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ABSTRACT: In this paper we derive the Wiener-Hopf factorization for a finite-state time-
inhomogeneous Markov chain. To the best of our knowledge, this study is the first
attempt to investigate the Wiener-Hopf factorization for time-inhomogeneous Markov
chains. In this work we only deal with a special class of time-inhomogeneous Markovian
generators, namely piece-wise constant, which allows to use an appropriately tailored
randomization technique. Besides the mathematical importance of the Wiener-Hopf
factorization methodology, there is also an important computational aspect: it allows
for efficient computation of important functionals of Markov chains.
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1 Introduction

In this paper we derive the Wiener-Hopf factorization (WHT) for a finite-state time-inhomogeneous
Markov chain. As far as we know, our study is the first attempt to investigate the Wiener-Hopf
factorization for time-inhomogeneous Markov chains. In this pioneering study we only deal with a
special class of time-inhomogeneous Markovian generators, namely piece-wise constant. This allows
to use an appropriately tailored randomization technique. Besides the mathematical importance
of the WHI, there is an important computational aspect: this methodology allows for very efficient
computation of important functionals of Markov chains.

The Wiener-Hopf factorization for finite-state Markov chains was originally derived in [BRW80]
in the time-homogeneous case; see also [LMRWS82] and [Wil91]. For the WHI in case of time-
homogeneous Feller Markov processes we refer to [Wil08]. For some related applied work we refer to
[APU03], which deals with the ruin problem, and to [Asm95, Rog94, RS94] that study fluid models.
In addition, [KW90] studies the so called “noisy” Wiener-Hopf factorizations; for applications see
[Asm95, Rog94, RS94, JR0O6, JP08, MP11, JP12, Hiel4, HSZ16].

It needs to be stressed that even though the classical WHf of [BRWS80] can be applied to
the generator matrix, say G;, of a time-inhomogeneous Markov chain X at every time ¢, these
factorizations do not have any probabilistic meaning with regard to the process X. In particular,
they are of no use for computing functionals such as (2.1)-(2.4) below. So, a relevant WHf for
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a time-inhomogeneous Markov chain requires a different approach than the one that would just
directly apply the results of [BRWS80] to each Gy, t > 0.

The paper is organized as follows. In Section 2 we provide a motivation and the setup up for
our problem. In Section 3 we introduce a randomization method and we give the main results of
the paper. Section 4 provides a numerical algorithm for computing our version of the WHf and its
application in a specific example. Finally, we give some supporting results in the Appendix.

2 Motivation and problem set-up

Let E be a finite set, (2,.#,P) be a complete probability space, and X := (X;);>0 be a time-
inhomogeneous Markov chain on (9, %, P) with state space E and generator function G = {G,t >
0}. In particular, each G; is a |E| x |E| matrix. We assume that P (Xy = i) > 0 for each ¢ € E and
we let P? be the probability measure on (£,.%) defined by

Pi(A):=P(A| Xy =1i), Ac.Z,

with E? denoting the associated expectation.
In this paper we assume that the generator G is piecewise constant, namely we assume that

Gy, if so <t < s,
GQ, if s1 <1< s9,
G = :
Gn, if 5,1 <t< sy,
Gpt1, if t> sy,
for somen € Nand 0 = 59 < 51 < ... < 8. Without loss of generality we assume that Gy, ..., Gn41
are not sub-Markovian. That is, the sums of row elements of G, are all zero, forany k =1,...,n+1.

The results of this paper carry over to the sub-Markovian case by the standard augmentation of
the state space.
Next, we consider a function v : E — R\ {0} and we put

Et :={icE|v(i) >0} and E :={icE|v(i)<0}.

We also define the additive functional

t
ot ::/ v(Xy)du, t>0,
0
and the first passage times
7 i=inf{r >0|p, >t} and 77 :=inf{r >0|¢, < —t}.

