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ABSTRACT: We consider a parameter estimation problem for one dimensional stochastic heat equa-
tions, when data is sampled discretely in time or spatial component. We establish some
general results on derivation of consistent and asymptotically normal estimators based
on computation of the p-variations of stochastic processes and their smooth pertur-
bations. We apply these results to the considered SPDEs, by using some convenient
representations of the solutions. For some equations such results were ready available,
while for other classes of SPDEs we derived the needed representations along with their
statistical asymptotical properties. We prove that the real valued parameter next to
the Laplacian, and the constant parameter in front of the noise (the volatility) can
be consistently estimated by observing the solution at a fixed time and on a discrete
spatial grid, or at a fixed space point and at discrete time instances of a finite interval,
assuming that the mesh-size goes to zero.
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1 Introduction
Consider the following (parabolic) Stochastic Partial Differential Equations (SPDEs)
du(t) = (A1 + Ag)u(t) dt + o(Mu(t) + g(t)) dW (t), (1.1)

where Ap, A;, M are some (linear or nonlinear) operators acting in suitable Hilbert spaces, ¢ is an
adapted vector-valued function, W is a cylindrical Brownian motion, and # and o are unknown
parameters (to be estimated) belonging to a subset of real line. Implicitly we will assume that (1.1)
is parabolic and admits a unique solution, although usually this has to be established on a case by
case basis.

Major part of the existing literature on statistical inference for SPDEs (estimating 6 and o)
lies within the spectral approach, where it is assumed that one path of the first N Fourier modes
of the solution is observed continuously over a finite interval of time. In this case, the coefficient
o can be determine explicitly and exactly, similar to the case of finite dimensional diffusions,
by employing quadratic variation type arguments, and due to the fact that a path is observed
continuously in time. A general method of estimating 6 is to construct Maximum Likelihood
Estimators (MLEs) based on the information revealed by the first N Fourier modes, and prove that
these estimators satisfy the desired statistical properties, such as consistency, asymptotic normality,
and efficiency, as N increases. We refer the reader to the recent monograph [LR17, Chapter 6] for a
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comprehensive survey of this method applied to diagonalizable SPDEs. For MLE based estimators
applied to nonlinear SPDEs see for instance [CGH11]. For other type of estimators, assuming the
same observation scheme, see [CGH16]. Beyond spectral approach, the literature on parameter
estimation for SPDEs is limited, and only few papers are devoted to discretely sampled SPDEs
[PRI7, Mar03, PvsT07]. Of course, one way to deal with discretely sampled data, is to discretize or
approximate the MLESs using the available discrete data, and show that the statistical properties are
preserved. On the other hand, if we assume that the solution itself is observed at some space-time
grid points, one needs to approximate additionally the Fourier modes. To best of our knowledge,
a rigourous asymptotic analysis of this idea is still to be done. Finally, it needs to be mentioned,
that by its very nature, the Fourier decomposition has to be performed with the respect to the
basis formed by the eigenfunctions of the operator A;. Usually, A; is a differential operator, and
thus essentially one has to deal with bounded domains.

The main goal of this notes is to study the parameter estimation problem for simple parabolic
SPDEs, when data is sampled discretely. Namely, we consider the stochastic heat equation, one
dimensional, driven by an additive or multiplicative space-time noise, either on bounded domain or
whole space, and when the solution u is observed at some discrete space-time points. As such, we
do not rely on spectral approach, but rather use some suitable representations of the solution to
derive the corresponding estimators. The key idea of the proposed method relies on an intuitively
simple observation: the p-variation of a stochastic process is invariant with respect to smooth
perturbations. Hence, if the p-variation of a process X can be computed by an explicit formula, and
the parameter of interest enters non-trivially into this formula, one can derive consistent estimators
of this parameter (similar to estimating the volatility through quadratic variation). However,
since the p-variation of the perturbed process X + Y remains the same, given that Y is smooth
enough, then the same estimator remains consistent assuming that X + Y is observed. Analogous
arguments remain valid for asymptotic normality property. See Section 2.1 for the formal result
and some simple applications to parameter estimation problems. Thus, it remains to find suitable
representations of the solution u as a sum of two processes. In Section 3, we start with the heat
equation on the whole real line, and driven by an additive noise. It turns out that for any fixed
instance of time t > 0, the solution as a function of x € R can be represented as a scaled two-sided
Brownian motion plus a smooth process. Similarly, if we fix a spacial point, then the solution is a
smoothly perturbed scaled fractional Brownian motion. We refer to [Khol4, Section 3] for details
on these representations. With these at hand, using the p-variation idea described above, both 6
and o can be estimated in either time or space sampling regime. Hence, to construct a consistent,
and asymptotically normal estimator for € or ¢ it is enough to observe the solution at one time
instant and discretely on a spacial grid of a finite interval, with mesh diameters going to zero. By
the same token, it is sufficient to observe the solution just at one spacial point, and over a time-grid
interval. We focus our study on these two sampling schemes. It should be mentioned that similar
estimators, and same sampling schemes were studied in [PvsT07], where the authors considered
the heat equation on R driven by a multiplicative noise. The methods of proof in [PvsTO07] are
different from ours. For the sake of completeness we present some relevant results in Section 5.
In Section 4 we investigate the case of bounded domain and additive noise. There are no ready
available results on the representations of the solution, and we first establish the corresponding
result when time is fixed, which can be easily done via Karhunen—Loéve expansion. The case of
sampling the solution in time at a fixed spacial point for bounded domains is more delicate. We
prove that the solution can be represented as a sum of a smooth process and a zero-mean Gaussian
process with known finite fourth variation. Moreover, using some elements of Malliavin calculus, as
well as a version of the cental limit theorem from [NOLO08], we establish a central limit type theorem
for the fourth variation of the solution. Consequently, we derive weakly consistent estimators for
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f and o, and prove their asymptotic normality. The results on the representation of the solution
are of independent interest, and could be used beyond statistical inference problems. It would be
fair to note that a similar methodology of using Malliavin calculus technics to establish cental limit
theorem can be found in [Corl12], albeit applied to similar processes but with a simpler covariance
structure. To streamline the presentation, most of the proofs and some auxiliary technical results
are moved to Appendix.

