the corresponding
RVA values do not necessarily decrease, as opposed to URVA and DRVA values. We
also observe from in Tables 3.5, 3.6, 3.9, 3.10, 3.13 and 3.14 that adding bilateral rat-
ing triggers can actually decrease the initial bilateral CVA values (in absolute terms),
compared to the case with no rating triggers, which is K; = D or Ky = D. For
instance, in Table 3.5, the reduction in CVA® with no rating triggers is almost four
times greater than the absolute value of CVA® with K; = D and K, = B. In other
words, in this case adding rating triggers decreases the absolute value of the bilateral
CVA by nearly 80%. However, in some cases such as K; = Band Ky = D or K; = C
and K, = D, there is an increase in the bilateral CVA. The changes in the CVAZ
values due to rating triggers are also visualized in Figures 3.1-3.6. Also, it can be
seen from the Tables 3.4,3.8 and 3.12, where o = 1, that the URVA and DRVA values

are slightly higher compared to the values in Tables 3.3,3.7 and 3.11, where o = 0.

Moreover, we see that the UCVAZ values start increasing as we lower the
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counterparty trigger levels. We also observe that the DVA® values also increase with
the decreasing trigger levels for the investor. However, the CVA® values, that is the
bilateral CVA, do not change significantly unless we set K1 = D or Ky = D, which

essentially means elimination of rating triggers.

We note that DRVA values are equal to zero whenever Ky = D. This is
because by setting the investors trigger to level D, we simply do not have any ratings
adjustments for the investor. Likewise, we see that the URVA values are equal to zero
where Ky = D. Naturally, the case K1 = D and Ky = D corresponds to the CVA

computation without any rating triggers.
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Table 3.5. Mitigation in CVA of an IRS, a = 0, No collateralization

(BB BC (B (€€ BD) (DB (CDb) DC)
65.42% 62.98 % 64.80% 65.79% -9.40% 80.25% -8.61% 75.12%

CVA Reduction

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.1. Change in CVA of an IRS, a = 0, No collateralization

Table 3.6. Mitigation in CVA of an IRS (in %), a = 1, No collateralization

(B,B) (B,C) (¢B) (¢©) (BD) (DB) (D) (D,C)

70.12% 68.98% 69.83% 70.90% -14.67% 86.38% -15.81% 85.76%

CVA Reduction

C

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.2. Change in CVA of an IRS, a = 1, No collateralization
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Table 3.9. Mitigation in CVA of an IRS (in %), o = 0, Lin. collateral rate: pi

(BB) (BC) (E¢B) (¢ BD) OB (CDb) (D.C)
69.05% 46.36% 72.34% 50.37% -10.97% 85.25% -6.43% 59.33%

CVA Reduction

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.3. Change in CVA of an IRS, o = 0, Linear collateral rate: p!

Table 3.10. Mitigation in CVA of an IRS (in %), o = 1, Lin. collateral rate: p

(BB) (BC) (€¢B) (¢C€ BD) DOB) (CD) (D)
75.03% 55.84% T74.68% 59.01% -15.38% 92.95% -16.39% T4.75%

CVA Reduction

C

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.4. Change in CVA of an IRS, o = 1, Linear collateral rate: p!



92

¢—0TX 8ZTGOT €~
e—0TX ZEEGEY T~
e-0TX ETT00E E-
»—0TX TSCPELC-
-0 X £78G2G'¢-
¢—0TX TT8T06'T-
»—0TX G8ELCO'6-
e—0TX €LLL10°C-

¢—0T X €08260 1~

¢—0TX STZ90L'E
¢—0TX 8GO6LT'C
¢—0TX TP6TG9°E
e—0TX LGOLGT'T
¢—0TX 6L9969°€
¢—0TX 80£0TT'C
e—0TX TEETPT T
¢—0TX 0€8L8T'C

¢—0TX ¥8VCVC'T

»—0TX 6980TH'C
—0TX 8GTLEF'C
—0TX 06Z8TC'E
0T X 6865E8'C
p—0TX 6GG80L'T
—0TX GE6TLO'E
0T X 9G6556°€
p—0TX 89G00L T

7—0TX 1896V T

0
¢—0TX 818609'T-
—0TX 099GGE'T
- 0TX 72928 °T-
—0TX 9ZETI8'E
e-0TX OET6EE T-
¢—0TX VESTRI'C-
¢—0TX 886217 T~

¢—0T X €09¥60°C-

0
¢-0TX 818609'T
0
¢-0TX $29TEG'T
0
e-0TX 9ETTLE'T
¢-0TX GLTLOV'T
e-0TX £99€7G'T

¢—0TX 09VCLYC

7—01X 09944€C
0

7—0T X 9CETIR'E

7—01 X 000TEEC

y—01X G0VE4C T

701X €42L90€°€

7—0TX C8V8LLE

m © Mm O A M A O A

mMm m O O MM A O A A

¥ VAD

u VAA

¥ VADN

VAd

VAdd

VAU

')

=

70 el Tereye[[oo0 [eriuouodxy ‘() = 0 ‘I UR JO VAY PUR VAD T1°¢ 9[qRL



93

¢—0TX €G8V9€°¢-
- 0TX TETZET T~
¢—0TX LOV0E6'E-
- 0TX LGG8TH C-
¢—0TX 612026°¢-
¢—0TX T€GZE0'T-
»—0TX ¥8.860'6-
¢—0TX 0Z898L'T-

7—0TX 8799€E6°8-

¢—0TX 9TFG60°F
¢—0TX STETCLT
¢—0TX 69ST66'E
¢—0TX 6V8E00'T
¢—0TX LFS8G6'E
e—0TX 6TTVLE T
e—0TX TGLOSO'T
¢—0TX 0TLEE6'T

¢—0TX TTGE0T'T

—0TX LEIGOE L
—0TX TLSL6T'9
c-0TX GTZITT'9
»—0TX €€6609°2
c—0TX LTSZ98'E
—0TX 0SSCTV'E
—0TX GZLS0L'T
—0TX 900697

7—0TX €97660°¢

0
¢-0TX Z9LGES'T-
—0TX 99FTF9°C
- 0TX G8F8L8°C-
—0TX GPOVIO0'C
e-0TX LEGOSY T~
¢—0TX Z6L08G°C-
—0TX ZEVPEET-

¢—0T X CCey8C G-

0
¢-0TX Z9LGES'T
0
¢-0TX GSFRL8'T
0
¢—0TX 988€78'T
¢-0TX 0€€098°C
e-0TX GLOT6L'T

¢—0TX 9199¢8°C

y—0TX 99V 1V9°C
0

7—0TX GVOV10°G

7—0TX L8V6CT '€

7—0T X 08€G69°C

701X 9¢¥99€¥

7—0T X GE6ECT G

m © Mm O A M A O A

mMm m O O MM A O A A

¥ VAD

u VAA

¥ VADN

VAd

VAdd

VAU

')

=

70 rerel Tereje[[o0 [erjuouodxy ‘T = 0 ‘GYJ UR JO VAY PUR VAD ‘TI°€ O[RL



94

Table 3.13. Mitigation in CVA of an IRS (in %), a = 0, Exp. collateral rate: p’

(BB) (BC) (E¢B) (¢ BD) OB (CDb) (D.C)
65.47% 36.25% 71.38% 39.88% -11.40% 81.88% -4.27% 48.33%

CVA Reduction

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.5. Change in CVA of an IRS, o = 0, Exponential collateral rate: p!

Table 3.14. Mitigation in CVA of an IRS (in %), a = 1, Exp. collateral rate: p!

(BB) (BC) (€¢B) (¢C€ BD) DOB) (CD) (D)
73.44% 46.90% 72.96% 51.48% -16.50% 92.78% -16.81% 66.35%

CVA Reduction

C

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.6. Change in CVA of an IRS, o = 1, Exponential collateral rate: p!
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3.4.2 CVA of a CDS with Rating Triggers. In this section, we compute the
CVA, DVA, and RVA of a CDS contract in presence of rating triggers as break clauses.
Recall that D represents the counterparty risk-free cumulative dividend process of a
contract. We assume that the reference entity is free of any trigger events. We denote
by 13 the default time of the reference entity and R3 the recovery rate of the reference
entity. We assume that the CDS contract has spread s, expires at T" and has nominal
value of 1. Consequently, the cumulative dividend process of the CDS contract is

given by
Dy = (1= Rs)lir<yy —(EAT AT),

for all t € [0,T]. We also assume that the underlying entity’s 1-year rating transition

matrix is given as in Table 3.15.

Table 3.15. Underlying entity’s rating transition matrix: P3

A B C D

A 095 0.03 0.019 0.001
B 0.04 0.85 0.107 0.003
C 0.01 0.19 0.791 0.009
D 0 0 0 1

Similar to the IRS example, we carry out our analysis for uncollateralized,
linearly collateralized and exponentially collateralized CDS contracts where o« = 0

and a = 1. We display our results in Tables 3.16-3.25.

The initial URVA values increase with the increasing counterparty trigger lev-
els, and the initial DRVA values increase with the increasing investor trigger levels.
However, the absolute values of the RVA numbers can increase or decrease with the
changing trigger levels. For example, in Table 3.16, although we decrease the trigger
levels from K1 = B, Ky = B to K; = C, Ky = C, the corresponding RVA values
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(in absolute terms) do not necessarily decrease, compared to the URVA and DRVA

values.

It can also be observed from in Tables 3.16-3.25 that bilateral rating triggers
can actually decrease the initial bilateral CVA values (in absolute values). For in-
stance, the absolute value of CVA® in Table 3.16 with no rating triggers is almost
three times greater than the absolute value of CVA® with K, = B and K, = B.
In addition, the UCVAZ® values with no rating triggers are also almost three times
greater than the UCVAF values with K; = B and K, = B. Similarly, the DVA val-
ues with no rating triggers are almost four times greater than the UCVAZ® values with
K, = B and K, = B. In other words, as showed in Table 3.16 and Table 3.18, adding
rating triggers decreases the UCVAZ® value by nearly 60%, DVA® value by nearly
75%, and the absolute value of the bilateral CVA® by nearly 80%. Nevertheless, in
case K1 = B and Ky = D in Table 3.18, there is a slight increase in the bilateral CVA
value. Figures 3.7-3.12 illustrate the changes in the bilateral CVA values for each set

of rating triggers.

Also, it can be seen from the Tables 3.17,3.21 and 3.25, where o« = 1, that
the URVA and DRVA values are slightly higher compared to the values in Tables
3.16,3.20 and 3.24, where a = 0.

Moreover, it can be seen from Tables 3.16-3.25 the UCVA® values start in-
creasing as we lower the counterparty trigger levels. Likewise, the DVA® values also
increase with the decreasing trigger levels for the investor. However, the CVA® values
do not change significantly unless we set K; = D or Ky = D, or eliminate the rating

triggers.

The DRVA values are equal to zero whenever Ky = D, and the URVA values

are equal to zero where Ky = D, since the rating triggers are set to the default levels.
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Table 3.18. Mitigation in CVA of a CDS (in %), o = 0, No collateralization

(BB) (BC) (€B) (€€ BD) OB (CED) dOC)
68.58% 71.15% 76.52% 70.01% -0.41% 80.21% 0.87% 78.22%

CVA Reduction

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.7. Change in CVA of a CDS, a = 0, No collateralization

Table 3.19. Mitigation in CVA of a CDS (in %), o = 1, No collateralization

(BB) (BC) (CB) (CC) (BD) (DB) (C.D) (D.O)
68.02% T71.73% 68.65% 72.50% 8.39% 69.65% 6.25% 77.56%

CVA Reduction

Investor's Trigger .
Counterparty’s Trigger

Figure 3.8. Change in CVA of a CDS, a = 1, No collateralization
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Table 3.22. Mitigation in CVA of a CDS (in %), o = 0, Lin. collateral rate: pi

(BB) (BC) (€B) (¢C€) BD) DOB) (CD) DOC)
74.35% 62.23% 80.32% 62.16% -1.93% 83.25% 4.42% 66.64%

CVA Reduction

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.9. Change in CVA of a CDS, « = 0, Linear collateral rate: p}

Table 3.23. Mitigation in CVA of a CDS (in %), a = 1, Lin. collateral rate: pi

(BB) (BC) (CEB) (€€ BD) ([DB) (CD) DC)
70.31% 58.06% T2% 61.27% 4.03% 72.37% 3%  62.08%

CVA Reduction

Investor’s Trigger

Counterparty's Trigger

Figure 3.10. Change in CVA of a CDS, « = 1, Linear collateral rate: p}
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Table 3.26. Mitigation in CVA of a CDS (in %), a = 0, Exp. collateral rate: p

(BB) (BC) (€B) (¢C€) BD) DOB) (CD) DOC)
72.09% 55.92% 77.42% 52.98% -3.25% T79.58% 4.53% 58.53%

CVA Reduction

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.11. Change in CVA of a CDS, «a = 0, Exponential collateral rate: p’

Table 3.27. Mitigation in CVA of a CDS (in %), a = 1, Exp. collateral rate: p!

(BB) (BC) (€B) (¢€ BD) (DB (€D [DC)
73.18% 56.25% 68.31% 53.29% 17.13% 71.55% 19.11% 55.68%

CVA Reduction

C

Investor’s Trigger .
Counterparty’s Trigger

Figure 3.12. Change in CVA of a CDS, a = 1, Exponential collateral rate: p’
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CHAPTER 4

PRICING VIA DYNAMIC COHERENT ACCEPTABILITY
INDICES WITH TRANSACTION COSTS

4.1 Introduction

In this chapter, we develop a framework for narrowing the theoretical spread
between ask prices and bid prices of derivative securities in markets with transaction
costs, using dynamic coherent acceptability indices (DCAITs), developed in Bielecki,
Cialenco, and Zhang [BCZ11]. Apart from utilizing the DCAIs, our approach is
related to the literature for studying no-good-deal pricing to narrow the no-arbitrage

pricing interval.