The main goal of this paper is to apply the Wiener-Hopf factorization technique, which we work
out in Section 3, to compute the following expectations,

07 (3,5;81,...,8,) == E (e“ﬁ{x L= Xo = z> , i€E,jeE" (2.1)
To

UE(li,5;81,...,8,) :=E <eCT?]1{X =i Xo = z> , i€EY, jeET (>0, (2.2)
Te

0. (i, j:51, - 8n) =B (e 0 1y _j|Xo= z) , icET jeE™, (2.3)
7o

U (0,0,5;81,...,8,) =K (e_CTE_Il{X X0 = z> , i€E7,jeE,£>0. (2.4)
e



., 8p). By symmetry,
., 8n). To simplify
., 8p) and

We will focus on the computation of I} (7, 5 s1,...,8,) and U} (£,14,j; s1, ..
analogous results can be obtained for II7 (7, j;s1,...,s,) and U, (4,1, j;s1, ..
the notations, we will frequently write I} (4,7) and W} (¢,4,7) in place of IIF (4, j; s1, . .
Ut (0,4,7;81,...,5n), respectively.

3 A randomization method and the Wiener-Hopf factorization

In this section we construct a time-homogeneous Markov chain associated to X, by randomiz-
ing the discontinuity times si,...,s, of the generator G. This key construction will allow us to
compute the expectations (2.1) and (2.2) using analogous expectations corresponding to this time-
homogeneous chain. The latter expectations can be computed using Wiener-Hopf factorization
theory of [BRWS80].

Define N,, := {0, ...,n}, E := N, xE and let (ﬁ, F, ]?D) be a complete probability space. Next, let
us consider a time-homogeneous Markov chain, say Z = (N,Y) := (N¢, Y3)t>0, defined on (§~2,.7?, ]I~D),

taking values in E and with generator matrix G ((nq,j1), (n2,j2))( given as

n1,j1),(n2,j2) €E

{0} xE {1} xE {n—1}xE {n}xE
{0} xE [ Gy — qll qll 0 0 i
{1}xE 0 Go — gol 0 0
G= 5 : : .
{n—1}xE 0 0 Gn —qnl  qnl
(nixe |0 0 0 Gpy1 |

where q1, ..., g, are positive constants and | is the identity matrix. For each i € E, we define the
probability measure P* on (2, F) by

Pi(A):=P(A|Zy=(0,i)), AeF. (3.1)

The next result regards the Markov property of process V.

Proposition 3.1. For any i € E, the process N is a time-homogeneous Markov chain under IF’Z',
with generator matrix given by

0 1 n-1 n

o [ —a @ 0 0]
! 0 —q 0 0
Gy = : Do
n—1 0 0 —Qn  Qn
w00 0 0

Proof. We will proceed in three steps.
Step 1. We start by showing that

Z (@:) ((n1,41), (n2,j2)) = (alfv) (n1,m2),

J2€E

(3.2)

for any j; € E, k € N, and 0 < ny,ny < n, In particular, note that the left-hand-side of (3.2) does
not depend on ji.



We will prove (3.2) by induction in k. Clearly (3.2) holds true for £ = 1. Next, assume that
(3.2) holds for some k = ¢ € N. Now, for £+ 1,

> (aeﬂ) ((n1,41), (2, 42)) = Y Z ) (Ge) s 31), (s 3)) 6 (. ), (2,72)

jo€E j2€E m=0 j€E
= 3" 3 (€) (1), (. 3)) 3 G (. 4), (2, )
m=0jeE jocE
= 3" 3 (6) (1, ), (m, 1)) Gov(m, o)
m=0jeE
= (éf\]) (n1,m)Gyn(m,ng) <G§V+1> (n1,n2),
m=0

where we used the inductive assumptions for £ = 1 and k = £ in the third and the fourth equalities,
respectively. Hence (3.2) is established.

Step 2. We will show that
P’ (Nyps = ng | Ny = n1) = P (Nigs = ng | Ny = 0y, Yy = ) = €N (ny, ng), (3.3)

for any ¢,5 > 0, j € E, and 0 < ny < ng < n. In particular, note that the left-hand side of (3.3),
and thus P!(Nyys = na|N; = n1), does not depend on ¢t. We start by checking the second equality
n (3.3). Forany t,s >0, j € E, and 0 <nj < ng <mn,

P! (Niys =na| Ny =mn1, Y, = j) = Y P (Niws = na, Yigs = k[ Ny =1, Y; = j)
keE

- X gl ~
=Y ((n1.4), (n2, k) = 30D 5 G (ma, ), (n2, k)
keE k€EE (=0
0

GZ ((nlaj)v (77,2, k))

| @
]

~
I

o
ol
m
=

4 -
ﬁ (nlan) = GSGN(nlvnQ)v

I

(]2
VA
[
ZN

~
Il
o

where we used the result of Step 1 in the last two equalities. In particular, Iﬁ”'(NHS = ng|Ny =
ny,Y; = j) does not depend on the choice of j € E.
As far as the first equality in (3.2), for any t,s > 0 and 0 < nj < ng <n,