Finally, we want to mention that there are many natural questions that are left open, such
as: considering more general sampling schemes, by sampling simultaneously in time and space;
investigate equations in higher dimensions and of more complicated structure; equations on bounded
domains and driven by multiplicative noise; nonlinear equations, etc. Some of these questions will
be addressed by the authors in the future works.

2 Setup of the problem

Let (Q,.#,{%:}+>0,P) be a stochastic basis satisfying the usual assumptions, and let G be either a
bounded smooth domain in R or the whole real line R. We consider the following stochastic partial
differential equation on H = L%(G)

du(t,z) = Ouyzy(t,z)dt + og(u) dW (t,x), € G, t>0,
u(0, ) = up(z) € L*(G), (2.1)
u(t,")|lep =0, t>0,

where W is an H-valued (cylindrical) Brownian motion, g : R — R, and 0,0 are some positive
constants. Under some fairly general assumptions on the structure of the noise W, the function g
and the parameters 6 and o, the solution to (2.1) exists and is unique [Cho07, LR17].

As usual, everywhere below, all equalities and inequalities between random variables, unless oth-

erwise noted, will be understood in the P-a.s. sense. The notations L, will be used for convergence
in distribution, while L or P—lim will stand for convergence in probability.

We assume that 6 € © C (0,+00) and 0 € S C (0,400) are the (unknown) parameters of
interest. In this work we focus on two sampling schemes':

(A) Fized time and discrete space. For a fixed instant of time ¢ > 0, and given interval [a,b] C G,
the solution wu is observed at points (¢t,z;), j = 1,...,m, with z; = a + (b — a)j/m, j =
0,1,...,m.

(B) Fized space and discrete time. For a fixed x from the interior of G, and given time interval
[e,d] C (0,400), the solution u is observed at points {(¢;,z),7 = 1,...,n}, where t; :=
c+(d—c)i/n, i=0,1,...,n.

The main goal of this paper is to derive consistent estimators for the parameters § and ¢ under
these sampling schemes, and to study the asymptotic properties of these estimators.

In what follows, we will use the notation Y™ (a,b) = {a; | a;j = a+(b—a)j/m, j =0,1,...,m}
for the uniform partition of size m of a given interval [a,b] C R. For a given stochastic process X
on some interval [a,b], and p > 1, we will denote by V5, (X [a,b]) the sum

Vi (X5 [a, 0]) = Z [ X(t) — X (-0,

1For simplicity of writing, we assume that the sampling points form a uniform grid. Generally speaking all the
results hold true assuming only that the mesh size of the grid goes to zero.
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where t; € Y™ (a,b). Correspondingly,

VP(X:[a,b)) = lim V5(X:[a.8]). P as.

VE(X:[a.B]) = B lim V2, (X: [a,8]).
will denote the p-variation of X on [a,b], in P-a.s. sense and respectively in probability. If no
confusions arise, we will simply write V?(X), and V5,(X) instead of VP(X;[a,b]) and V5, (X; [a, b]);
same applies to VB (X).
2.1 Statistical properties for smoothly perturbed stochastic processes

As already mentioned, the estimators proposed in this work are derived using the p-variation of
some suitable processes. The next result shows that the ‘quadratic variation type arguments’ of
estimating the diffusion coefficient are invariant with respect to smooth perturbations.

Proposition 2.1. Let X (t),Y (t),t € [a,b], be stochastic processes with continuous paths, and
assume that the process Y has C'[a, b] sample paths, and there exists p > 1, such that 0 < VP(X) <
oo. Then,

VP(X +Yi[a, b)) = V(X [a, ). (22)
Similarly, if 0 < VE(X) < oo, then
VE(X + Y [a,b]) = VE(X3[a,b]). (2:3)
If in addition, there exist a,00 > 0 such that, a +1/p < 1,
n® (VA (X3 [a,b]) = VP(X [a,B])) —— N(0,03), (24)
then
n® (VH(X + Y [a, b]) = VP(X5 [a,8]) —— N(0,53). (25)

Moreover, if Y has C?[a,b] sample paths, and (2.4) holds for p = 2 and o = 1/2, then (2.5) holds
true too, with p =2, = 1/2.

The proof is deferred to Appendix B.

This result allows to construct directly consistent and asymptotically normal estimators for
some parameter entering the true law of the perturbed process X + Y, given that the p-variation
VP(X;la,b]) of the unperturbed process X depends non-trivially on the parameter of interest, and
this dependence can be computed explicitly.

For example, let B be a two-sided Brownian motion, and Y be a process with a C?(R) version,
and consider the stochastic process

Z(z) =+/BB(z)+Y(z), zeR,

where 3 is a positive, unknown parameter. Assume that Z is observed at grid points Y™ (a, b), for
some interval [a,b] C R. In view of (2.2),

V2(Z:[a,b]) = V2(\/BB; [a,b]) = B(b - a).