The literature on models for narrowing the no-arbitrage interval is quite im-
mense. One of the widely studied approaches is indifference pricing, which is based
on utility maximization. Specifically, an indifference price is a price at which an agent
receives the same expected utility between trading and not trading. A comprehensive
collection of articles related to indifference pricing can be found in Carmona [Car09].
However, it is known that the indifference pricing approach has limitations: numerical
implementations and explicit calculations for indifference pricing may not be robust,
and the resulting bid and ask prices are not necessarily risk-neutral in practice (see
for instance Staum [Sta07]). Alternatively, Cochrane and Saa-Requejo [CSRO0] intro-
duced the no-good-deal pricing methodology. In this approach, the arbitrage bounds
are narrowed by ruling out deals that are too good—cash flows that have high Sharpe
ratios. This strengthens the no-arbitrage argument by assuming that any investor is
willing to accept a good-deal. In subsequent papers by Bernardo and Ledoit [BLOO]
and Pinar, Salih, and Camci [PSC10] cash flows are considered good-deals if their cor-
responding Gain-Loss ratio is high. The no-good-deal pricing approach has been used

in other applications and settings by Carr, Geman, and Madan [CGMO01], Jaschke and



107

Kuchler [JKO1], Staum [Sta04], Engwerda, Roorda, and Schumacher [RSE05], Bjork
and Slinko [BS06], Kloppel and Schweitzer [KS07], Arai and Fukasawa [AF11]. The
no-good-deal pricing has also been approached via coherent risk measures in Cherny
and Madan [CMO06] and Cherny [Che07b]. A comprehensive survey of the theory of

pricing and hedging in incomplete markets is provided by Staum [Sta07].

No-good-deal pricing has also been studied by several authors besides Cochrane
and Sad-Requejo [CSR00]. In Madan and Pistorious [MPS11], dynamically consistent
bid and ask prices for structured products are derived using nonlinear expectations,
and in Bion-Nadal [BN09] and Cherny [Che07a] dynamic bid and ask prices are found

via dynamic risk measures.

Cherny and Madan [CM10] proposed the conic finance framework for pricing
in incomplete, frictionless markets using static acceptability indices, which are intro-
duced in Cherny and Madan [CM09]. The framework is called conic finance because
the derivative prices they introduce depend on the direction of trade—the resulting
set of cash flows generated by the prices of the derivative is no longer a linear space,
it is instead a convexr cone. Nevertheless, as with any static pricing technique, their
prices may lack a dynamic consistency property. This drawback renders the static
approach inadequate for pricing exotic derivatives such as path-dependent deriva-
tives. In a recent study, Rosazza-Gianin and Sgarra [RGS12| apply the concepts of
dynamic acceptability indices and of BSDEs and g-expectations to determine ask and
bid prices of derivatives dynamically in time and to model liquidity risk. Most impor-
tantly, their framework is developed without assuming the scale invariance property
on the acceptability indices, therefore utilizing a more general class of indices than

DCAIs, which are called the quasi-concave acceptability indices.

Our contributions can be summarized as follows. First of all, our framework

allows for the (hedging) cash flows to pay dividends, and have transaction costs. In
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particular, we can apply our no-good-deal pricing approach to the pricing of interest
rate swaps and credit default swaps in markets with transaction costs. It is impor-
tant to stress that our no-good-deal condition is dynamically consistent in time. On
the other hand, we construct the good-deal ask and bid prices of a derivative which
are dynamically consistent, in the sense that they are defined in terms of dynamic
coherent acceptability indices. Furthermore, we prove a representation theorem in
terms of risk-neutral measures and dynamically consistent sequences of sets of prob-
ability measures This allows us to narrow the no-arbitrage pricing interval. Finally,
we propose an application of our framework with the dynamic Gain-Loss ratio, which

is a particular dynamic coherent acceptability index.
4.2 Arbitrage and Good-Deals

Let 7 :={0,1,...,T}, where T is a fixed time horizon. Moreover, let (2, Fr,F =
(Fi)ier, P) be the underlying filtered probability space. We assume that Q = {wy,...,wn},
and P is of full support. In what follows, we will denote by L° := L(Q, Fr,F,P) the

set of all F-adapted processes.

We consider a market consisting of a savings account B and of N traded

securities satisfying the following properties:

: : : t
1. Savings account can be bought and sold via the price process B := ((HS:0[1 +
rs]))fzo, where (r;)I_, is the risk-free rate, which is a nonnegative adapted pro-

Ccess

2. The securities can be bought by means of the ex-dividend price process S :=

((S¢ skl o, 88 Sk’N))jZO, and the corresponding (cumulative) dividend process
T
t=1"

is denoted by A%* = ((Af‘gk’l, . ,AfSk’N))

3. The securities can be sold in accordance with the ex-dividend price process

Shid = ((Sy.. .,Sfid’N))jzo, and the corresponding (cumulative) dividend
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T

process is denoted by A% := ((Ay™',..., A7), .

The processes Sk, Gbid ~ Aask = Abid are assumed to be adapted. Clearly, all
equalities and inequalities involving the above vector-valued processes are understood
coordinate-wise. Asin Chapter 2 and in Chapter 3, we denote by A the backward dif-
ference operator: AY; :=Y; — Y, ;. Without loss of generality, we use the convention

that Ak = Abd = (.

Remark 4.2.1. Note that for any t = 1,2,...,T and j = 1,2,..., N, the random
variable AAfSk’j is interpreted as amount of dividend associated with holding a long
position in security j from time t—1 to time t. Likewise, the random variable AAi’id’j 18
interpreted as amount of dividend associated with holding a short position in security

j from time t — 1 to time t.

We now make the following standing assumption.
Assumption (A): S > S¥d and AA®F < AAY,

Note that if this assumption is violated, then market exhibits arbitrage by

simultaneously buying and selling the corresponding security.

4.2.1 Self-Financing Trading Strategies. A trading strategy is a predictable

process ¢ = ((¢?, b, . ,¢£V))tT:1, where ¢{ is interpreted as the number of units of
security j held from time ¢ — 1 to time ¢. The processes ¢!,...,¢" correspond to

the holdings in the N securities, and process ¢° corresponds to the holdings in the

savings account B. We take the convention ¢y = (0, ...,0).
We define the wealth process associated with a trading strategy as follows.

Definition 4.2.1. The wealth process V(¢) associated with a trading strateqy ¢ is



110

defined as

(

N i qask,j N i qbid,j .
A+ 20500 Loy 1907 + 2000 Ligicoy 9150, if =0,

Vild) =) 008, + L1 Ly 0 (57 + AAFH)

+ 3000 Loy @S + AAFH), if 1<t<T.

Remark 4.2.2.

(i) Observe that in Definition 4.2.1, Vo(¢p) is interpreted as the cost of setting up
the portfolio associated with ¢. However, at t = 1,...,T, the process Vi(¢)
indicates the sum of the liquidation value of the portfolio associated with trading
strateqy ¢ before any time t transactions and the dividends associated with the

strateqy ¢ fromt —1 tot.

(ii) Furthermore, the wealth process V is not linear, i.e. V() +V(¢) # V(o + ),
and V(ag) # aV(¢p) for a € R and some trading strategies ¢ and 1p. This is
a consequence of the presence of transaction costs and also the main difference

from the frictionless setup.

Let us proceed by defining the self-financing condition in our context.

Definition 4.2.2. A trading strategy ¢ is self-financing if

N N
ask,j j bid,j j
BtA¢g+1 + Z St ]]l{Aqngrle}A(ngrl + Z St JH{A¢{+1<O}A¢1+1 (41>

j=1 j=1

N
ask, bid,j
=D Ol A4 ]+Z¢ﬂ{¢3<0}AA !

Jj=1 j=1

forallt=1,2,...,T —1.

Naturally, the self-financing condition implies that no money can flow in or

out of the portfolio.
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We define the discounted wealth processes as V*(¢) := B~V (¢) for all trading
strategies ¢. The next lemma gives a useful characterization of the self-financing con-
dition in terms of the discounted wealth process. We refer to Bielecki et al. [BCR12]

for the proof.

Lemma 4.2.1. A trading strateqy ¢ is self-financing if and only if the wealth process
V(@) satisfies the following equality

N N
V;t* (¢) = %(¢) + Z 1{¢{20}¢gBt_ISfld7] + Z 1{¢{<0}¢gBt_ISgSkJ

j=1 7j=1

N t
i D— ask,j i D— bid,j
2 Vaoiz0A0BLSIN = 3 ) LanARBL S

1 u=1 j*l u=1

t
ask,j bid,
> Voo @B, AT +ZZH{¢1<0}¢]B A

1 u=1 j=1 u=1

Mz

t

J

_|_

M=

J

fort=1,2,...,T.

Therefore, the wealth process at time ¢, associated with a self-financing trading
strategy ¢, is equal to the sum of setting up the portfolio associated with ¢, the
liquidation value at time t of the portfolio associated with ¢, all purchases and sales

before time ¢, and all dividends associated with ¢ up to time ¢.

Remark 4.2.3. We recover classic definitions of the wealth process and self-financing
condition if there are no transactions costs. In case S** = S%4 gnd A%k = A% = ()
i.e. if the market is frictionless and there are no dividend-paying securities, see
Pliska [Pli97] for the relevant definition. The definition, in case the market is friction-
less and there are dividend-paying securities, which is S*™* = S¥ gnd Ak = Abid

can be found in Kijima [Kij03].

4.2.2 Arbitrage. Let us start with defining the following sets of self-financing
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trading strategies.

{¢p: ¢ iss.f., Vo(p) =0}, t=20
S(t) =

{p:¢ issf, ¢ = Lyspyds forall s =1,2,.... T}, te{l,..., T —1}

Note that in particular V;(¢) = 0 for any ¢ € S(t). Moreover, let us define
1) = { (0., 0,AV3,(0), ... AV;(0)) : o€ S(1)} (4.2)
for t € {0,..., T —1}.

In general, the sets H°(¢) are not convex because of the presence of transaction

costs. Therefore, we define the following sets.

Lo(t) = {(ZS)STZO {2, € Lo(QFoP), Zy = Listin Zoys =0, ... ,T}, (4.3)

X

~
~

S~—
I

(0, 0. A0V(0) = Zen).o - AVE(9) = 20)) + 6 € S(0), Z € Li(D)},
(4.4)

for t € {0,..., T —1}. We call H(t) as the set of hedging cash flows initiated at time

t.

Using the fact that the set
{VIi(p) — X : ¢is s.f., X is Fs — measurable, and X > 0}

is a convex cone (see Bielecki et al. [BCR12]), it can be shown that the set #H(¢) is

also a convex cone.
We continue with defining an arbitrage opportunity in our setup.

Definition 4.2.3. An arbitrage opportunity at time t € {0,...,T—1} for H(t) is a
cash flow H € H°(t) such that Zstt Hy(w) >0 forallw € Q, and EP[ZST:t Hq | F(w) >

0 for some w € €.
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The no-arbitrage condition holds true at time ¢ for H°(¢) if there does not

exist an arbitrage opportunity at time ¢ for H°(t), where ¢t € {0,...,T — 1}.

Remark 4.2.4. An arbitrage opportunity is usually defined through a trading strategy
rather than a cash flow. However, we work with cash flows in our setup and each

hedging cash flow corresponds to a trading strategy.

Definition 4.2.4. For any fizedt € {0,...,T — 1}, we say that a probability measure
Q is risk-neutral for H(t) if Q ~ P, and if B[S, H, | F;](w) < 0 for all w € Q
and all H € H°(t). The set of all risk-neutral measures for HO(t) will be denoted by
R(HO(1)).

Likewise, we can define the set of risk-neutral probabilities R(#(t)), and
the arbitrage opportunity and no-arbitrage condition for the set H(t¢), where ¢t €
{0,...,T —1}. We see from the following results that we can interchange H°(t) by
H(t) in Definition 4.2.3 and Definition 4.2.4.

Lemma 4.2.2.
(i) For allt € {0,...,T — 1}, we have Q € R(H°(t)) if and only if Q ~ P, and if

EQ[ T, Hy | Fi] <0 for all H € H(2).

(ii) For allt € {0,...,T — 1}, we have that R(H(t)) = R(H°(t)).

Proof. First, let us fix t € {0,...,T — 1}.

(=) If Q € R(H(t)), then BT, HO|F] < 0 for all H* € H°(t). Hence,
EQST HY — Zp| Fi] < 0 for all H® € HO(t) and Z € L, (t). Therefore,
EQST, H | F,] <0 for all H € H(t).

(«<=) Suppose that Q@ ~ P, and that EQ[>."_ H,| F;] < 0 for all H € H(t). Then,
EQ[ST, H® — Zp | F;] <0 for all H® € HO(t) and Z € L (t). Letting Zp = 0
proves that Q € R(H(t)).
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]

Lemma 4.2.3. For eacht € {0,...,T — 1}, the no-arbitrage condition holds true at
time t for HO(t) if and only if for each H € H(t) such that Zzzt H, > 0, we have

T
Yoey Hs =0.

Proof. Let us fix t € {0,...,T — 1}.

(=) Assume that H € H(t) is such that ', H, > 0. Then, by definition of H(t),
there exists H° € H°(t) and Z € L. (t) so that S0, H, =1 H? — Z;. This
give us Zzzt H? > Zp. The no-arbitrage condition holds true at time ¢ for

HO(t), so Y.L, H? = 0. Therefore, Zy = 0, which implies S>°_, H, = 0.