Pi (Nyys = ng, Ny = nyp) ZeeE " (Nits = n2, Ny = n1,Y; = j)
Pi (Ny = ny) Y er P (Ny = n1,Y; = j)

ZjGEIF’i (Nirs = ng | Ny = n1,Y; = )P (N; = ng, Yy = j)

- Siep P (N =n1, Y = j)

_ ZjeEIEPi (Nt =mn1, Y = j) esaN(

> jer Pt (Nt =n1, Y, = j)

P’ (Niys = n2 | Ny = 1) =

ni,ng) = e5CN (n1,n2).



Step 3. We are ready to complete the proof of the proposition. Towards this end we observe that,
forany meN, 0=t <t1 <...<tp,andany 0 <n; <...<n, <n,
P (Ny, =n1,..., Ny, = nm)
P! (Nyy =ni,. ., Nep oy = 1)
Ejh..-,ijE I[DZ (Nt1 =ni, }/;51 — Jl7 s Ntm = Nim, Y%m = jm)
D itsejm_1€E L (Ne, =n1, Y, = ;.- Nty = Nom1, Y, = Jim—1)
Zjl,.n,ijE H'ZZZl ]P)Z (Ntk = Ny, Y;fk = ]k | Ntk,1 = Nk—1, nk,1 = jk:—l)

PNy, =nm | N, s =Nm1,..., Ny =n1) =

10 . .
> itsegmrcE et P? (N, = nk, Ye, = Ji | New s = -1, Yo 4 = Jk—1)

Z ]:Fﬂ (Ntm = Nm, }/tm = ]m | Ntm,I = NMm—1, }/tmfl = jmfl)
Jm€EE

= ﬁf)l (Ntm =MNm | Ntm_1 = nm—17Y;5m_1 = jm—l)

=P (Nt = 1m | Nty = 1m1) = et —tm-1)Cn (Pm—1,7m),

where we used the Markov property of Z = (IV,Y) under P in the third equality, and the result of
Step 2 in the last two equalities. The proof is complete. O

Let FY = (F});0 be the filtration generated by Y, and let FY, = o (U0 FY). For each i € E,

we will construct a probability measure P' on (€, FY,) such that, the law of ¥’ under P is the same

as the law of X under P!. Moreover, we will establish a connection between P’ and Pi. For this
purpose, we first let

Sp:=inf{t>0|Ny =k}, k=1,...,n.
We will now derive the joint density of N, and (S1,...,S,) under Pi. For that, we set
T1 = Sl, Tk = Sk_Sk—la k‘ZQ,...,’I’L. (34)

It is shown in [Sys92, Section 1.1.4] that Ty’s are independent and that

n

PTy >ty Ty > tn) = [[ e, t1,... 60 >0,
k=1
which implies that the joint density of (71,...,T},) is given by
n
le, \Th tl,..., H qr e qktk t1,...yty > 0. (35)
Combining (3.4) and (3.5), we deduce that

fsi,8n (81500, 8n) = H qk efq’“(skfs’“l), 0=sp<s81<...< 8p.

Theorem 3.2. For anyi € E, any 0 < s1 < ... < 8y, and any cylinder set A € ]?Olg of the form

A={(Yu, .- Yy, )€B}, 0<u;<us<...<up, BCE"™ meN,



the limit
—; Pi (A S, < Asp, k=1,...
B (Assi,...,5n) = lim ~(, y Sk < Sk < s + Asy, ; ,n)7 (3.6)
Asp—0,k=1,...,n P (Sk <Sp<sp+Asg, k=1,... ,n)
exists, and can be extended to a probability measure F(- $S1y.+-ySn) ON ((2,.7?03;) Moreover, for any

A€ ]?O)g, the function W(A; ...) is Borel measurable on {(s1,...,sp) € R"|0 < s1 < ... < sp},
and

Pi(A) = / / e / @i(A; Slye-ySn) H (qk e_q’“(s’“_s’“*l)> dsp - --dsydsy. (3.7)
0 s1 Sn—1 k=1

In the proof of the theorem we will use the following lemma.