Consequently, the estimator

Bm:

S (2la) - 2

Jj=1
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is a consistent estimator of [, namely lim,, o Bm = B, P-a.s.. Moreover, it is well known

(cf. [Nou08, AES16]) that

Vm(V2,(B,[a,b]) — (b~ a)) —— N(0,2(b — a)?),

m—r0o0

and thus, by Proposition 2.1, the estimator Bm is asymptotically normal, with the convergence

V(B — B) —— N(0,267).

m—r0o0

Similarly, let B be a fractional Brownian Motion (fBM) with Hurst index H = %, and Y be
a process with continuously differentiable paths in (0,400). Assume that 7 is the parameter of

interest, and suppose that the process
ZH@) = BHE@) + Y (1), t>0.
is sampled at grid points t; € Y"(¢,d),i = 0,1,...,n, with [¢,d] C (0,00). Then,

= g 2 (2700 = 27(0)".

i=1

is a consistent estimator of 7, since an fBM with Hurst index H has a finite, non-zero p = 1/H-
variation. The asymptotic normality of Vi (B¢, d]) is established in Theorem A.1, and Corol-
lary A.2, and hence, by (2.5), ), is also asymptotically normal, and satisfying

. D 1.
V(i — 1) — N(0, §02772)-

2

where ¢~ is an explicit constant given in Corollary A.2.

3 Additive noise, whole space

In this section, we consider the SPDE (2.1) on the whole space G = R, driven by an additive space-
time white noise, and for simplicity we take zero initial data. Namely, we consider the following
evolution equation

du(t,z) = Oug,(t,x)dt + o dW (t,x), z€R, t>0, (3.1)
u(0,2) =0, xe€R.

The estimators for § and o are obtained by using the following representations (cf. [Khol4,
Section 3]) of the solution u of (3.1):

(a) For every fixed ¢t > 0, there exist a two-sided Brownian motion B(z) and a Gaussian process
X (x) with a C*°(R) version, such that

u(t,z) = \/72793@) + X(z), zeR (3.2)

(b) For every fixed z € R, there exists a fractional Brownian motion B (t) with Hurst index
H = 1/4 and a Gaussian process Y () that is continuous on Ry and infinitely differentiable on
(0, 00), such that

u(t,r) = BE@#) +Y(t), t>0. (3.3)

L
(071.)1/4
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It turns out that to estimate one of the parameters 6 or o, while the second one is known, it is
enough to observe the solution w at one time instant, and at discrete space points with the mesh
diameter going to zero. Similarly, it is enough to observe the solution at one fixed spatial point, and
at discrete time points in a finite time interval (past initial time) with vanishing step size. These
results are proved in the next subsections.

3.1 Space sampling at a fixed time instance

Assume that ¢t > 0 is a fixed time instant, and consider the partition Y™ (a,b) of the fixed interval
[a,b] C R. Suppose that the solution u of (3.1) is observed at the grid points {(t,z;) | z; €

Y™ (a,b),j =1,...,m}. Consider the following estimators for § and o2 respectively
~ (b—a)o?
em,t = ™ y (34)
2 ijl(u(t, z;) —u(t,xj—1))?
. 20
U?,m = Z(u(t, zj) — u(t,xj-1))% (3.5)
j=1

Clearly, (3.4) assumes that o is known, while (3.5) assumes that 6 is known. The following results
show that these estimators are consistent and asymptotically normal.

Theorem 3.1. Assuming that o is known, the estimator (3.4) of 0 is:

~

(1) consistent, that is limy, o0 O =6, P —a.s.,

(ii) asymptotically normal,

V(O — 0) —2— N(0, 26%). (3.6)

m—o0

Proof. Using the representation (3.2), and in view of Proposition 2.1, consistency of gm,t follows at
once. In addition, we also have that

“ (b—a)o? D (b—a)?ot

Vi [ Sl ) — ut, 1)) - E T | P 0, S0 ).

Jj=1

Consequently, a direct application of Delta-Method yields (3.6), and this concludes the proof. [J

Similarly, employing again Proposition 2.1, one has the following result.

Theorem 3.2. Assuming that 6 is known, the estimator (3.5) is a consistent and asymptotically
normal estimator of o2, with

Vm(2, — o) —2— N(0,20%). (3.7)

mit m—00

3.2 Time sampling at a fixed space point

In this section we assume that the solution u of (3.1) is observed at the grid points {(t;,x) : i =
1,...,n}, where z € R is a fixed spatial point, and 0 < ¢ < d < oco. We consider the following
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estimators for 6, and o2 respectively,

~ 3(d — c)ot

e = S (i) — ) )
- O -

Tne = 3d—o0) ;(U(tu z) — u(ti-1,2))* (3.9)

Similar the previous section, the following results about asymptotic properties of these estima-
tors hold.

Theorem 3.3. Given that o is known, we have that

~

lim 6,, =60, P—a.s.

n—0o0
~ 1
NC—) % N (0, 56°5%).

Assuming that 0 is known, we have that

lim 62, =02 P—a.s.
n—00 ’

A2, — 02) 2 N(0, = o152).

n,z n—00 36
where 2 is the constant given in (A.2).

The proof is analogous to the proofs of Theorems 3.1 and 3.2 and is omitted here.

4 Additive noise, bounded domain

In this section we consider the stochastic evolution equation (2.1) on bounded domain G = [0, 7],
with zero initial data, zero boundary conditions, and driven by a space-time white noise:

du(t,z) = Ouyzy(t,z)dt + o dW(t,x), z € (0,7), t>0,
u(0,2) =0, =z € (0,7), (4.1)
0)=u

In this case, the Laplace operator A = 0., has only discrete spectrum, with eigenvalues \p =
—k% k € N, and corresponding eigenfunctions hi(x) = +/2/7wsin(kx), k € N. Moreover, the
functions {hg, k € N} form a complete orthonormal system in L?(G), and the noise term can be
conveniently written as

Wt z) =Y wy(t)he(x),

k>1

where wyg, k € N, are independent standard Brownian motions. The solution of this equation admits
a Fourier series decomposition,

u(t,z) = upthi(x), t>0, x€(0,m),

k>1
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where each Fourier mode wug(t) is an Ornstein-Uhlenbeck process of the form

duy(t) = —0k%uy(t) dt + o dwy(t), >0,
uk(O) = 0.