(<=) Suppose that H® € HO(t) is such that Y>'_, H® > 0. By assumption, for
cach H € H(t) such that 3", H, > 0, we have 3./, H, = 0. From the
definition of (t), this implies that for each H® € HO(t), Z € £ (t) such that
S H, — Zp >0, we have Y., H — Z = 0. Taking Z = 0 and H® := H°
gives us >.-_, H? = 0.

]

Remark 4.2.5. Recall that the sets H°(t) have a natural financial interpretation,

compared to the sets H(t). Nevertheless, using Lemma 4.2.2 and Lemma 4.2.3, we
can make use of either H(t) or HO(t) since R(H(t)) = R(H (t)). Therefore, Theorem

4.2.1 and Theorem 4.3.1 can be stated and proved in terms of H°(t) as well. It is

more convenient to work with the set H(t), since it is a convex cone. Therefore, we

work with H(t) in the sequel.

In conclusion, let us present and prove the following proposition which char-
acterizes the no-arbitrage condition for H(t) via the set of risk neutral measures

R(H(L)).
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Proposition 4.2.1. If R(H(t)) # 0, then the no-arbitrage condition holds at time
t €{0,...,T — 1} for H(t).

Proof. Assume that Q € R(H(t)), and that there exists an arbitrage opportunity H
at time t € {0,...,T — 1}. By the definition of an arbitrage opportunity, H € H(t),
ST H, > 0, and EF[Y.1, H, | Fi|(w) > 0 for some w € Q. Therefore, we have
EC[ST, H, | Fi](w) > 0 for some w € Q, since Q ~ P and 3.7, H, > 0, However,
this contradicts that Q € R(#(t)). Hence, the no-arbitrage condition holds true at

time ¢t € {0,...,T — 1} for H(t). O

We now state definitions related to pricing with the no-arbitrage arguments

defined above.

Definition 4.2.5. Let D € L° and t € {0,...,T — 1}.

(i) The set of extended cash flows associated with an Fj-measurable random vari-

able S; and D € LY is defined as

At ) ={(0,.+.0,68, Hops = &Dis, . Hr = 6D} )

:H € H(t), & is an Fi-measurable r.v.},

(11) The pricing interval associated with a process D € LY and a set of probability
measures X is defined as

I(t,D; X) = {EQ[ XT: D;)ft} :QEX}.

s=t+1

A cash flow in H(¢,S;) is the sum of a position in #H(t) and a position of &

units in the discounted cash flow (0,...,0,5;, —Dj,,,..., —D7}).

Z(t, D; X) is called the no-arbitrage pricing interval if for each Sy € Z(t, D; X)
the no-arbitrage condition is satisfied for (¢, S;). Similarly, we call S, € Z(¢, D) a no-

arbitrage price if Z(¢, D) is a no-arbitrage pricing interval. In other words, Z(¢, D; X)
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is the no-arbitrage pricing interval if for each S, € Z(t, D; X) and each H € H(t,S,)
such that ZST:t H, > 0, we have Zstf, H,=0.

We denote by ¥ := SUPQeR(#(t)) EQ[ZS 1 Ds ]:t] the upper no-arbitrage

bound and 7 = infger ) [ZSH D:
is a no-arbitrage pricing interval. Moreover, any S; € Z(t,D;X) is called a no-

arbitrage price.

The following result provides a necessary condition for Z(¢, D; X') to be a no-

arbitrage pricing interval.

Lemma 4.2.4. Let D € L° and t € {0,..., T — 1}. If R(H(t)) # 0, then Z(t, D) is

the no-arbitrage pricing interval.

Proof. Fix D € L°, t € {0,..., T — 1} and S, € Z(t, D; R(H(t))). Let H € H(t,S,)
be a cash flow such that ZT: H, > 0. By definition of H(t, S,), we have that

&Sy + Z — DY) >0 (4.5)
for some H € H(t) and some F;-measurable random variable &;.

Next, since R(H(t)) # 0 and S; € Z(t, D; R(H(t))), there exists Q € R(H(t))
such that S; = EQ[ZST:t Dz ’]:t} As a result, §tEQ[ZZ:t D*

]:t} _é.tSt =0. In
view of (4.5) we deduce that EQ[ZZ:t H, | F;] > 0 holds true. Since Q € R(H(t)),
we have that E@[Zzzt H, ‘ Fi ] =0, which gives us that

R =0

In virtue of the above result, we conclude that &.5; + ZST:t(Hs — &DY) = 0, which

T
&S, +E2| > (H, - D7)

s=t

implies that the no-arbitrage condition holds true for H(t, S;). O

4.2.3 Good-Deals. The theory of Dynamic Coherent Acceptability Indices (DCAISs)

was developed in Bielecki et al. [BCZ11] (see Appendix A for the definitions and the

]-"t} the lower no-arbitrage bound, if Z(t, D; X)
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related results). A DCAI « is associated with a left-continuous, increasing family
of DCRMs (p7){ye(0,00)}, and consequently with a family of dynamically consistent
sequences of sets of probability measures. We fix a family of DCRMs (p”) (ye(0,00)}, and
denote by Q = ((Q))ie7) Le(0,00) the corresponding family of dynamically consistent

sequences of sets of probability measures.

The following definition is a counterpart of Definition 4.2.3.

Definition 4.2.6. A good-deal for H(t) at time t € {0,...,T — 1} and level v > 0
is a cash flow H € H(t) such that p] (H)(w) < 0 for some w € Q.

Contrary to the definition of an arbitrage opportunity, a good-deal is defined
through a family of DCRMs and a level . Thus, even though a cash flow stream
H € H(t) is a good-deal with respect to a family of DCRMs for a fixed acceptability
level 7, it may not be a good-deal with respect to another family of DCRMs. Note
that if a cash flow is a good-deal for g, then it is also a good-deal for any v < ~,
since p? is monotone increasing in . Therefore, a cash flow stream that is a good-

deal at level v for a fixed family of DCRMs, may not be a good-deal at another level

7" > Y.
Let us proceed with defining the no-good-deal condition.

Definition 4.2.7. The no-good-deal condition (NGD) holds true for H(t) at time

t€{0,...,T — 1} and level v > 0 if p; (H)(w) > 0 for all H € H(t) and w € .

We will make the following technical assumption on Q.

Assumption (B): We assume that, for each v > 0 and ¢ € 7, any probability

measure Q € Q] is equivalent to P, and the set

A @ v
& '_{dIP .Qth}
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is closed and convex.

Observe that, since € is finite and PP is of full support, the set & is bounded.
Thus, the set & is compact for all v > 0 and ¢t € 7. We show that a family of
densities £ corresponding to the dynamic Gain-Loss Ratio satisfies this assumption,

in Section 4.4.

Finally, let us recall from Bielecki et al. [BCIR12] the following result which
characterizes the NGD condition at time ¢t € {0,...,7 — 1} and level v > 0 via
the R(H(t)) N Q] # 0. Proof of the following theorem can be found in Bielecki et
al. [BCIR12].

Theorem 4.2.1. The NGD condition holds true for H(t) at time t € {0,...,T — 1}
and level v > 0 if and only if R(H(t)) N Q] # 0.

Observe that owing to Proposition 4.2.1 and Theorem 4.2.1 that if no-good-
deal condition holds true then the no-arbitrage condition also holds true, since R(H(¢))N

Q] # ) implies R(H(t)) # 0.
4.3 Dynamic Ask and Bid Prices via DCAI

In this section we define the dynamic ask and bid prices of a derivative contract
via DCAIs. Moreover we derive a representation for the prices using risk neutral

measures and dynamically consistent sequences of sets of probability measures.

Let us start by defining the set of extended cash flows, which is needed to
derive the dynamic ask and bid prices. Let D € L° be a cash flow associated to a

deriative contract. For a fixed t € {0,...,T — 1}, D € L° and an F;-measurable
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random variable X;, we define the following sets

A(t) = {(0.0.,0,6X, Hip = &D}, . Hr — &} )

: H € H(t), & is Fi-measurable, & > 0}, (4.6)
H(t) = {(o, 0, =& X Hy + 6D}y, He + &D5

:H € H(t), & is Fi-measurable, & > 0} (4.7)

where X7 := B;'X, and D* := B~'D. We call the pair (H(t),(t)) as the set of

extended cash flows.

An element, i.e. a cash flow stream, in #(¢) consists of a position in the
underlying market H(¢) and a nonnegative static position of & units in the discounted
cash flow (0,...,0, X}, —=D;,,,...,—D}). Respectively, a cash flow stream in H(t)
consists of a position in the underlying market H(¢) and a nonnegative static position

of & units in the discounted cash flow (0,...,0,—-X}, Df ,...,D7).

Observe that #(t) ¢ H(t) N H(t). Moreover, H € H(t) and H € H(t) for any
H € H(t), where & = 0 in (4.6) and (4.7).

Analogously to Definition 4.2.4, a probability measure Q is risk-neutral for

A~

H(t), respectively H(t), if Q ~ P, and EQ[3."_, H,|F] < 0 for all H € H(t),
respectively for all H € H(t). Furthermore, the no-good-deal condition holds true for
H(t), respectively H(t), at time ¢ € T and level v > 0, if p] (H) > 0 for all H € H(t),
respectively H € F(t). The set of all risk-neutral measures for #(t) and H(t) is

denoted by R(H(t)) and R(H(t)), respectively.
Let us proceed with the following lemma.

Lemma 4.3.1. The sets H(t) and H(t) are convez cones.

Proof. Let us first show that ﬁ(t) is a convex cone. Suppose that t € {0,...,7 —1},
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H', H? € #(t), and Aj, As > 0. Using the definition of H(t), for a fixed D € L° and a
fixed Fi-measurable random variable X;, there exist H', H* € H(t) and nonnegative

Fi-measurable random variables &}, £? such that
A= (0.0,0.6X0 Yy — €D, HE = €D ).
= (0, 0.6X7, By = €D, H — D7)
Next, we see that

NI 4+ B2 — (0, O NELXE N HL,  — MELDY . A H — Agip;)
+ (o, L0 NEEXT N HE — MED),, . A HE — Ang;)
= (000, (08! + Aa€D)XT (HLy + MaHE ) = (8! + X)) D,
O+ M) — (EL 0D}
Since H(t) is a convex cone, we have that Ay H! + Ao H?* € H(t). Moreover, A &} + \2¢2

is Fi-measurable and nonnegative. It follows that ﬁ(t) is a convex cone.

Let us proceed by proving that H(t) is a convex cone. Let t € {0,...,T — 1},
H H € H(t), and Ay, Ay > 0. By the definition of H(t), for a fixed D € L and a
fixed Fi-measurable random variable X;, there exist H', H* € H(t) and nonnegative
Fi-measurable random variables &}, £? such that
H' = (0,...,0, X} HYyy + €D}, HE + 61Dy ),
H = (0,...,0, X} Hyy + €D}y, HE + €Dy ).

Then, we see that

71 72 * * *
MH + XH = <0> 0, =N X N H A+ ME D] A Hp A+ AlgtlDT)
+ (o, 0, NE2XT A H2 |+ MEEDY . N HE + Agng;)
= <07 0, = (MG + MED) X (M HL 4 MHE ) + (M + MaE)DY,

O HE + M H) + (gl + X8 D} )
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Using the same arguments for H(t), we conclude that H(t) is a convex cone. O

Remark 4.3.1. Note that, analogously to Proposition 4.2.1, the no-good-deal condi-
tion holds true for f](t), respectively H(t), at time t € T and level v > 0 if and only
if RIH(t)) N Q) = 0, respectively R(H(t)) N Q) = 0. Using the fact that H(t) and
H(t) are conver cones, we can interchange H(t) with H(t) or H(t) in Proposition

4.2.1.

For the sake of brevity, let us define the mappings 8,7, 9, : L° — L° as

6 (D):=(0, ..., 0, 0, Dy, ... Drp), te{0,..., T —1},

6(D):=(0, ..., 0, Dy, O, ., 0), teT.

We are now ready to introduce the the dynamic good-deal ask and bid prices

corresponding to a given DCAI a.

Definition 4.3.1. The discounted good-deal ask and bid prices of a derivative con-

tract D € L°, at level v > 0, at time t € {1,...,T — 1} are defined as

I7%7(D)(w) : = inf{v € R : there exists H € H(t)
such that a,(6,;(1v) + H — 6, (D*))(w) > 7},
IV (D) (w) : = sup{v € R : there exists H € H(t)

such that o (6, (D*) + H — §;(1v))(w) > 7},
for all w € €.

Remark 4.3.2. Clearly, the good-deal prices defined above depend on the choice of
DCAI «, level 7, and the set of hedging cash flows H(t). Furthermore, the good-
deal ask (bid) price is non-decreasing (non-increasing) in vy, from the monotonicity

property of DCAIs (see property (D3) in Definition A.1). In addition, the good-deal
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ask (bid) price is non-increasing (non-decreasing) in H(t) since
I (D)(w) = inf | {veR: au(6,(1v) + H = 6} (D*))(w) > 7},

HEM(t)

(D) (w) =sup | J {v €R: ay(5/(D*) + H — 6,(1v))(w) > 7}
HeH(t)

for all w € €.

Remark 4.3.3. Note that the choice of the appropriate v level is of great importance
when finding the good-deal prices an illiquid derivative. Typically, the v levels are
calibrated from the quoted prices using a given o, and then used to price an illiquid
derivative. Such applications can be found in Cherny and Madan [CM10] and Madan
and Schoutens [MS11a, MS11b].

Remark 4.3.4. We can interpret the ask price, II&**7(D), as the minimum amount

of cash v such that v plus the resulting hedging error acceptable (with respect to the
acceptability index o) at least at level . Respectively, we can interpret the bid price,
Hfid"y(D), as the mazximum amount of cash v such that —v plus the resulting hedging

error is a-acceptable at least at level .