Lemma 3.3. Let us fir i € E, 0 < 51 < ... < 8y, and let 0 = ko < k1 < ... < kn41 be positive
integers. In addition, let 0 = ug < up < ... < Uy <81 < Upy41 < ... < Up, <82 < ... <5y <

U1 < oo < Uk, 90 =1 and iy,...,1,., € E. Then, for any cylinder set A € fgg of the form
n
A= {Yuij =ikt Yo, = z‘kjﬂ} (3.8)
=0
we have
=~ kot
. P (A, sp < Sp<sp+Asp, £=1,...,n - _ . .
lim ~(_ ¢ = £ ) :H H e(Um qul)Ge(melazm)
Asg=0,=1..n P (sp < Sp < sp+ Asg, £ =1,...,n) 720 \m—k,+1
n
Z H e(sé_uke)Gé—l(Z'kwjé)e(uk4+l—5€)c’€(jg’ ikyt1)- (3.9)

j17'“1jn€E (=1

In particular, for any A € ]?032 of the form (3.8), the above limit is Borel measurable with respect
to (S1,...,8n) in Ay i={(s51,...,8,) ER"|0< 51 < ... <sp}.

Proof. For £ =1,...,n choose Asy > 0 so that, s, + Asy < uy,41. Then,

]I~D1(A, Sz<5@§$g+ASg,€:1,...,n)
~F (v,

Ukp41

_ 3 B (Zukﬁl = (Citg1): s Zuy,, = (Ligy,), €= 0,..m;

jl?"':jn7jiv"'7j'£z€E

=ikt Yuy, =ik 0= 00 Ny = €= 1, Nypsng, = £, £ = ln)

Zse = (E - 17j€)7 ZseJrAse = (&]é), £=1,... ,n)

n kg1 _ n ~
= 2 || IT e i) (i) (HeA“G(w—sz),(mz)))

G1sins 35 reensd €B | €20 \m=ke+1 =1
n _ ~
: (H (3 m)C (0= 1,0y,), (£ — 1, jg)) eltreri=—se= 250G (7 50) (¢, ikm))) :
/=1

In the above summation, the first product in the brackets provides the transition probabilities
of the evolutions of Z between the times ug, and wug, ,, £ = 0,...,n, the second product gives



the transition probabilities of the evolutions of Z between the times s, and sy + Asy, for each
¢ =1,...,n, and the third product denotes the transition probabilities of the evolutions of Z
between the times ug, and sy, and between the times s, + Asy and ug,1, for each £ =1,...,n.

Next, for each £ =1,...,n,

. 1 Asgé - . N\~ _ . A qe, if je = jéa
Alslglgo Asy ¢ ((€=140). (6.32) = G ((€ = 1, 4e). (€. ) = 0, otherwise.
Hence,
1 .
lim ——— P (A, sy < Sy <sp+Asp, £=1,...,n)

Asp—0,0=1,....n ASl s ASn

ket

= H H e(um_umil)’é((& im—1)7 (f’ Zm))

S TT (a0 (0 = L), (€= 1)) e =08 (€, ), (k1)) - (3.10)

G1yeefin€E £=1
Note that, for any ji,jo € E, and any k € N,
G* ((€.1). (£.32)) = (Ge = gei)*(r.d), £=10,....n—1,
G* ((n, 1), (n, j2)) = G (j1. j2),
so that, for ¢t > 0, we have
¢C (6, 1), (£,52)) = et CemaeriD(jy jy) = e @it et ey jp), £=0,...,n—1,
"% ((n, 1), (. j2)) = €' (1. o).
This, together with (3.10), implies that
1

li Pi(A s < S < Asp, 0 =1,...
A3g—>01,1}1:1,...,n ASl s Asn ( ) ot ¢S set sy, ’ ’n)

n k(+1
_ n — - ) 1
—e D=1 qe(ur, =k, ) | | I | e(um umfl)Ge(Zm—la’Lm)

(=0 \m=ky+1
1 n
o~ 21 de(se—uny) o= Y577 qe(uy+1—s0) Z H(q{e(se_Ukz)Gé_l(ik[ajf)e(UkZ+1_8£)Ge (jﬁ,ikg-s-l))

jl?"'vj”leE f:l

n k2+1
— o~ b= e(se=s0-1) H H e(um—um—1)Gy (i1 %m)

=0 \m=ky+1

n
> I (CM elomum IS (i, i) (ke o0 (jéyike-&-l))
J1yein€E =1

n ket

— (que—qg(sz—wﬂ), H H e(um_u”*l)Ge(imfl,im)
(=1

=0 \m=ky+1

S T (e g g lrer 0 1))