Equivalently, we have that
t
up(t) = o / e O (=9) dupy (s). (4.2)
0
(1_6729k2t)0.2 . .
Clearly, ug(t) ~ N(0, —gz—"), and ug, k € N, are independent random variable.
4.1 Space sampling at a fixed time instance

First we will establish the counterpart of the representation (3.2).

Theorem 4.1. For every fized t > 0, there is a Brownian motion B(x) on [0,7], and a Gaussian
process R(x), x € [0, 7] with a C*°(0,m) version, such that

u(t,x) = EB(.CE) + R(z), z€[0,m].

Proof. A similar result, left as an exercise, can be found in [Wal86, Exercise 3.10]. For the sake of
completeness, we sketch the proof here. It is enough to note that the solution u can be represented,
for any t > 0, as

u(t,z) = \;%B(:E) + R(x),
where
_ 1 _ oz o ap — 1
B(z) =& + kZZI kékhk(m)a R(z) = m&) + 75 kZZI Z Erhi(z),

20k2
e

Note that & are i.i.d. standard Gaussian random variables. It is easy to check that B is a standard
Brownian motion on [0, 7], for example by noting that v is the Karhunen—Loeve expansion for the
Brownian motion, up to some change of variables. It is also straightforward to show that R is
smooth. This completes the proof. O

With this at hand, similar to Theorem 3.1, we have the following result.

Theorem 4.2. Let u be the solution to (4.1), and assume that u is sampled at discrete points
{(t,z;) | zj € Y™(a,b)}, for some fited t > 0 and a,b € (0,w). Then, assuming o is known,
§m,t given by (3.4) is a consistent and asymptotically normal estimator for 6, satisfying (3.6).
Respectively, if 0 is known, then Efm in (3.5) is a consistent and asymptotically normal estimator

of o2, satisfying (3.7).
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4.2 Time sampling at a fixed space point

The case of sampling the solution in time at a fixed spatial point for bounded domains is more
delicate, primarily since there is no ready available representation similar to (3.3). In [Wal81] the
author proved that for a similar SPDE at x = 0 the 4-variation (in time) of the solution converges
to a constant. We start by proving that the 4—variation converges to a constant at any fixed space
point x. In addition, we also establish the asymptotic normality property of the 4-variation.

Proposition 4.3. Let x € (0,7) be a fixved space point. Then, the solution u(t,z) of the equation
(4.1) admits the following decomposition

g

u(t,x) = 0)

o) + 81, >0, (4.3)

where v and S are zero-mean Gaussian processes such that:
(a) S(t) is continuous on [0,400), and infinitely differentiable on (0,00);
(b) v(t) has finite 4—variation (with convergence in probability)

P— nh_}n(a)<> Vi (v;le,d]) = 3(d - c). (4.4)

(¢) the j-variation admits the asymptotic normality property

Vi (vs [e, d)) D 9 _
NG <M[%] — 3> — N(0,53 +a3), (4.5)
where
2 sin?(kx) 2
2 _ _ _—(d—c)0k?/n
o= (1—e )
vl =1 k2
n—1 . . n—1 . .
_ . i, F() _ : iy, FG)
52 :72“447115&;(1 - -2 12, &2 :24+48n15202(1_ )| - B
j= j=
and
Fj) = 1 3 SiHQ(zkff) <26—j(d—c)0k2/n o G0k /n _ e—(j—1)(d—c)9k2/n) '
vl =1 k
Moreover,
7OVE (u(-, z); [c, d]) D 5 9
vn ( noto] - 3) — N(0,55 + 75). (4.6)
where 02,63 and 53 are given above.

The proof is deferred to the Appendix B. To prove (4.5), we use some techniques from Malliavin
calculus (cf. [NOLOS]). The general idea of the proof is in line with the proof of the central limit
theorem in [Corl2] established for a similar but simpler covariance structure.

Next, we present the main results of this subsection on consistency and asymptotic normality
of the estimators (3.8) and (3.9).
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Theorem 4.4. Let u be the solution to (4.1), and assume that u is sampled at discrete points
{(tisz) [ t; € Y"(c,d)}, for some fized x € (0,7), and 0 < ¢ < d < co. Then, assuming o is known,
Onz given by (3.8) is a weakly consistent estimator for 8, that is

P— lim 6, = 0. (4.7)

n—oo

Respectively, if 0 is known, then aﬁ’m in (3.9) is a weakly consistent estimator of 0. Moreover,

O, and 8%@ satisfy the following central limit type convergence
~ d—c)o D B B
2
~2 Vno, o D Loy o -9
vn <an,x - mo ) — N0, 367 (55 + 53)). (4.9)

Proof. Consistency is a direct consequence of Proposition 4.3.(a)-(b) and (2.3) from Proposition 2.1.
Combining (3.8) and (4.6), we have

\/ﬁ(?’A(d_C)e—B) 2, N(0,62 +52).

4 —
On,znoy, n—00

Due to (4.7), and by Slutsky’s theorem, (4.8) follows at once. Relationship (4.9) is proved similarly.
This completes the proof. ]

5 Multiplicative noise, whole space

Let us consider the SPDE (2.1), on G = R, and driven by a multiplicative noise:

du(t, z) = Ouyzy(t, z)dt + ou(t,z)dW (t,z), x€R, ¢>0, (5.1)
u(0,z) =up, x€R.
The problem of estimating 6 and o for this equation, assuming sampling scheme (A) or (B), have
been essentially studied in [PvsT07]. The estimators are similar to those derived above for the
additive noise, and for sake of completeness, we present them here too.