Remark 4.3.5. Using Theorem A.3, we see that
@ (8:(10) + H — 67 (D)) (w) = sup {’y € (0,+00) :

T
vt inf EO[ HS—D:\}}](w)zo}

Qeo/ s=t+1

forallwe Q,te€{l,...,T—1}, and D € L°. Since the cash flows D* and H € H(t)

are discounted, the prices 11%%7(D) and 1147 (D) are also discounted.

The following result gives a justification of our definition of ask and bid prices,

in the sense that they are well-defined in Definition 4.3.1.
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Proposition 4.3.1. For any firedt € {1,...,T — 1}, D € L°, and v > 0, the sets

{veR: there exists H € H(t) s.t. au(0;(1v) + H — 6, (D*))(w) > 7},

{veR: there exists H € H(t) s.t. au(0,;7(D*) + H — 6:(1v))(w) > 7}

are nonempty for all w € Q.

Proof. Let us fixt € {1,..., T —1}, D € L° and v > 0.

Suppose that
o (6(10) + H = 5} (D)) < 1

for all v € R and H € #H(t). By Theorem A.3, we have that
@ (0:(1v) + H — 5 (D*))(w) = sup {5 € (0,+00) :

T
v+ inf ]EQ[ Y H,-D,

Qe s=t+1

J—;}(w)zo}q

for all v € R and H € H(t). Since a is normalized, there exists D' € L° such that

ay(D') = +o0. Let us define v* as the scalar

T T
v* 1 =sup sup {sup EQ[ Z D!, E}(w)— inf EQ[Z H, — Dy

weQ HeH() | Qeg s=t+1 QeQ; s=t+1

E](w)}-

Then, we see that

U*—l—EQ[ XT: H, - D, ft}(w) 2EQ[ ZT: D ft}(w),
s=t+1 s=t+1

forall Q € Q), w € Q, and H € H(t). From the monotonicity property of «, we

obtain

an(8(10") + H = 57 (D)) = ay(D') = +ox,

which contradicts o (6;(1v) + H — 8,7 (D*))(w) < ~ for all v € R. O

Using the following result, we can interpret the ask prices via bid prices and

bid prices via ask prices.
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Lemma 4.3.2. For any D € L° ~ > 0, and t € {0,...,T — 1} we have that
;D) = ~T1;"(=D).

Proof. Using the definitions of II¥**7 (D) and (D), we deduce that

[¢*7(D) = inf{v € R : there exists H € H(t) s.t. a,(6,(1v) + H — 57 (D*)) > v}
= —sup{—v € R: there exists H € H(t) s.t. ay(6;(1v) + H — &;(D*)) > ~}
= —sup{v € R : there exists H € H(t) s.t. a;(—6;(1v) + H — §;}(D*)) >~}

= IV (=D).

]

4.3.1 Dual Representation of Good-Deal Ask and Bid Prices. In this section
we prove a representation theorem for the good-deal ask and bid prices in terms of
a family of dynamically consistent sequences of sets of probability measures and risk

neutral measures.

We now make the following standing assumption, which is necessary for The-

orem 4.3.1.
Assumption (C): The mapping v — p? is continuous.

In Proposition 4.4.3, we show that the dynamic Gain-Loss Ratio indeed satis-

fies the following assumption.

The following result states one of the main contributions of this work, which
gives a representation of the prices II'**” and I in terms of the sets R(H(t)) and

Q/ (H(t))-

Theorem 4.3.1. The discounted good-deal ask and bid prices of a derivative contract
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D € L at level v > 0, at time t € {1,...,T — 1} satisfy

T
o) = sw B[ Y i A
QEQINR(H()  “ o
T
%47 (D) = inf EQ[ D* | F, ]
t ( ) QGQZO’R('H(t)) S;I s t

Proof. Let D € L°, v > 0, and t € {1,...,T — 1}. We first show that the theorem
holds true for I1%*7(D).

Step 1.a

We first show that

T
P ]
QeQ/NR(H(t)) s=t+1

First notice that, by Definition 4.3.1 and Theorem A.1, we have

177 (D)(w) = inf {v € R : there exists H € H(t) such that

sup {5 € (0,00) : pf(Bu(1v) + H — 57(D))(w) < 0} > 7},

for all w € . By continuity and monotonicity of the map v + p?, we may apply

Lemma B.2 to deduce that
sup {5 € (0,00) = p}(8(1v) + H = 6] (D))(w) < 0} > v
if and only if p} (6;(1v) + H — &, (D))(w) < 0 for all w € Q. Hence,

19%7(D)(w) = inf {v € R : there exists H € H(t) (4.8)
such that p} (6,(1v) + H — 6, (D))(w) < o}
for all w € €.

Now fix an F;-measurable random variable X;, and let P* := {P}, P;,..., P! }

be the unique partition that generates F;. Fix P! # @ and let w; € P!. Then
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1pt (W) Xi(wi) = 1pt(w) Xi(w) for all w € Q. Using (4.8), we have that 1957 (D) (w;) >
X/ (w;) if and only if

X/ (wy) ¢ {v € R : there exists H € H(t) s.t. p (6;(1v) + H — ;7 (D*))(w;) < O}.
Now, the above condition holds true if and only if
Pl (0(1X (wi) + H = 67 (D"))(wi) >0, H €H(t).
Since p? is adapted, the above inequality holds true if and only if
Lp (w)p (0(LX7 (wy)) + H = 07 (D"))(w) >0,  H € H(t),w € P;.
By property (A2) in Definition A.2 of p7, the above holds true if and only if
Ly @) (311 X} (@) + L H — L8} (D)) >0, H € H(t).w € F.

Since, 1pt(w)Xi(wi) = 1pt(w)X;(w) for all w € €, the above inequality holds true if

and only if
ﬂPit(w>pz(5t(11lP§X:) + ILPfH — ].pit(;:_(D*))(W) > 0, H ¢ H(t),w S Pz-t.

Again, using property (A2) in Definition A.2, the last inequality holds true if and

only if
1pt(w)py (0:(1X7) + H — 6, (D*))(w) >0, H € H(t),w € P!
Since P! # (), the above holds true if and only if
pl(0:(AX]) + H = 6/(D"))(w) >0,  HeHt),we P,
which ultimately implies

p1(6,(1X}) + H = 5} (D)) 2 0, H € H(t),w e P.
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Since w; € ) is arbitrary, the partition P! is also arbitrary. As a result, if

11%*%7(D) > X}, then
pl(0:(1XY) + H =067 (D") 20, HeH().
By property (A6) of p7, we get
—Xi+p{(H—97(D") >0, HeH(t).
In virtue of Theorem A.2, the above is equivalent to

—X*— inf EQ H, — D:
Xi Qeg; ;1

.7—}] >0, HeHl).
Hence, for any nonnegative F;-measurable random variable &, we have that

=& Xi — & Hlf E@[ Z H,— D:

o/ s=t+1

]-"t]_ . HeH®).

Similarly, in view of Theorem A.2 and property (A6), and since & is F;-measurable,

we have that
pi (0:(16X)) + &H — &6, (D*)) > 0

for any H € H(t) and any nonnegative Fi-measurable random variable &. Since H (%)
is closed under multiplication of nonnegative F;-measurable random variables, the

inequality above is equivalent to
Pl (&0(1XT) + H — &6, (D")) > 0
for any H € H(t) and any nonnegative J;-measurable random variable &;.

Therefore, by the definition of (), we deduce that

~

pl(H) >0, HeH®),

and hence NGD holds true for 7(t), at time ¢ and level 7. It follows that R(H(£)) N
Q] # 0 (see Remark 4.3.1). Let Q* € R(H(t)) N QF.



From the definition of R(#(t)), we have that

5 3 (.- 6D}

u=t+1

]:t] +&X7 <0
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(4.9)

for all H € #H(t) and all nonnegative F;-measurable random variables &. Note that

R(H(t)) D R(H(t)) since H(t) C H(t). Thus, Q* € R(H(t))NQ]. Because 0 € Hi(t),

we may let H = 0 in (4.9) to conclude that, if II/**7(D) > X}, then there exists

Q* € R(H(t)) N Q] such that

T
E@*[ Y D

s=t+1

F =X

Now, for any € > 0, let us define X;*° = II***7(D) — e. From the inequality

above, we deduce that there exists Q*¢ € R(H(t)) N Q] such that

T
B 3 e Az -

s=t+1
which leads to
T
sup  EC[ S D;‘Ft} > 197 (D) — e,
QER(H()NQY s=t+1

Since € is arbitrary, we have that

T
%7 (D) < sup E@[ Z D; ’]—}} :
Qe Q] NR(H(t)) s—t+1

Step 1.b

We proceed by showing that

T
ety > sup EQ[ S D ‘ft} .
QeQ)NR(H(t)) s—t 11
Suppose Q € Q) NR(H(t)). By Theorem A.2,

pI(H =6/ (D) = sw E®| 3 Di - H,

S
QeQ/ s=t+1

7.

(4.10)

(4.11)
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Moreover, we have that

T T
swES| > Di-H|F| = sw  E[ Y Di-H,| R
QGSX 5;1 t QGQ;/WE(HU)) s;1 t
T
>E°[ > D; - H,|F]
T s=t+1
T T
-e°[ Y D ft} —EQ[ S, E]
T s=t+1 s=t+1
T
>Ee[ D;]ft}, (4.12)
s=t+1

forall H € H(t) and Q € R(H(t))NQ;. The last inequality follows since EQ[ZST:tH H | F] <

0. Hence, combining (4.11) and (4.12) and we deduce

pI(H — 67 (DY) > JE@[ S D )ft} . HeH), Qe QY NRIH({)). (4.13)

s=t+1
Recall that I1%*7 is defined as,
1%%7(D) = inf{v € R : there exists H € H(t) s.t. ay(6;(1v) + H — & (D*)) > ~}.
Also, it is true that

inf{v € R: there exists H € H(t) s.t. ay(6;(1v) + H — §;"(D*)) >~}

— inf U {veR: a(d(1v) + H — 6, (D*))(w) >~}

HeH(t)

= inf inf{v € R: ay(6;(1v) + H — 6, (D*)) > ~}.

HEM(t)

Therefore,

(D)) = inf inf{o € R au(8i(10) + H = 67 (D) (w) 2 7}

for all w € €. In virtue of Theorem A.1,

O**(D) = inf p/(H — 5+ (D*)).
¢ (D) Hler;{(t)pt( 6; (D))
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Applying (4.13), we see that

AR ZT: D

s=t+1 s=t+1

T
%% (D) > inf EQ[ D
t ( ) = HIEI’}-[,(t) Z s

7.
for all Q € R(H(t)) N Q;. Hence,

T
H;zsk,'y(D) > sup EQ[ Z D! ‘]:t} . (4.14)
QeQNR(H(t)) s=t+1

Step 1.c

In conclusion, having shown that (4.10) and (4.14) holds true, we deduce that

T
m* (D)= swp  EY Y7 D;
QeQ!NR(H(t)) s=t+1

7.

Let us now proceed by showing that claim holds true for I1*(D).

Step 2.a

We first show that,

T
(D) > inf E@[ D*‘]—"].
D) 2 QEQ)NR(H(t)) S;I st

Using Definition 4.3.1 and Theorem A.1, we get
I177(D)(w) = sup {v € R: there exists H € H(t) such that
sup {8 € (0,00) : pf(=6(10) + H + 5/ (D))(w) < 0} > 7}

for all w € ). By continuity and monotonicity of the map v + p?, we may apply

Lemma B.2 to deduce that
sup {8 € (0,00) : p)(=6,(1v) + H + 6} (D))(w) < 0} > v
if and only if p} (—d;(1v) + H 4+ 6,7 (D))(w) < 0 for all w € Q. Hence,
I177(D)(w) = sup {v € R : there exists H € H(t) (4.15)

such that p] (—&,(1v) + H 4+ 4,7 (D)) (w) < O}



131

for all w € €.

Now fix an F;-measurable random variable Xy, and let P* := {P{, P;,..., P} }
be the unique partition that generates F;. Fix P! # @ and let w; € P!. Then
Lpt(w) Xi(w;) = 1pt(w) Xy(w) for all w € Q. By (4.15), we have that 197 (D) (w;) >
X/ (w;) if and only if

X/ (wy) ¢ {v € R: there exists H € H(t) s.t. p] (—0;(1v) + H + 6;(D*))(w;) < 0}.
Now, the above condition holds true if and only if
pr (=6:(1X; (wy)) + H + 6,7 (D)) (w;) > 0, H e H(t).
Since p? is adapted, the above inequality holds true if and only if
Lp(w)pl (=0,(1X7 (i) + H + 6/ (D"))(w) >0, H € H(t),w € P}
By property (A2) in Definition A.2 of p7, the above holds true if and only if
L (@)1 (=0 (UL X7 (@) + Lp H + L (D)) (w) >0, H € H(t),w € P.

Since, 1pt(w)Xi(wi) = 1pt(w) Xy (w) for all w € €, the above inequality holds true if

and only if
L (@) (010 X7) + Ly H + L6 (D)) >0, H € H(t)w € L.
By property (A2) in Definition A.2, the last inequality holds true if and only if
1pt(w)py (—0:(1XT) + H + 6, (D)) (w) > 0, H e H(t),w € P
Since P! # (), the above holds true if and only if
pi (=6:(1X)) + H + 6; (D)) (w) > 0, HeH(t),we P,
which implies

pl(=0(1XT) + H + 6, (D"))(w) 20, H € H(t),we P
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Since w; € € is arbitrary, the partition P! is also arbitrary. It follows that if
117"7(D) < X, then
pi(=0:(1X}) + H +6;(D*) >0, HeH({).
By property (A6) of p?, we have that
Xi+p/(H+6/(D*)) >0, HeHt).
Due to Theorem A.2, the above is equivalent to

T
X*— inf EQ[ H, + D*
t QEQ? Z s

J-"t] > 0.

s=t+1

Hence, for any nonnegative F;-measurable random variable &, we have that

T
XF— ¢, inf EQ[ H, + D"
§Xp — & @lenQZ Z s

s=t+1

Ft} > 0.