Assume that the solution u of (5.1) is observed according to sampling scheme (A). Then, given
that o is known, the estimator

s (b—a)o? > i u?(t, z;)
™ 2 S (ult ) — u(t,zy1))?

is an weakly consistent estimator of 8. Respectively, if 6 is known, then

o 2mB Y (ult ) - u(t, zj-1))°
! (b—a) > 5L, u?(t, )
is an weakly consistent estimator of 2.
Analogously, let u being observed by sampling scheme (B), and let
0. . 3(d —c)o* YoIL ut(t, )
T e S0 (ulti, ) — utiog, @)Y

62 = \/”97T Yo (ults, o) — ulti—y, x))*
e 3(d —c) S0 ut(ty, x) .
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~

Then, assuming that o is known (resp. 0 is known), then estimator gn,w (resp. Oy ) is an weakly
consistent estimator of 6 (resp. o?).
The asymptotic normality of the estimators in this section remains an open problem.

A Appendix

A.1 Auxiliary technical results

In this section we will provide some technical results used in the paper.
Theorem A.1. Let {X;,t > 0} be a Gaussian process with the following properties

(i) Xo=0, and EX; =0, t>0.
(i) Xivs — Xy ~N(0,0%(s)), where o(s) is a deterministic function of s.
(iii) There exists a constant v > 0 such that (X, t > 0) o (Xt,t>0), for any a > 0.
(iv) For anyt > 0,At > 0, the sequence Xiinar — Xiv(m-1)ae 1 € Nois stationary. In particular,

Y_Xanl

=M nE N, is a zero mean and stationary Gaussian sequence with unit variance.

(v) Let r be the covariance function of Y, r(n) = EY;,Yin, and assume that for some positive
integer k, 3,5, rk(n) < oo.

Then,
1< )
NG ;H < (1) ( j/m = X(jfl)/n) §k> %) gN(0,1), (A.1)

where

oo

_ 27 %2

—g cllaf, al—nlgrgoﬁg E (It = 71)-
=k

=1 j=1

Proof. By [BM83, Theorem 1], applied to the sequence Y, we immediately get

ZH Yj; k) —>aN(0 1),

where
(o] 1 n n
_ 27152 2 oo 4 Lt
SSodust, o= im L3S i,
=k i=1 j=1
Since
. law 1 .
(X]/n - X(j—l)/n?] = 1,2, e ,n) = E(X] - Xj—la] = 1,2, cee ,TL),
we conclude that (A.1) holds. O

The following result is an immediate consequence of Theorem A.1.
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Corollary A.2. Let B be a fractional Brownian motion with Hurst parameter H = 1/4. Then,

Vi (Va(BY; [a,b]) = 3(b— a) —= (b— a)oN (0, 1),

n—oo

where
1 n n .
5% = 7263 + 2457, 6?:7113205221““1—]\). (A.2)
i=1 j=1
For reader’s convenience we also present here a result from [NOLO0S], used in the proof of
Proposition 4.3. For most of this part, we will use the standard notations from [Nua06] and

[NOLO08]. We will denote by H(z; k) a polynomial with Hermite rank &, that is, H can be expanded
in the form

H(wsk) =) cjHj(x),

i=k

where H; is the jth Hermite polynomial (with leading coefficient 1), and ¢, # 0. Let H be a
separable Hilbert space. For every n > 1, the notation H®" will stand for the nth tensor product
of H, and H®" will denote the nth symmetric tensor product of H, endowed with the modified
norm v/n!|| - || gen. Suppose that X = {X(h),h € H} is an isonormal Gaussian process on H, on
some fixed probability space, say ({2, .%#,P), and assume that .% is generated by X.

For every n > 1, let H,, be the nth Wiener chaos of X, that is, the closed linear subspace of
L?(Q), F,P) generated by the random variables {H, (X (h)),h € H,||h|g = 1}, where H, is the
nth Hermite polynomial. We denote by Hg the space of constant random variables. The mapping
I,(h®") = H,(X (h)), for n > 1, provides a linear isometry between H®" and H,,. For n = 0, we
have that Ho = R, and take Iy to be the identity map. It is well known that any square intergrable
random variable F € L?(£2,.%,P) admits the following expansion

n=0

where fo = EF, and the f, € H®" are uniquely determined by F.
Let {ex,k > 1} be a complete orthonormal system in H. Given f € H®" and g € H®™, for
¢=0,...,nAm, the contraction of f and ¢ of order ¢ is the element of H®("+"=20) defined by

f@eg = Z (freiq @ ®ei)gor @ (g, €1y @ -+ @ €iy) gt

[ARPIN Y

Theorem A.3 ([NOLO08]). For d > 2, fix d natural numbers 1 <ny < --- <ng. Let {Fy}ren be a
sequence of random vectors of the form

F, = (Fé’aFlg) = (Inl(fkl')""u-[nd(f]g))a

where ffC € H®" and I,, is the Wiener integral of order n;, such that, for every 1 <i,j <d,
lim E |FLF]| = o A3
Jim B FRFy| = 0y (A-3)

The following two® statements are equivalent.

2The original result [NOLO08, Theorem 7] contains six equivalent conditions; we list only those two that we use in
this paper.
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(N1) Foralll1 <i<d,1<{<mn;—1, kaz) ®£f;gi)||2

T2em—n — 0, as k — oo.

(N2) The sequence {Fy}ren, as k — oo, converges in distribution to a d-dimensional standard
Gaussian vector Ng (0,14).

We conclude this section with a result used to obtain the exact rates of convergence of some
estimators from Section 4.2.

Lemma A.4. For any x € (0,7) and 6 > 0, the following holds true

i 2
fim i3 SR (3 oy _ VO (A1)
k>1

n—o0

Proof. Note that

1 sin((2k +1)z) —sin((2k — 1))
4sinx

sin?(kz) =

)

and therefore,

S (1)

k>1

\/ﬁz 27]12 (1 _ e_9k2/”> \Fz sin((2k + 1)x) — sin((2k — 1)x) (1 B e‘ekz/”>

4k2sin x
E>1 E>1

=Ll — 12

To prove (A.4), we will show that L. — +/76/2, and L2 — 0.
It is straightforward to check that for any € > 0, the function (1 —e~“)/x, > 0, is decreasing.
It is also easy to show that

_ .2

0 q _ z
/ ——dz= T
0 z

Using these, we obtain

\FZ/ ) g (1) de < \FZ/ . g (1= as)

k>1
:\F/ % 1—6_92’2/" dz:\/ﬁ/0 y2n/9(1—6_y2)dym
\f/OO1 1—e™ )dy—\/;.

On the other hand,

k+1

= \/HZ/:H % (1 — 0% /n dz > fZ/ 22’2 - _922/") dz (A.6)
\f /00 ! ef'gzz/") dz = \F ! (1 - efy2> dy\/n/0
1

MMN
\/7?9

\/9/79 (1_6 y)dynjo 2
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Combing (A.5) and (A.6), we conclude that L1 — v/70/2.
Denote by

1 _679]62/77,
fe = T2 k>1,

and as above, one can show that {fi, k € N} is a decreasing sequence. By simple rearrangement of
terms, we get

= \/ﬁZsin((Zk — D) (fx—1 — fx) — Vnsinzfi.

k>2
Thus,
L2 < VY | sin((2k = 1)a) | (o1 = fi) + Vasinafy
k>2
SVRY (it = fi) + Vi <2 =2y (1 - e
k>2
0 0
< —=2— .
The proof is complete. O
B Proofs

Proof of Proposition 2.1

First we prove (2.2). It should be noted that a similar result is proved in [CNWO06, Corollary 2].
For completeness, we outline out proof too. All ‘p-variations’ below are on the fixed interval [a, 0],
and as agreed above, we will omit writing their dependence on [a,b]. By Minkowski’s inequality,
we have that

| (VEQCO)YP — (VE(Y)YP | < (VE(X +Y)P < (VE(XO)P + (vE(Y )P (B

Since Y has C'[a,b] sample paths, we have lim,_,o, Vh(Y) = 0. Hence, passing to the limit in
(B.1), the identity (2.2) follows. As far as (2.3), note that in view of (B.1), for any € > 0,

{jovncx+ v - (ve) ) = o)
= {(VEX Y)Y = (VB0O) 4 e} U { (VR Y)Y < (VB(X)) T - o
c {vaeonr 4 (v <>>1/p>(vp NP +el

U{’ NP (VE(Y) l/p‘< VP(X))l/P }
< {|v <X>>1/p (V)= (VE ””\>e}
U{’ NP (Ve (Y )l/p (V2 )1/p‘>6}
={|v <X>>”” (VECO)?| = /2 u{(var)? = ¢/2} (B.2)
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Due to continuity of z!/?, based on our initial assumptions, we have that P — lim,,_,o (VA (X ))1/ =
(Vﬁi(X))l/p, and P — limy,_,e0 (VE(Y))"? = 0. Thus, by (B.2), we get at once that

P — lim (VE(X +Y))? = (VB(x))"/?,

n—oo

which consequently implies (2.3).
In view of Slutsky’s Theorem, to prove (2.5), it is enough to show that

lim n* (VP(X +Y)—-VE(X))=0.

n—0o0

By (B.1) and by mean-value theorem, we have
VA(X +Y) < (VR + (vir) )
= VB(X) +p (VR g (VEOO)YP) (v (), (B.3)

for some 71, € [0,1]. Since Y has C'[a,b] sample paths, denoting M = sup,<;<, | Y'(t) | , and
again by mean-value theorem, we get

=3 Y (t)) - Y(t;-) Z| —t; )Y ()P < n(M/n). (B.4)
j=1

Therefore, by (B.3), and since a + 1/p < 1, we conclude that
-1
B (VA(X +Y) = V(X)) < p (VR 4 (Vi)Y et -tar — o,
Similarly, we have that
o (\/p » i3 1/p p 1/p\P7at1/p-1
n® (VE(X +Y) = VE(X)) 2 —p (VRO — iy (v () 2)" met o1 s,

and therefore, (2.5) is proved.
Now suppose that Y has C?[a, b] sample paths, and assume that (2.4) holds true for p = 2, =
1/2. To show that (2.5) also holds true, it is enough to prove that
lim n'/2 (V2(X +Y) - VZ(X)) = 0. (B.5)

Note that,
VA(X+Y) - = 22 X(tj-1)) (Y(tj) = Y(tj-1)) + Vo (Y).
Using (B.4), we have n'/2V2(Y) < n3/2(M/n) — 0.

By mean value theorem,

n

n2N (X () = X(t-1)) (Y(t) = Y (1)) =0 (b —a) Y (X(t;) = X(t;-1) (Y'(G) = Y'(t51))
i=1 ‘

n(b Z () = X(tj-1)) Y'(tj-1)

=: Kj + K.
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Applying Cauchy-Schwartz inequality, we get

K < —3/2 ‘ t Y//
(Kl < E (tj-1)) max [ Y7(1) |
-1 " 2
n~ (b — a)? an<1?§b | Y7 (t) | v/V2( n—)_mo 0.

We rewrite Ko as
n

Ky =n (b —a) [ XOY'(0) - X(@)Y'(a) = S X(8) (Y'(t)) — Y(t,-1)
j=1

Since, limy, o0 D5y X (t5) (Y'(t) = Y'(tj-1)) = f;X )dY'(t f X (t)Y"(t)dt, we have at once
that

n—oo

lim Ko = nli_)n(f)lon_lﬂ(b—a) (X(b)Y’(b) — X (a)Y'(a) — /bX(t)Y”(t)dt> =0.