Again, by Theorem A.2 and property (A6), and since & is Fi-measurable, we have
that

pi (—0:(16:X7) + & H + &6, (D*)) > 0
for any H € H(t) and any nonnegative Fi-measurable random variable &. Since H ()
is closed under multiplication of nonnegative JF;-measurable random variables, the

inequality above is equivalent to
pi (=& (1XT) + H + &0, (D*)) > 0

for any H € H(t) and any nonnegative J;-measurable random variable &;.

Therefore, by the definition of H(¢), we have that
p{(H) >0, HeH®),

and hence NGD holds true for H(t), at time ¢ and level v. Hence, R(H(t)) N Q] # 0
(see Remark 4.3.1). Let Q* € R(H(t))NQ]. From the definition of R(H(t)), we have

that
T
EQ [ > (Hu+4Dy)

u=t+1

}}] CEXF <0 (4.16)
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for all H € H(t) and all nonnegative F;-measurable random variables &. Note that
R(H(t)) D R(H(t)) since H(t) C H(t). Thus, Q* € R(H(t))NQ]. Because 0 € H(t),
we may let H = 0 in (4.9) to conclude that, if II"*"(D) < X, then there exists
Q* € R(H(t)) N Q] such that

T
E@*[ 3 D

s=t+1

Rl =x

Next, for an arbitrary € > 0, let us define X;° = II¥"7(D) + e. From the
inequality above, we have that there exists Q*¢ € R(H(t)) N Q] such that
T .
E@*‘[ S D ‘ft} > 1P (D) + e,
s=t+41

which leads to

T
inf E@[ D f] < IV (D) + e
QER(H())NQ] 2 Di|Fe| <1(D)

s=t+1

Therefore, since € is arbitrary, we have

T
M%7 (DY > inf E@[ D*‘]—"]. 417
SRS DR (17)

Step 2.b

We proceed by showing that

T
Hbid,’y D) < inf EQ[ D ‘ Fi ] .
(D)= QEQNR(H(1)) S;1 1

By Theorem A.2,

T
PI(H +6F(D*)) = — ianE@[ Y D:+H, ]—"t] . HeH®).
QeQ, s—irl
Since Q) NR(H(t)) C 97,
T T
~ inf EQ D:+HS}"}2— inf E@[ D;‘+Hs]-"], H e H(t).
L2 12 o™ 2, | v
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Since Q € R(H(t)) N Q;, we deduce that

T T
— inf E@[ D:+ H, f} Z—EQ*[ D+ H,
ceartoner® | 2z, IR

:—]EQ[ XT: D: ft} —]EQ[ XT: H,

s=t+1 s=t+1

>5[ Y- 22| 7).

s=t+1

7]

7|

since EQ[S.7_  H,| F;] < 0. Therefore,

s=t+1

pl(H + 67 (D)) = —E%| S D 7] (4.18)

s=t+1

for all H € H(t) and Q € Q) NR(H(t)).

Recall that I1%7 is defined as,
1177 (D) = sup{v € R : there exists H € H(t) s.t. ap(—6,(1v) + H + & (D*)) > ~}.
Moreover, we have

sup{v € R : there exists H € H(t) s.t. ay(—0,(1v) + H + 6,7 (D*)) >~}

= sup U {veR: at(éj(D*) + H —6,(1v))(w) > 7}
HeH(t)

= sup sup{v € R: ay(—8;(1v) + H + 6, (D*)) > ~}.
HeMN(t)

Hence, we find

H?id”y(D) = sup Sup{v cR: at(—(st(lv) + H + (S:_(D*)) Z ’7}
HeH(t)

= sup {—inf{v € R: ay(6;(1v) + H + 6;(D*)) > v}}.
HeM(t)

Now, using Theorem A.1 we get

I (D) = sup {—p](H + 67 (D"))}.
HEH(t)
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Applying (4.18), we obtain

T
/9(D) = sup {~p](H + 6/ (D")} < sup B 3" D:’f ]
HeH(t) HeH®

s=t+1
T
DI AFAR
s=t+1
for all Q € R(H(t)) N Q. Consequently,
T
n o)< e B[S pr| A 4.19
SRS DR (419
Step 2.c
Finally, using (4.17) and (4.19), we conclude that
T
mm) =t B DA
)= oo 2 D7

s=t+1

Hence the proof is complete.

We proceed with the following important remarks on Theorem 4.3.1.

Remark 4.3.6. Note that if the NGD does not hold true for H(t), at time t €
{1,...,T — 1}, at level v, then

for allw € Q and D € LY.

Remark 4.3.7. If the set of hedging cash flows H(t) satisfies the no-arbitrage con-
dition, and H(T — 1) is complete (for any D € L°, there exists H € H(T — 1)
so that Hy = Dr), then it follows that R(H(t)) # 0, for t = 1,2,...,T — 2,
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and R(H(T — 1)) = {Q*}. Since R(H(0)) C --- C R(H(T — 1)), we have that
R(H(t)) ={Q*} #0 fort =0,1,...,T — 2. By Theorems 4.2.1 and 4.3.1, if NGDB
holds then the good-deal ask and bid prices of a derivative contract D € L°, at time

t €T and level vy >, satisfy

T
(D) = (D) =EY | 3 D1 | A

s=t+1

Notice that, naturally, the good-deal prices no longer depend on the acceptance level

Y.

Remark 4.3.8. If for some t € {1,...,T —1}, we have that Q] # (0 and H(t) = {0},
then we have R(H(t)) = {Q: Q ~ P}, so Qf C R(H(t)). In this case the good-deal
ask and bid prices of a derivative contract D € L°, at time t € T and level v > 0,

satisfy

H?Sk’V(D) = sup EQ[ Z D; ’ft} ,
QEQt s=t+1

MY (D) = inf EQ[ D*’f]
¢ ( QEQW ;1 !

Remark 4.3.9. Let us consider the sets of extended cash flows associated with good-

deal prices TI%*7 (D) and 11V (D):
A(t) ={ (0,0, &1 (D), Hoy = €D Hr = D5 )
cH € H(t), & is Fy-measurable, & > 0},
ﬁ(t) :{ (Oa s 707 _gtHi)idﬁ(D)’ Ht+1 + gtD:+17 cee 7HT + gtD;“>
: H € H(t), & is Fi-measurable, & > 0}.

If H(t) is frictionless and complete (and therefore linear), and NGD condition holds,

then as in Remark 4.3.7, we have that II(D) = II{**7(D) = TIY"Y(D). In this case,
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the set
A +H(t) = { (0,0, &10(D), Hyps = &Da, . Hr — €Dy )
cH e H(t), & is ft—measumble}

: : k bid :
is a linear space. Whenever II;°*"7(D) > I1,"“"(D), as in our general case, we have

that
A + () = { (0, 0,617 (D) = 411" (D), Hyy = (§ = @)D,
oo Hp — (& — ¢t)D}> o H e H(t), &, ¢y is Fr-measurable, &, ¢y > 0}

is only a convex cone. This is one of the main reasons why we call our approach

dynamic conic finance.

Remark 4.3.10. Recall that, in our framework, upper and lower no-arbitrage price

bounds of a derivative contract D € LY are defined as

T
(D)= sup B[N Dl
QerR(H(®) L4
T
L A : Q *
D):= inf E [ D ]-"].
T (D)= oo ; 17

Hence, it follows from Theorem 4.2.1 that if NGD is satisfied for some v > 0 then
my (D) < I"7(D) < ;™ 7(D) < = (D).

As a consequence, the bid ask price interval, which is found using dynamic coherent
acceptability indices, is narrower than the difference between the no-arbitrage price

bounds.

4.3.2 Good-Deal Forward Ask and Bid Prices. @ We now define the good-
deal forward ask and bid prices, and also prove a representation theorem similar to
Theorem 4.3.1. Throughout this section, we assume that the risk-free interest rate r

is deterministic.
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Definition 4.3.2. The good-deal ask and bid forward prices, with delivery at time
T, written at time t € {1,...,T — 1}, of a derivative contract D € L°, at level v > 0
are defined as
FPT(DY(w) : = inf{f € R : there exists H € H(t)
such that a(0;(1B7' f) + H — 6, (D*))(w) > 7}, (4.20)
FV7T(D)(w) - = sup{f € R : there exists H € H(t)

such that ay(—0;(1B7' f) + H + 6 (D*))(w) >~}  (4.21)

for all w € Q).

Notice that the cash flow 6;(1B;'f) + H — 6, (D*) represents an exchange of
a cash payment f at time T for a discounted cash flow D that is hedged with H. The
good-deal forward ask price at level 7 is the minimum amount of cash f at time 7T so

that 6,(1B7'f) + H — &;(D*) is acceptable at level v at time t.

Let us now continue with the representation theorem for the forward ask and
bid prices. This result shows that the classical relationship between the spot and
forward prices is preserved in our framework, for good-deal forward ask and bid

prices.

Theorem 4.3.2. The good-deal ask and bid forward prices of a derivative contract
D € L°, with delivery at time T, written at time t € {1,...,T — 1} and level v > 0,

satisfy

Fe (D)) = Brlly (D),

F“ (D) (w) = Bell! ™ (D).
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Proof. Since Br is deterministic, Equations (4.20) and (4.21) can written as

FR T (DY(w) = Brinf{f* € R: 3 H € H(t)
such that oy (67 (1f*) + H — & (D*))(w) > v},
FVT(DY(w) = Brsup{f* e R: 3 H € H(t)

such that a;(—or(1f*) + H + 6, (D*))(w) > v}

Using the translation invariance property of « (see (D6) in Definition A.1), we deduce

that
F*T(D)(w) = Brinf{f* € R: 3 H € H(t)
such that a;(6:(1f*) + H — 6, (D*))(w) > v},
FP T (DY(w) = Brsup{f* € R: 3 H € H(t)
such that o (—=d0;(1f*) + H + 6 (D*))(w) > 7},
since
a(0r(Lf") + H = 6/ (D")) = ew(8:(1f) + H — 6, (D).
Hence, by Theorem 4.3.1 we conclude that our claim holds. O]

Remark 4.3.11. If r is deterministic and the set of hedging cash flows H(t) forms
a market that is frictionless, complete, and arbitrage-free, then R(H(t)) is a single-
ton, say {Q*}, and so by Theorem 4.3.2 we have that F/**""(D) = F/'"**"T(D) =
ByEY [ 11 Dy | Fi]. This is compatible with the classic resull that states that in a
frictionless, complete, and arbitrage-free market the discounted forward price fI(D)
of a derivative contract D, with delivery at time T, written at timet € {1,...,T—1},
18 grven as

T

fI(D) = BEY [ Y D

u=t+1

Fil.
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4.4 Pricing with the Dynamic Gain-Loss Ratio

In this section, we first prove some auxiliary results that hold for general
DCAIs. Then, we particularize these results to a very important special case of DCAI,
namely to the dynamic Gain-Loss Ratio (dAGLR). Finally, we apply the pricing and
hedging results developed in earlier sections using dGLR to path-dependent options.

In this section, without a loss of generality, we assume that r = 0.

4.4.1 Characterization of DCAIs. In this section, we will prove an auxiliary

result for DCAIs. For basic facts and notions regarding DCAIs, we refer to Appendix
A.

From [BCZ11], we recall that for every normalized and right-continuous DCAI
o there exist family Q = ((Q])ie7) (0,000 Of dynamically consistent sequences of
sets of probability measures that is increasing (in ), such that the following robust
representation holds true

a(D)(w) = sup {’Y € (0,00) : @1;1va EC [Z Dy

} 0},weQ,teT,DeL°.

(4.22)
We say that a family Q of dynamically consistent sequences of sets of probability mea-
sures that is increasing (in ) corresponds to a given normalized and right-continuous
DCAI « if Q satisfies (4.22). Now, we will establish a characterization of families Q

that correspond to a given normalized and right-continuous DCAI a.
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Lemma 4.4.1. Suppose that o is a normalized and right-continuous DCAIL A family

Q corresponds to o if and only if Q € Q°, where'®

Q ::{L{ . a(D)(w) >~ if and only if

T
inf EQ [ D,
It B 2

J—"t](w)zo, weQ, ve(0,00), teT, DeLO}.

Proof. Necessity: (<=):

Let Y € Q% Wefixt € T, D € L°, and w € Q. Define the set

T(U) = {ﬁ € (0,00) : inf EQ[iDS ft}(w) > o}.

Qeu]

If ay(D)(w) = o0, then

T
inf EQ[Z D,
s=t

Qeuf

Flw@ =0, 8e)
Therefore, I'(U) = (0, 00), and thus sup I'(Af) = co. Hence, (4.22) holds true.

If T(U) = 0, then

T
inf EC [Z D,
s=t

]—}](w) <0, Be(0,00).
Qeu?

Since U € 0%, it is true that a;(D)(w) < B for all § € (0,00). However, « is
nonnegative by definition, thus «;(D)(w) = 0. By convention, we are taking sup () = 0,

so we also have that sup I'(i/) = 0. Hence, (4.22) holds true.

If ay(D)(w) = 0, then, since U € Q, we have that

T
inf EC [Z D,
s=t

E](w) <0, pe€(0,00).
Qeu?

It follows that I'(i/) = (0, and so (4.22) holds true.

16We will generically denote by U = (U, )ie7)~e(0,00) @ family of dynamically
consistent sequences of sets of probability measures that is increasing (in ).
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Suppose I'(U) # (). Assume that a;(D)(w) < oco. We first show that o, (D)(w)

is an upper bound of I'(i/). Observe that if v € I'(U), then

T
inf EC [ D,
anf B 2

Now, since U € Q% we have that au(D)(w) > 7. So ay(D)(w) is an upper bound of

]—"t](w) >0,

LU). If we let 5 := ay(D)(w), then, because U € Q% we have that

T
inf EQ [Z D,
s=t

Qeuf’

Thus, 5" € I'(U). It follows that (4.22) holds.