Combining the above, (B.5) is proved.
This concludes the proof.

Proof of Proposition 4.3

Assume that x € (0, 7) is fixed. We start by constructing the Gaussian processes S,v. Let {ng, k €
N} be a sequence of i.i.d. standard normal random variables, independent of {uy, k € N}, and let

Sp(t) == ﬁeﬂ%%nk, LeN, t>0,

) = Zsk(t)hk(iﬁ)a t>0.

Consequently, we put

(97T)1/4
v (t) = . (ur(t) — Sk(t)), keN, t>0,
v(t) =Y w(®)hp(z), t>0, z€(0,7).

k>1

Clearly, S and v are zero-mean Gaussian processes that satisfying (4.3).
(a) It is straightforward to check that S is continuous on [0, +00)] and infinitely differentiable on
(0,00). Moreover,

2 2
| Si(t + ) — Si(t)]* = %e*%k% (1 . 6*9’“26) ,  keN, t>0. (B.6)

(b) By direct computations, using (4.2), one can show that

2

o — € — €\, —
E fux(t+ ) —un(t))’ = 51— Ok?e) (2—(1—e Ok2c) e Wt), (B.7)
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fort > 0, ¢ >0, k € N. Combining (B.6), (B.7) and the independence between Sj and ug, we
deduce that

E [vg(t + €) — vp(8)]? = \/{;2(1 —e %, keN, t>0.
Consequently, we have that
Eo(t+¢) —v(t)? = Y Elup(t +€) — vp(t)]* Bz WZSH‘ (1 e 0%),
k>1 k>1

We will prove (4.4) by showing that

nlgroloE(v (v[c,d])) =3(d — c), (B.8)

nlglgo Var (Vi (v; [e,d])) =0
Denote by
o2 = Eo(ty) — vit)ff = —= 3 S ED (_ mmamiiny e
Vrlis
In view of Lemma A .4,
lim Vno? =+vd—c. (B.10)

Since v is a zero-mean Gaussian process, we have

E[v(t;) — v(ty-0)|' = 3 (Efo(t) — vt ) ) = 304,

therefore

lim E (Vy(v; [, d))) = lim Y Eo(t;) — v(t;-1)|* ani_{gOSnafl = 3(d —¢),
7=1

and hence (B.8) is proved. Next, note that
Var (Vi (vs [e, d))) = E (Vi (vi e, d]) — B (Vi (vi e, d])))”
_ZEOU tj,x) —v(tj_1,x )\4—30ﬁ>2
+23 E (Jo(ti,2) = o(tion, o)l = 308) (o(tj,) = v(tj,0)[* = 303)

i<j

= J1 4+ Jo.

According to (B.10), we deduce that

Ji = ZE (]v(tj,x) — U(tj_l,l')’S) — oS = 96noS — 0. (B.11)

n—oo
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As far as Jo, for j > 1, we put
F(j) = IE( (tiz) — (ti 1,2)) (v(titj, ©) — v(titj—1, 7))
sin” —j(d—c)0k?/n _ _—(j+1)(d—c)0k?/n _ —(j—1)(d—c)6k?/n
\ﬁ Z (26 e e )

k>1
= G] - Gj—h

where

G = Z sin’ <e—j(d—c)0k2/n _ e—(j+1)(d—c)0k2/n) . i>0,

0=
and also put F(0) := o2. Since F(j) < 0, we have that G; < G,_1. Using the property of joint
normal distributions, we continue
Jy =23 E (|v(ti, ) — vti1,z)|* — 3a;§) (]U(tj, ) —v(tj_y,z)| - 3a;§)
1<j
=2 (24F*(j — i) + T2F?(j — i)oy) .

1<j
From here, since |F(j —i)| < o7, we deduce that

Jo <2) (24|F(j —i)|ob + T2|F(j — i)|ol) = 192> |F(j —i)|of

i<j i<j
—19206271—] Gj-1—Gj).

Note that Z?;ll(n —7)(Gj—1 — Gj) =nGy — Z?;O G, and since

n—1 n—1 1 k
S 6= 3 sin® (k) <€—j(d—c)9k2/n B e—(j+1)(d—c)9k2/n)
j ; >1

Jj=0 j=0 " 0 h?
1 sin?(kx) 2 1
— 1 — o~ (d=0)0k?\ _ 2 2
2 1
e =1 k ( ) 2
and Gy = 20n, we conclude that
sin? ()02 1 sin?(kx) a2
Jo < 19268 [ n Z 1 — e (d=0)0k>/n _ Z . 1 — o—(d—0)ok
v k>1 k ( ) Vo =1 k ( )
1 n—oo
= 1925% (;%—2 - 50 %) =30 (B.12)

according to (B.10). Combining (B.11) and (B.12), (B.9) is proved. Consequently, by (B.8) and
(B.9), we also have that V2 (v;[c, d]) converges to 3(d — c), both in L? and in probability.

(c) We will apply Theorem A.3, by showing that (A.3) and along with condition (N1) are satisfied.
We begin by establishing the following estimates

T
S IF(DI™ < 207, (B.13)
j=—1
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for any m > 1, ¢,r € N. Since m > 1,

SFEGIM™ =D [FGMHFG) < onm IR )]
i=1 j=1

j=1
= " (G~ Gj) = o™V (Go — Groa)
j=1

< UTQL(m_l)Go _ 10_2m

~ n

where we used the fact that G; > 0 and Gy = %0721. Therefore,

r r !

1 1
< O',Zm + iaim + 50721m = 20,217".

With slight abuse of notations, just in this proof, we denote by Av? :=v(t;,x) —v(tj-1,7). Let H

n

be the closed subspace of L?(§2, F,P) generated by the random variables A;;j , 1<ji<n; j,neN.
Then,
Av |t At AT AvT|?
d —3:( d —6‘ Ll +3]+6 I -1
On On n On
Ay? Av? Ay™\ ©4 Av™ ©2
- (S ) o (S0) =n | (50) | |(5) ]
On On On On
Therefore,
Vi (vi[e,d 1 O [Avp\ & "t Av #2
nog n On n 4 On
7=1 7j=1
Let

6 <~ [Av®? 1 &
2. 6 j (4. L
f \/ﬁz<0> o ﬁZ(

and consider the sequence of two dimensional random vectors Fj, := (IQ( 7(L2)), I( fT(L4))) ,neN, to

Av™ ©4
J > , (B.15)
(oF

n

which we will apply Theorem A.3. Using the properties of Wiener integral, we obtain that
lim E (L)L) =0,
n—o0

and hence (A.3) is satisfied.
Next, we move to verification of condition (N1), which in this case becomes

nh_)ﬂgo £ @, f’r(zm)H?{Q@(m—T) = 0. (B.16)

form=2,4,and 1 <r <m— 1.
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Using the linearity of the inner products and the properties of the tensor products of Hilbert
spaces, we obtain

E (Ig(fé?)))2 —2(fD @y, o, = 7<

AU? ®2 AU;’L ®2 n Al}ln A’U;l 9
(B9)7), =y (A 2y
On On HO2 n . On On 'H

72 i <
on 4 >
L=l 1,7=1
2 N2
n 3,j=1 In On n ij=1 n
2 n n—1
= [ ZIFOP 2 (PG - P | = == [ not+2) - HIFG)
*o\s=1 i<j =
M4, G LRGP
—n4 S a-Dpppr=rnemya- )| LY
n 51 -1 n oy,
J J
In view of (B.13), we have that
n—1 . -\ (2 00 N2
i\ | FG) F(5)
_ L) |7 < s \J/
Z(l n) o2 | ~ Z o2 < %0,
j=1 J=1
and thus
2 n-1 F(i) |2
= lim E (Ig(f( ))) =724 144 lim » (1 - J (~27) <
n—00 n—00 — n o2
]_
Similarly,

E <I4(f,24>))2 - 24<f£4)7 £4>>H®4 _ 2;1<Jzn; (AUZ?>®4’JZ"; (AUZ;?>®4 >H®4
®4  Aph 4 n n Agp?

R (5 ><>

Rl

3,j=1 2,j=1
) 4
< 24+482 < oo,
- =l
and consequently,
) =, i |FD[
4 _ .
= lim E (14(f )) =24 +48 lim 2(1 — D | <

Jj=1
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Let ag = 6,a4 = 1. Then,

H f(’ L) X f(”l)H 2 - || E : ( vgl) ( U;L> || 2(m—r
7 m—r ®7 E m
n n H2®( ) fn = o fn = o H®2( )

a2, ~~ (Ao Avi\ &
= ||7 Z - O\ 5 I Ere20m—r
n n

ij=1
2 n n Ay? ny ®m=r) 7 Apny\ ®m—r)
_ 1% Avl Avf o A vl ,
= || n 1]21< On ’ on >H on & on HH®2(m—r)
7 (15 A\ B0 A Bm=)
m 1
= ® m—r
I Z AL ()T e (22) T B
4 n
— ST R = iTIEA — EDITIEE — iR - )
n20-4m
nqgi =1
CL4 n
<t S0 [F(i—iDF(F = DF(E = i) F( - D] oim
g, =1
CL4 n
= S Y|P —iE(S = 7DF( =i (S - )]
" 4,4, =1
= 01 + 209,

where

O = 22]F (I3 = DF( = i) F (5" — 1))

n208
j'=11i=1
0 1= 2 S S | P iF(s — P~ iDFUT 5D |.
i, g'=11<j

First note that, by direct computations and using (B.13), we have

4
a . .
0= o Z S | B - eFQE — )FQS )|
g g'=11i=1
4 -/ <1\ 2 -/ <1\ 2
ay, F(|i" —i|)* + F(|j' —i])
< Z Z | F(5" =) | 5
n / / 1Z 1
4 n 4 n
a 20 —|—20’ 2a ) .
<= > | F(li =) | 5 <SS | F( =) |
n2g8 £ n?c? &
7”7]/:1 2/7.]/:1
2a7,
S 5.2 Z‘F |+2Z RAVASN
n 1<j
2at 4a4 = , , 2at  4at T2 i F(§
< By A NPy (g | = 20y A0y Ty EO)
n ncon 4 n no n oz
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Similarly,
a n n—1n—i
Op= 2 3 3OS | Flli+ k=i F (' = NE( —i)F(f i = k) |
=1 i=1 k=1
(I4 n n—1ln—1i
= 2 3 Y | FWF(F = F(E — i F( —i— kD) |
=1 i=1 k=1
4 n n—1ln—1 2 .7 . )
F(k F(lj/—i—k
"0 =11 k=1 2
7] - 7 -
2t s , . dad, g
< S Y| R - EG - | < m S| B )
n i/,j/=1 i=1 n i/,jlzl
— 0.
n—oo

Thus, (B.16) holds true. Therefore, (N2) from Theorem A.3 holds true, namely, we have that

Rz (o 20)) w17

n—o0 0'4

Consequently, (4.5) follows from (B.14),(B.15) and (B.17). Finally, (4.5) implies (4.6), by using
that

400 0. 4.
vn (ﬂHVn (uf ix} l:d) _ Vu(v; [Z’ d])) — 0, in L? and in probability. (B.18)
noto no

The proof of (B.18) follows by similar arguments as in proof of Proposition 2.1 and we omit it here.
The proof is complete.
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