F]w =0

Sufficiency: (=)

Now, suppose U satisfies (4.22), and let v € (0,00). If

T
inf EQ [ D,
It B 2

then v € T'(U). By (4.22), we have that ay(D)(w) > 7.

Filw) 20,

Assume o4 (D)(w) > 7. We consider the cases ay(D)(w) > v and oy (D) (w) = v

separately. If ay(D)(w) > -, then, since U7 is increasing in 7, we have that

T
inf EQ [ D,
I B 2

Next, suppose that a;(D)(w) =« and

T
inf EC [ D,
dnf B4 2

By Theorem A.1, the mapping

F]w =0

]:t}(w) < 0.

v +— inf EQ[iDS ft}(w)
s=t

Qeut,
is left-continuous and monotone decreasing. Thus, by left-continuity there exists € > 0

so that

inf EQ[XT:DS ]-"t](w)<0,
s=t

Qeu, =
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and by monotonicity and (4.22), we deduce that ay(D)(w) < v —e. This implies that

€ < 0, which is a contradiction. Hence, we have that

T
inf EQ [ D,
Qeu; ;

which concludes the proof. O

Filw) 20,

4.4.2 Characterization of the dGLR. The Gain-Loss Ratio, first introduced
in [BLOO], is a performance measure that is widely used among practitioners. In the
single-period case, the Gain-Loss Ratio is defined as the ratio of the expectation of

returns to the expectation of negative returns:

E°[X]

GLR(X) := EF[X-]

if E[X] > 0,

and zero otherwise!”. As shown in [CM09], the Gain-Loss Ratio defined above is a
static coherent acceptability index. Observe that the value of the GLR depends on

the statistical measure P.

In Bielecki et al. [BCZ11], a version of GLR is defined in a dynamical, multi-
period setup, which is called the dynamic Gain Loss Ratio (dAGLR). Let us proceed
by recalling the definition of the dGLR.

Definition 4.4.1. The dynamic Gain Loss Ratio (dGLR) for a cash flow D € L° is
defined as
EP[Y s Ds | F](w)
AGLR,(D)(w) := { EFI(Ce, Do)~ [ Fil(w)

0, otherwise,

if EF[Y1, D|F](w) >0,

(4.23)

for allt € T, and w € Q. By convention, dGLR(0) = co.

1"Recall that a~ denotes the negative part of any real number a, i.e. a~ =
max{0, —a}
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It is shown in Bielecki et al. [BCZ11] that the dGLR satisfies conditions (D1)-

(D7), and therefore it is a dynamic coherent acceptability index (see Definition A.1).

Remark 4.4.1. It is worth to remark on the interpretation of the dGLR in the context
of arbitrage, which was first noticed in Bernardo and Ledoit [BLOO] for the GLR (static

case). Observe that

T T
ZHS(w) >0 forall weQ and EP[ZHS
s=t

s=t

}"t](w) > 0 for some w € Q

18 equivalent to

EPKiHS)_ ‘]-}](w) =0 for all we )

T
and EP[ZHS

s=t

Ft] (w) > 0 for some w € Q,
which s equivalent to
dGLR;(H)(w) =00  for some w € (.

Hence, as a result of Definition 4.2.3, a cash flow H € H(t) is an arbitrage opportunity
at time t € T if and only if dGLR,(H)(w) = oo for some w € Q. FEquivalently, the
no-arbitrage condition holds true at time t € T if and only if dGLRy(H) is bounded
for all H € H(t). This equivalence gives an intuitive interpretation of the dGLR in

terms of the no-arbitrage condition.

Let us define the family of sets of probability measures 0 = {@7, ~v > 0},

and the family of sets of densities & := {g'y, v > 0}, where
o = {@ L dQ/dP = ¢(1+ A), ¢ >0, A € &7, cEF[1 + A] = 1}, (4.24)

&= {7] =dQ/dP : Qe Q“’}

I{n::c(l—i—A): c>0, Ae £, C]EP[l—i—A]:l}’
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for all v € (0, 00), where we set

£7:={A : Alis an Fr-measurable r.v., 0 < A < ~}.

Next, we will show that Q is an increasing family of dynamically consistent sets of

probability measures corresponding to the dGLR.

Proposition 4.4.1. The family Q is an increasing family of dynamically consistent

sets of probability measures. In addition, this family corresponds to the dGLR.

Proof. We start by observing that, for each v > 0, the set Q" is nonempty since,
in particular, we may take A = 0 in the definition of Q. Also, we note that Q7 is

increasing in 7.

For the rest of the proof we fix v > 0. We denote by Y* = {P}, P,..., P!}
the unique partition of {2 at time ¢ that generates F;. In order to prove our result it
suffices to show that Q7 is weakly consistent (see Corollary 4.1.1 in [Zhall]), which
is

Ly dnf BOX |7 < Ly { i BOIX| P d) |, 429
for every t € {0,...,T — 1}, P! € T', and X € Fr. Next, take 0 < A < v and

suppose that
EP[(1+A)X | Fr | (w)
max <
oen B[4+ A ot @)

a,

for some a € R. Hence,
EF[(1+ A)X | Fror | (w) < aB[1 + A| Fopr J(w),

for all w € P!. Therefore, using the tower property of conditional expectations, we

have that

EF[(14+ A)X | F ] (w) < aBF[1+ A | F](w),



146

for all w € P!, and, consequently

oy B+ MXJ @)
wept EF[1+ A F)(w) —

Thus, we showed that for any a € R the following implication holds,

EF[(1+A)X | For (W) EF[(1+A)X | F](w)
SR TELAA Al S T S TR AA AW

so that

. EP[(1+A)X | F](w) < EF[(1+ A)X | Ferr | (w)
web!  EF[1+A|[FJ(w) ~wert EP[L+A|Fl(w)

Hence, we have

EO+ DXJRJ) g g ELO+ DX 7] (@)
BOELHA[R]w) T T e EFI+A[F])

EF[(1+ A)X | Fipr | (w)
< 1pt max
twert  EP[L4+ A | Fia](w)

for all w € Q. Thus, for Q = ¢(1 + A)P, we have that

1o E2[X | F](w) € 1p max EV[X | Fy J(w),

' weP}!

for all w € Q. Therefore,

Lpt Qingf EC[X | F] < 1p: inf {maX]EQ[X|]:t+1](w)}
K3 e Y

*QeQY | weP}

< 1pt max{ inf ]E@[X|.7:t+1](w)}a

' weP! | QEQY

which proves the weak consistency of Q.

We now show that the family Q corresponds to the dGLR. By Lemma 4.4.1,
this is equivalent to show that
dGLRy(D)(w) > v <= inf E*[X]|F](w) >0, (4.26)
Qe
for all w € Q, ¢t € T and D € L°, where for convenience we denoted X} = >'_,. D,,.

In the rest of the proof we fix w € Q,t €7 and D € L°.
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In order to show (4.26) we first observe that since any n € &7 is strictly
positive, we may apply the abstract Bayes formula to write

EP [n X[ | Fi ] (w)

inf EQ[X]|F, >0 <— inf > ()
Jnf BYX | ] (w) 2 TR AW 2
EF [nX! | ] (w)
<— >0, e’
EPln | Fo](w) K

= EnX]|FR]w) >0, ne&

— inf E'[nX] | F](w) >0. (4.27)

ne&

Next, recall that by definition of £7 we have that

inf E"[nX/ | Fil(w) = Algé E¥[(1+A)X] ‘ Fi ] (w). (4.28)

ne&y

Observing that
EF[(1+MX] | F)(w) = EF [ X + Al xrep X[ + Alxro X)) | B ] (w)
> E" (X[ + Aﬂ{XtTSO}XtT ‘ Fi](w)
> B [ X + 41 xreoy X | Fi](w)
=E'[(1+AMX] | ] (w)
where A* 1= ylxrogy € £7.
Consequently, we obtain that

inf EY[(1+A)X] | F]w)=E[1+A)X] | F](w)

Aegly

Thus, in view of (4.28), we get

inf EP[nXT\ft] EP[XT]ft] ) +~EF [11{XT<0}X |J—“t}(w)

B (X | Fo] (@) + 9B [T (XT) " = (XT)7) | ] (@)

= E°[X] | A ](w) =B [(X]) [ A ]()
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From here and (4.27) we deduce that

inf E°[X] | R ]w) >0 <= E'[X]|F]w) =1E[(X]) | F]w). (4.29)
QeQy

To complete the proof of (4.26) we shall consider the following three cases:
EP[X] | Fi)(w) > 0, EF [ X[ | 7 ] (w) < 0, and BF[X] | F; | (w) = 0.

Case 1: EF[X] | F;](w) > 0.
From the definition of the dGLR and from (4.29) we have that

inf EC[X] | F]w) >0 <= E°[X]|F]w) >E[(X]) | F]w) (4.30)
QeQv

<= dGLRy(D)(w) > 7. (4.31)

Therefore, (4.26) holds true.

Case 2: EF[X] | F,](w) < 0.
Since P € Q\V, we have that

inf E?X/|F]w) <E°[X]|F]w)<o0.
QeQ”
Also, by the definition of the dGLR, we have that dGLR;(D)(w) = 0. As a result,
dGLR,(D)(w) <y <= inf EQX]|F](w) <0,
Qed
and so (4.26) holds true.

Case 3: EF [ X[ | F;](w) = 0.

Case 3a: If EF[(X])™ | Ft](w) = 0, then EF[(X[)" | F;](w) = 0. Since w € Q
is arbitrary, we may conclude that in this case X! = 0. Thus dGLR(D) = oo and

infy. 5, EX[X] | Fi] = 0, showing that (4.26) holds true.

Case 3b: Now, assume that YEF[(XT)™ | F](w) > EF[X] | F](w) = 0. By

(4.29), it follows that inf EQXT | F;](w) < 0. Due to the definition of the dGLR,

QeQY
we thus have that dGLRy(D)(w) = 0, and so (4.26) holds true in this case as well.
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The proof of the proposition is complete. O

The next two propositions will be needed in order to apply dGLR for pricing
and hedging in the sense of Section 4.2. In the first one we show that the family
& satisfies Assumption (B). In the second one, we show that, for fixed t € 7 and

D € LY, the function

T
v — inf E@[ Dy

7.
satisfies Assumption (C).

Proposition 4.4.2. For each vy € (0,00), the set of densities E7 is closed and convex.

Proof. Fix~ € (0, 00). We first show that £ is closed (in RY).!® Let 1, be a sequence
in & converging to some 7. By the definition of 57, there exist sequences Aj and
cr so that mp = (1 + Ag), & > 0, ¢ = 1/EF[1 + Ay], and 0 < Ag(w;) < v for
j=1,...,N. For each w;, we have that Aj(w;) is bounded by =, so Ay is bounded.
By the Bolzano-Weierstrass Theorem, there exists a subsequence Ay, such that Ay,
converges to some A. This limit must satisfy 0 < A(w;) <~ for j =1,..., N, since a
sequence converges in RY if and only if it converges coordinate-wise. If A, converges,
then EF[1 + Ay, ] converges. Since EF[1 + Ay, ] is strictly greater than zero, we have
that 1/EF[1 + Ay, ] converges to ¢ := 1/EF[1 + A], which means that c;,, converges
to c. Consequently, 7, converges to ¢(1 4+ A). It follows that n € £, Hence, £V is

closed.

We proceed by showing that £7 is convex. Let M, N2 € Evand 0 < A < 1. Let
¢; and A; correspond to 7;, in the sense of definition of 57, that is, 7; = ¢;(1 + A;),

i=1,2.

18Clearly, we may consider £7 as a subset of RV,
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We need to show that Ay (14 Ay) + (1 — A)ea(1 + Ay) € 7. Define

~ ~ )\ClAl + (1 — )\)CQAQ
= A 1—A d A= .
¢ et Jeo an At + (1= Neg

Since
Acr(1+ Ap) + (1= Nea(1+ Ay) =21+ A),

it suffices to show that 0 < A < v and ¢ = 1/EF[1 + K] We first notice that since

0 < Ay, Ay < v, the scalars ¢y, ¢y satisfy ¢q,co > 0, and since 0 < A < 1, we have that

0 S )\ClAl + (1 — )\)CQAQ S ’7)\01 + (1 - )\)CQ — .
)\Cl + (1 — )\)CQ )\Cl + (1 — )\)02
Therefore, 0 < A< 7. Next, because ¢;E¥[1 + Aj] = cEF[1 + Ay] = 1, it is true that

AClAl + (1 — /\)CQAQ
Acp + (1= Aeg

SEP[L+ A] = (Aey + (1 — \)c)EF [1 +

=Act + (1= Neg + AGE L+ Ay] + (1 = NeEF L+ Ay — Aoy — (1= Ney

= 1.

As a result, £7 is convex. O]

Proposition 4.4.3. For eacht € T,D € L° the function of v € (0,00) defined as

]:t:| ; (4.32)

T
pi (D) := inf E@[ Dy
(D)= L B2

18 continuous.

Proof. Let w € €. By the abstract Bayes Theorem, we have that

ot 5[ o) = inf E1Zem Do F])
o B3| 7 = it =TT

EP[(1+A) 3, Do | B ] (w)
Ae EP[1+ A | F ) (w)
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The function g defined as

E[(1+A) Y Ds| F](w)
EF[(1+A) [ Fi](w)

g(A)(w) == , 0 <A an Fr-measurable r.v.

is continuous in A. Applying Lemma B.1, we conclude that the proposition holds

true. O

Remark 4.4.2. Note that the LHS of (4.32) is the value of a DCRM associated with
Q (see A.2).

4.4.3 Pricing Barrier Options via dGLR. One of the main advantages of our
dynamic framework is that good-deal ask and bid prices, as defined in Definition 4.3.1,
can be computed for path-dependent options in a dynamically consistent manner. In
this section, using a simple model for ask and bid prices of a stock, and choosing
the dGLR as acceptability index, we compute the good-deal ask and bid prices of
European-style Barrier call options in a market with transaction costs. We compare
these good-deal prices with the corresponding upper and lower bounds of the no-

arbitrage pricing interval.

According to Theorem 4.3.1, the good-deal ask and bid prices of a derivative

contract D € L%, at level v > 0, at time ¢ = 0 satisfy

T
(D)= sup E@[ZDS},
QEQTR(HO) oo
‘ T
(D)= inf E@[ZDS]
QeQVNR(H(0)) —

Recall that O, defined in (4.24), is a dynamically consistent family of sets of prob-
ability measures that corresponds to the dGLR. Computation of the good-deal ask
and bid prices of the options are carried out using the representations above. Simi-

larly, the no-arbitrage bounds are computed using the following representations (see
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Remark 4.3.10).

U _ Q
(D)= sup E [ Dsi| ;
° QER(H(0)) ;
T
L _ : Q
D)= inf E [ Ds}
(D)= ot ;

Moreover, we suppose that the bid price of the stock!? is given in Table 4.1.

The ask price process is assumed to satisfy S®* := S%d(1 4+ \), where X € [0, 00) is

Table 4.1. Bid price paths of the stock

w t=0 t=1 t=2

w; 90 80 90
we 50 80 70
w3 90 80 60
wg 00 40 60
ws 90 40 30

the transaction costs coefficient (see Bensaid et al. [BLPS92], and Boyle and Vorst
[BV92] for details on proportional transaction costs). Also, we define the mid price

process as S™4 ;= (Sk 4 Shid) /9,

Note that @ is defined in terms of the reference measure P. We assume that

P is given as follows

(P(w1), P(w2), P(ws), P(wy), P(ws)) = (1/10,1/8,1/4,1/4,11/40) .

YSee Example 4.10 in Pliska [P1i97], page 134.
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Moreover, in this case the filtration F is given by
fO = {Qy ®}7

fl = {9797 {wl,WQ,W3},{W4,W5}},

Ty =24

4.4.3.1 Up-and-In Barrier Option. We price an up-and-in barrier option with
barrier level 65 and strike K = 75. Recall that this option pays (Sp — 75)* if

Smid > 65 for some t € {1,2}, and pays nothing otherwise.

The prices 7V, 7%, 11%** and I1* for our up-and-in barrier option are given
in Tables 4.2, 4.3, and 4.4, for varying transaction cost coefficients. As the v values
decrease, we see that the good-deal ask-bid intervals shrink significantly. Further-
more, as the transaction cost coefficient increases, the spread between the 7V and 7
increase. This is because it becomes more expensive to hedge the claim. Essentially,
the set of risk-neutral measures R(H(t)) increases in A. Hence, I1%* and I1%? con-
verge to mU and 7%, at higher v values. Observe that in Table 4.2, the prices I1°** and
I1% bhegin to converge to 7V and 7% at v = 0.25, whereas in Table 4.3 they begin to

converge at around v = 0.5, and in Table 4.4 they begin to converge after v = 0.75.

4.4.3.2 Up-and-Out Barrier Option. Next, we price an up-and-out barrier option
with barrier level 85 and strike K = 50. This options pays (Sf — 50)* if Simid < 85

for t = 1,2, and pays 0 otherwise.

In Tables 4.5, 4.6 and 4.7, we present the no-arbitrage bounds and good-deal
prices of our up-and-out barrier option for different A\ values. It is easy to see that the
good-deal ask-bid intervals shrink with the decreasing v values. Since hedging the
claim becomes more expensive as the transaction cost coefficient increases, we observe

that the no-arbitrage price interval widens as A increases. To be more specific, this



Table 4.2. Prices of an Up-and-In Call Option with A =0

v oWt gt
0.0001 2.499842 2.287694 2.287306 1.875158
0.001 - 2.289438 2.285563 -
0.005 - 2.297186  2.277848 -
0.01 - 2.306857 2.268276 -
0.05 - 2.383699 2.194508 -
0.1 - 2.478454 2.108781 -
0.25 - 2499841 1.887571 -
0.5 - 2.499841 1.875158 -
0.75 - 2.499841 1.875158 -
1 - 2.499842 1.875158 -
1.25 - 2499842 1.875158 -

N
N w
/

Bid—Ask Spread
=
(]

12

0.2

A: TC Coefficient y: Acceptability Level

Figure 4.1. Liquidity Surface of an Up-and-In Call Option

is because the set of risk-neutral measures R(H(¢)) is increasing in A. Therefore, the

more we increase the A values, the higher v values it takes for the good-deal ask and
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Table 4.3. Prices of an Up-and-In Call Option with A = 0.005

v oWt gt
0.0001 2.652910 2.322009 2.321616 1.825199
0.001 - 2.323780 2.319846 -
0.005 - 2.331644  2.312015 -

0.01 - 2.341460 2.302301 -
0.05 - 2.419455 2.227425 -
0.1 - 2.515630 2.140413 -
0.25 - 2.652909 1.915884 -
0.5 - 2.652909 1.825199 -
0.75 - 2.652910 1.825199 -

1 - 2.652910 1.825199 -
1.25 - 2.652910 1.825199 -

bid prices converge to 7V and 7’. In Table 4.5, convergence of I1%* and I1%? to 7Y
and 7% happens at v = 0.75, whereas in Table 4.6 it converges around v = 1, and in

Table 4.7 it converges after v = 1.25.

4.4.3.3 Down-and-Out Barrier Option. In this section, we price a down-and-out
barrier option with barrier level 45 and strike K = 65. This option pays (S —65)"

if Smid > 45 for t = 1,2, and pays 0 otherwise.

Tables 4.8, 4.9 and 4.10 present the upper and lower no-arbitrage bounds and
good-deal prices of our down-and-out barrier option for A = 0.005 and A = 0.01.
Notice that the good-deal ask-bid intervals in the tables shrink with the increasing ~
values. We find that as the transaction cost coefficient A increases, the no-arbitrage

price interval widens, since hedging the claim is more costly for higher A values. In



156

Table 4.4. Prices of an Up-and-In Call Option with A = 0.01

v oWt gt
0.0001 2.811831 2.356325 2.355925 1.692162
0.001 - 2.358122  2.354130 -
0.005 - 2.366101 2.346183 -

0.01 - 2.376063 2.336325 -
0.05 - 2.455210 2.260343 -
0.1 - 2.552807 2.172044 -
0.25 - 2.811830 1.944198 -
0.5 - 2.811830 1.692163 -
0.75 - 2.811831 1.692163 -

1 - 2.811831 1.692162 -
1.25 - 2.811831 1.692162 -

w
/

N
Nooa

Bid—Ask Spread
-
(6}

12

0.2

A: TC Coefficient y: Acceptability Level

Figure 4.2. Liquidity Surface of an Up-and-Out Call Option

fact, the set of risk-neutral measures R(#(t)) is increasing in A. Consequently, good-

deal ask and bid prices converge to the upper and lower no-arbitrage bounds at higher
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Table 4.5. Prices of Up-and-Out Call Option with A =0

v oWt gt
0.0001 2.499578 1.400126 1.399874 0.833755
0.001 - 1.401263 1.398738 -
0.005 - 1.406314 1.393711 -
0.01 - 1.412623 1.387478 =
0.05 - 1.462869 1.339553 -
0.1 - 1.525130 1.284109 -
0.25 - 1.708359 1.142274 -
0.5 - 2.002384 0.964686 -
0.75 - 2.283052 0.834886 -
1 - 2.499578 0.833755 -
1.25 - 2.499578 0.833755 -

~ values, as \ increases, . For instance, in Table 4.8, I1%* and II*¢ converge to ¥

and 7% at v = 0.1, whereas in Table 4.9 it converges around v = 0.25, and in Table

4.10 it converges after v = 0.5.
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Table 4.6. Prices of Up-and-Out Call Option with A = 0.005

g i ™ g g
0.0001 2.687791 1.415815 1.415560 0.799956
0.001 - 1.416965 1.414411 -
0.005 - 1.422073 1.409328 -
0.01 - 1.428452 1.403025 -
0.05 - 1.479260 1.354563 -
0.1 - 1.542220 1.298498 -
0.25 - 1.727502  1.155074 -
0.5 - 2.024821 0.975495 -
0.75 - 2.308634 (.844242 -
1 - 2.579841 0.799957 -
1.25 - 2.687791 0.799956 -

25

Bid—Ask Spread

A: TC Coefficient

0.2

1.2

y: Acceptability Level

Figure 4.3. Liquidity Surface of an Down-and-Out Call Option
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Table 4.7. Prices of Up-and-Out Call Option with A = 0.01

U ask,y bid,y L
Y o 1 I, o

0.0001 2.882492 1.431504 1.431246 0.750716

0.001 - 1.432667 1.430084 -
0.005 - 1.437831 1.424945 -
0.01 - 1.444281 1.418572 -
0.05 - 1.495652 1.369573 -
0.1 - 1.559309 1.312887 -
0.25 - 1.746644 1.167874 -
0.5 - 2.047259 0.986305 -
0.75 - 2.334217 0.853597 -
1 - 2.608428 0.752365 -
1.25 - 2.870724 0.750717 -

Table 4.8. Prices of Down-and-Out Call Option with A = 0

v oWt gt
0.0001 4.166561 4.025324 4.024676 3.750105

0.001 - 4.028239 4.021762 -
0.005 - 4.041185 4.008864 -
0.01 - 4.057338  3.992857 -
0.05 - 4.166559 3.869262 -
0.1 - 4.166561 3.750107 -
0.25 - 4.166561 3.750106 -
0.5 - 4.166561 3.750106 -
0.75 - 4.166561 3.750105 -

1 - 4.166561 3.750105 -

1.25 - 4.166561 3.750105 -
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Table 4.9. Prices of Down-and-Out Call Option with A = 0.005

v o Wt gt
0.0001 4.395436 4.067077 4.066423 3.610007
0.001 - 4.070023 4.063479 -
0.005 - 4.083103 4.050447 =
0.01 - 4.099424 4.034274 -
0.05 - 4.228856  3.909397 -
0.1 - 4.387862  3.763767 -
0.25 - 4.395434  3.610009 -
0.5 - 4.395435 3.610007 -
0.75 - 4.395436  3.610007 -
1 - 4.395436 3.610007 -
1.25 - 4.395436 3.610007 -

Table 4.10. Prices of Down-and-Out Call Option with A = 0.01

v oWt gt
0.0001 4.631900 4.108831 4.108169 3.472015
0.001 - 4111807 4.105195 -
0.005 - 4.125021  4.092030 -

0.01 - 4.141509 4.075691 -
0.05 - 4.272270  3.949531 -
0.1 - 4.432908  3.802406 -
0.25 - 4.631897 3.472017 -
0.5 - 4.631898 3.472016 -
0.75 - 4.631898 3.472016 -

1 - 4.631900 3.472015 -
1.25 - 4.631900 3.472015 -
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CHAPTER 5
CONCLUSIONS AND FUTURE WORK

In this work, we studied problems in valuation and mitigation of counterparty
risk modeling and pricing derivatives using dynamic coherent acceptability indices.
As a conclusion, we address several open research problems and our plans for future

work.

We considered the modeling of counterparty risk in the presence of bilateral
margin agreements in Chapter 2. We defined an appropriate collateral process which
takes various margin agreement parameters into account. The dynamics of the coun-
terparty risk adjustment, CVA, have been found for the bilateral case. This achieve-
ment helps us to better understand and monitor the behavior of the bilateral CVA
as well as the unilateral CVA and the DVA.

We observed the impact of collateral agreements on counterparty risk adjust-
ments as well as the credit exposures such as the EPE and the ENE. We formulated
the fair spread value adjustment, which we named as SVA, that indicates the addi-
tional spread value to incorporate the counterparty risk into the fair spread value.
Moreover, we derive the dynamics of the fair spread and the counterparty risky spread
and therefore the spread value adjustment, SVA. Finally, we presented our numerical

results using a Markovian model of counterparty credit risk.

In Chapter 3, we considered the problem of collateralized CVA valuation in
the presence of rating triggers in credit migrations environment. Resulting adjust-
ment value is found as a consequence, which is then named as RVA. Moreover, we
incorporated the rehypothecation risk of the collateral in our setup. We utilized the
Markov copulae for modeling the rating transition probabilities, and applied to an

IRS and to a CDS contract.
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A natural extension of our results in Chapter 2 and in Chapter 3 is to incorpo-
rate the asymmetric funding costs, in a multi-curve environment, into the valuation
of counterparty risk. Indeed, in virtue of this consideration, a new adjustment term,
which is called Funding Valuation Adjustment (FVA), will take place in the CVA
and the counterparty risky price computation. Within this proposed framework, the
problem of dynamic hedging of counterparty risk as well as the efficient computation
of the sensitivities of the CVA will need to be given increased scrutiny because of the

asymmetry in the borrowing and lending rates.

On the other hand, one of the key drivers of the credit crisis in 2008, as
well as the European sovereign-debt crisis in 2011 and 2012, has been the systemic
risk; since the defaults of the major financial institutions often trigger the collapse of
many other market participants as a result of contagion. In this regard, modeling,
mitigating and hedging the counterparty credit risk by taking the systemic risks as
well as the contagion effects into account is a very crucial problem. Incorporating the

systemic risk into our framework remains as a future study.

In Chapter 4, we studied the problem of developing the representations of the
ask and bid prices of derivatives using the theory of DCAIs in a risk-neutral setup.
Our framework is constructed in discrete and finite time space, and also in finite
probability space. Therefore, a major future work is the generalization of the theory of
DCAISs to a general probability space and to a continuous time space. This will allow
us to work in a more realistic setup, in the sense that it will be possible to calibrate our
model to the real quoted market ask and bid prices. Moreover, developing dynamic
versions of static acceptability indices such as AIMAX, AIMIN, AIMAXMIN and
AIMINMAX is a crucial future work. As a result of this development, as well as the
application of the appropriate distortion functions in dynamic setup, the ask and bid

price representations will have closed-form solutions as in Cherny and Madan [CM10].
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Furthermore, extending our framework to the case where we no longer have the
scale invariance property (see (D4) in Definition A.1) is another important research
direction. This extension, along with the generalization of DCAIs to a dynamic
quasi-concave case and incorporating the theory of BSDEs in the duality results, will
lead to a more realistic pricing framework, since the restrictiveness of scale invariance

property has already been gained attention (see Rosazza-Gianin and Sgarra [RGS12]).
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APPENDIX A
DYNAMIC COHERENT ACCEPTABILITY INDICES
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In this section, we present some important definitions and results from the
theory of Dynamic Coherent Acceptability Indices. For a more detailed discussion we
refer to Bielecki, Cialenco, and Zhang [BCZ11].

Let us first recall the definition of a dynamic coherent acceptability index.

Definition A.1. A dynamic coherent acceptability index (DCAI) is a function « :

T x LY x Q — [0, 00] that satisfies the following properties:

(D1) Adaptiveness. For anyt €T and D € L°, ay(D) is F;-measurable;

(D2) Independence of the past. For anyt € T and D,D’ € L°, if there exists
A € F; such that 14Ds = 14D’ for all s > t, then 1aay(D) = 1 04(D’');

(D3) Monotonicity. For anyt € T and D,D' € L, if Dy(w) > D.(w) for all s >t
and w € Q, then apx(D) > au(D’) for all w € §;

D4) Scale invariance. o (AD) = ay(D) for all A >0, D€ L°, t €T, and w € §;
(

(D5) Quasi-concavity. If ay(D) > = and o(D') > z for somet € T, w € ,

D,D € L° and x € (0,00], then ap(AD + (1 — A\)D') > x for all X € [0,1];

(D6) Translation invariance. o(D + mlyy) = a(D + mlygy) for every t € T,

De L’ we, s>t and every Fi-measurable random variable m;
(D7) Dynamic consistency. For anyt € [0,...,T —1] and D, D’ € L°, if Dy(w) >
0> Di(w) for allw € Q, and there exists a non-negative Fi-measurable random

variable m such that ay1(D) > m(w) > auq1(D') for allw € Q, then ay(D) >

m(w) > ay(D") for all w € (.

We now proceed by defining of a dynamic coherent risk measure.

Definition A.2. Dynamic coherent risk measure (DCRM) is a function p : {0, ..., T}x

L x Q — R that satisfies the following properties:
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(A1) Adaptiveness. p,(D) is F;-measurable for allt € T and D € L;

(A2) Independence of the past. If 14D, = 14D’ for somet € T, D,D' € L°,
and A € F; and for all s > t, then Lap (D) = Lap:(D');

(A3) Monotonicity. If Ds(w) > D.(w) for somet € T and D, D' € L°, and for all

s>t andw € Q, then py(D) < p(D') for all w € §;
(A4) Homogeneity. p;(AD) = Ap;(D) for all A >0, D e L° t €T, and w € ;

(A5) Subadditivity. p;(D + D') < ps(D) + p(D’) for allt € T, D,D" € L°, and

w € )

(A6) Translation invariance. p,(D+mlqy) = p(D)—m for everyt € T, D € LY,

Fi-measurable random variable m, and all s > t;
(A7) Dynamic consistency.
HA(gleig pr41(D) — Dy) < Lapy(D) < HA(YU?S}MH(D) —Dy),
for everyt € {0,1,..., T —1}, D€ L° and A € F;.
Let us continue with an important result that provides the representation of

a DCALI in terms of a family of DCRMs, and the representation of DCRM in terms

of a DCAL

Theorem A.1.

(i) If a is a normalized, right-continuous, dynamic coherent acceptability indez,
then there exists a left-continuous and increasing family of dynamic coherent

risk measures (p7)ye(0,00), Such that

ay(D)(w) = sup{y € (0,00) : p/ (D)(w) < 0}, weW teT, Del’
(A1)
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(i) If (p7)ve(0,00) 5 @ left-continuous and increasing family of dynamic coherent risk
measures, then there exists a right-continuous and normalized dynamic coherent

acceptability index o such that,

p (D)(w) =inf{c € R: (D + 6;(1¢))(w) > 7}, weN teT, DelL’
We assume inf ) = oo and sup ) = 0.

The proof this theorem can be found in [BCZ11].

We now state the definitions of a dynamically consistent sequence of sets of
probability measures and an increasing family of sequences of sets of probability

measures.

Definition A.3.

i) A sequence of sets of probability measures (Q;)L, absolutely continuous with
=0
respect to P is called dynamically consistent with respect to the filtration (F)L,

if the sequence is of full-support and the following inequality holds true

1 '{‘f]EQX }<]l'fIE@X
E0eE  0edrs, X1 Fenlw)y < £ gea, X1 7]

§ILEmaX{ inf ]EQ[X|.E+1](w)}

weE  Q€Qi4+1

forallt € {0,1,...,T — 1}, E € F;, and Fr-measurable random variables X .

(i) A family of sequences of sets of probability measures ((QF)i_g)ye(0,00) s called

increasing if Q7 D QY for ally >8>0 andt e T.

Next, we present a representation theorem for dynamic coherent risk mea-
sures in terms of dynamically consistent set of probabilities. The proof the following

theorem can be found in [BCZ11].
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Theorem A.2 (Robust Representation Theorem for DCRM). For~y > 0, a function
p7 2 {0,1,...,T} x LY x Q — R is a dynamic coherent risk measure if and only if

there exists a dynamically consistent family of sets of probabilities (Q])I_, such that,

ft}, teT, De Ll (A.2)

T
(D) = — inf EQ[ D,
Pt( ) 0eQ; ;

This result, along with the results from Theorem A.1, which states the duality
between DCAIs and DCRMs, leads to a representation theorem for dynamic coherent

acceptability indices.

A direct consequence of Theorem A.1 and Theorem A.2 is the following result.

Theorem A.3.

(i) Assume that ((Q7)}_o)ye(0,00) 15 an increasing family of dynamically consistent
sequences of sets of probability measures. Then, the function o : {0,1,...,T} X

LY x Q — [0, 00] defined as follows,

(D) (w) = sup {7 € (0,00) ;

T
inf E@[Z D,
s=t

QeQ}

ft}(w)zo}, weN, teT, DelL’,
18 a normalized and right-continuous dynamic coherent acceptability index.

(i) If a is a normalized and right-continuous dynamic coherent acceptability in-
dex, then there exists a family of dynamically consistent sequences of sets of

probability measures ((Q]){_g)ye(0,00) Such that

(D) (w) = sup {7 € (0,00) :

T
@iengfl B ; b

ft](w)EO}, we, teT, De L’

Here we adopt the usual convention that inf ) = oo and sup ) = 0.

The proof this theorem can also be found in [BCZ11].
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APPENDIX B
TECHNICAL RESULTS
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In this section we present some technical results, which are used throughout

the thesis. We begin by proving two results on continuous functions.

Lemma B.1. If g : R — R is continuous, then the function f : (0,00) — R defined

by f() := info<y<, g(y) is continuous.

Proof. Since g is continuous, f(y) = ming<,<, g(y). We first show that

lim min g(y) = lim min g(y) = g(7).

'y—)'y+ Yo<y<vy 'y—)'y Yo<y<~y

Suppose € > 0 and vy < 7. Since g is continuous, for all ¢ > 0, there exists § > 0

such that |y — | < d implies |g(v) — g(70)| < €. We notice that

19(70) — 7Onfglz}/lgvg(y)l =g(v) — Worrgl;rglvg(y)

= _min {g(3) —9()}

< min {19(v0) — g}

= min tg(vo) —g(v) +9(v) — g(w)I}

< min {19(v0) =g+ 19(v) — g}

<lg9(v0) —g(v)| + min {|g(v) —g(v)[}

Yo<y<~y

<19(7) — g +19(v) = g(70)|

=2|g(70) — 9(7)| < 2¢"
Taking e = 2¢’ shows that lim,_,+ min, < <, 9(y) = g(0)-

We now show that limvﬁ%f min, <, <+, 9(y) = g(v) Again, suppose € > 0 and
v < 7. Since g is continuous, for any € > 0 there exists § > 0 such that |y — | < 6

implies |g(v) — g(70)| < €. Notice that
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l9(70) — min g(y)| = g(r) — min g(y)

Y<y<v0 7<y<70

= 7;rzlJigrlw~{g(v()) —g(y)}

< min {|g(0) = 9(y)l}

=_min {[g(2) —9(7) +9(v) — 9w}

< ényigr}m{lg(’yo) — g +19(v) — 9}

<lg(v) —g(¥)| + 7glJiélﬂw{lg(v) -9}

<19(70) — g +19(7) = g(70)]

= 2|g(70) — 9(v)| < 2¢.
Taking € = 2€¢’ shows that lim,_, -~ miny, <<, 9(y) = g(70)-

We now show that f is continuous. We need to show that

lim f(y) = lim f(3) = f(%).

Since f is non-increasing and bounded, the limit exists. Let 0 < 79 < v < 0o. Since

min(-,-) : R x R — R is a continuous function it follows that

— lim = min — lim min
f(70) Jim, f =, n SWg(y) Jim, §7g(y)

= min g¢(y) — lim min( min g¢(y), min g(y))

0<y=<7o Y= 0<y<~o YoSy<y

= i — mi i , lim  min
oin g(y) — min (0;?,;%09@) Jim, 1 SvQ(?J))

= min g(y) —min( min g(y)7g(%))

0<y<vo 0<y<vo

= 0.
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It follows that f is right-continuous.

Now let 0 < v < 49 < 0o. Likewise,

f(y0) — lim f(y) = min g(y) — lim min g(y)

Y=y 0<y<v0 Y=g 0Sy<y

= lim min — lim min

= lim min ( min ¢(y), min g(y)) — lim min g(y)

=Yy 0<y<~y Y<Y<70 y—y 0Sy<y

= min < lim min g(y), lim min g(y)) — lim min g(y)

y—y 0<y<y Y=y TSY<0 =y 0Sy<y

= min < lim min g(y),g(fyo)) — lim min g(y)

Y=y 0S¥y Y=g OSYSY

From the continuity of g, we see that

= min ( lim min g(y),g(70)> — lim min g(y)

y—yy 0Sy<y =y 0SY<y

=min [ lim min , lim — lim min
(H%_ in g(y) fim g(v)) Jim o 1 g(y)

= lim min ( min g(y),g(v)) — lim min g(y)

Y=g 0<y<~y y—yy 0Sy<y
=0
Thus, f is left-continuous, so we conclude that f is continuous. O

The following lemma is an auxiliary result needed for Theorem 4.3.1.

Lemma B.2. For any monotone increasing, continuous function f : (0,00) — R, we

have that
f(v) <0 if and only if sup{B € (0,00) : f(B) <0} >,

for any v > 0.
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Proof. Let us define the set I' := {5 € (0,00) : f(5) < 0}. Assume that f(v) <0 for

some v > 0. Then, v € T", and therefore supI" > ~.

Conversely. Suppose that sup’ > v and define g* := supI'. If supI’ = oo,
then f(z) < 0, for all x > 0, and in particular for x = . Now assume that g* €
(0,00). We first argue by contradiction that g* € I'. If 5* ¢ T, then f(8*) > 0. Now,
since f is continuous, there exists € > 0 so that 0 < f(B* — €). By the definition
of the supremum of a set, we have that, for all € > 0, there exists 8¢ € I' so that
f* — e < p°. Therefore, because f is monotonically increasing, f(8* —¢€) < f(B°).
Hence, 0 < f(B8*—€') < f(B°), which contradicts 5¢ € I'. We proceed by showing that
f(v) <0. Since v < * and f is monotonically increasing, we have that f(vy) < f(58%).
However, 5* € T', so f(v) < f(5*) <0. O]

We now recall a well-known characterization of compact sets. For a proof, see

Lemma 1.5.6 in Dunford and Schwartz [DS58].

Lemma B.3. A subset of a topological space is compact if and only if every family

of closed sets with the finite intersection property has a nonempty intersection.

The following theorem is an application of Hahn-Banach theorem, regarding

the separation of hyperplanes.

Theorem B.1. If Z and C are disjoint closed convexr subsets of RN, and if Z is
compact, then there exists a constant € with € > 0, and a continuous linear functional
0 € RN, s0 that

plc) <0 <e<p(z)

forall z € Z and c € C.

Proof. By Theorem V.2.10 in Dunford and Schwartz [DS58], there exists constants a
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and € with ¢ > 0, and a continuous linear functional ¢ € R, so that
o) <a—€ <a<p(z) (B.1)

for all z € Z and = € C. We now argue that ¢(x) < 0 for all x € C. Suppose there
exists ag > 0 and xy € C so that p(z¢) = ag. Since C is a cone, we have that Axy € C

for all A > 0. Thus,

sup ¢(z) > sup ¢(Azg) = sup Aag = +00,
zeC A>0 A>0
which contradicts (B.1), and hence p(z) < 0, z € C. From here, and since ¢ is linear

and 0 € C, it follows that sup,c ¢(z) = 0. Thus, a —€’ > 0, and hence a > 0. Taking

€ = a concludes the proof. O
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