G1serjn€E =1



Finally, in view of the above and the fact that

1 ~. n
li ~— P <S5 < Asp, £=1,..., = _W(Sf_sﬁ—l)’ 3.11
Aseaol,lenzl,...,n Asy---Asy (¢ ¢S Se+ Ase n) e_l—{ qee ( )

we obtain (3.9). The proof is complete. O
We are now ready to prove Theorem 3.2.
Proof of Theorem 3.2. Let C be the collection of all cylinder sets in fo{) of the form
C={Yy, ..., Yu,)eB}, 0<u;<us<...<up, BCE™ meN.

Clearly, C is an algebra.

We first show that for any C' € C the limit in (3.6) exists and that an explicit formula for
it can be derived. In fact, Lemma 3.3 shows that the limit in (3.6) exists, and belongs to [0, 1],
for all the cylinder sets of the form (3.8). Thus, for a cylinder set C' € C an explicit formula for
the limit on the right-hand side of (3.6) can be obtained as follows. First, we refine the partition
0 <wu < ug < ...< uy so that each subinterval of the partition 0 < s; < ... < s, contains
at least one of the u;’s. Clearly, since B,, is finite, A can be decomposed into a finite union of
disjoint cylinder sets of the form (3.8) on the refined partition. Moreover, (3.9) provides an explicit
formula for the limit in (3.6) for each of those cylinder sets of the form (3.8) on the refined partition.
Finally, taking the finite sum over all those limits, we obtain the limit in (3.6) for C. In particular,
for every cylinder set C, the limit in (3.6) is Borel measurable with respect to (s1,...,$,) in A,.

In the second step we will demonstrate that the limit in (3.6) can be extended to a probability

measure on o(C) = .7?012 We start from verifying the countable additivity of P'(-;s1,...,sp) on C
for any fixed 0 < 51 < ... < sp.

Since E is a finite set, if (C)ren is a sequence of disjoint cylinder sets in C such that their union
also belongs to C, then only finite many of them are non-empty. Therefore, it suffices to verify the
finite additivity of @Z(- ;S1y..-,8,) on C. Let Cq,...,Cf € C be disjoint cylinder sets, then there
exists m € Nand 0 < u; < ug < ... < U, such that

Co={(Yu,,---,Yu,) € Bi} forsome B,CE™, (=1,... k.
Each W(C@ ;S1,...,8n) can be represented as

W(Cg;sl,...,sn): Z @i(Ag;sl,...,sn), i=1,...,k,

ApeCy
where Cp, £ = 1,...,k, are disjoint classes of disjoint simple cylinder sets. Therefore, we have

ko k .
—i —i

ZP (Cf;slv"-vsn) :Z Z P (AK;SIM"?S'H,)

=1 (=1 AseCy
=1 —i
= Z P(A;s1,...,8,) =P (UCE;Sl,---,Sn)-
AeCiU---UCk /=1

Note that for any 0 < 1 < ... < $p, F'(C';sl,...,‘sn) < 1 for all C € C. By the Carathéodory

extension theorem, for any 0 < s3 < ... < sp, F(- ;S1,...,S,) can be uniquely extended to a
probability measure on (£, FL).



Let Ay, :=={(s1,...,5,) € R"|0 <51 <...<sp} and
Dy = {A e FY ‘Fi(A; -,-++,-) is Borel measurable on An}.

We will show that D; = FY . Towards this end, we first observe that (3.6) and (3.9) imply that, for
any AeC, P (A, ,+ -+ ,-) is Borel measurable with respect to (s1,...,s,) on A,, and thus D; D C.

Next, we will show that D; is a monotone class. For this, let (Ax)reny C D1 be an increasing
sequence of events, so that, for any 0 < s1 < ... < s,, we have

Thus, F(UkAk ;0 , ), being a limit of a sequence of Borel measurable functions on A,,, is Borel
measurable on A,, and hence UpAj € D;. Similarly, one can show that if (Ag)ken C Di is a
decreasing sequence of events, then Ny A; € Di. Therefore, Dy is a monotone class, and by the
monotone class theorem Dy = o(C) = FX.

It remains to show that (3.7) holds true. In view of (3.6) and (3.11), for any cylinder set A € C,

@i(A;sl,...,sn): lim Iﬁi(‘A,sk<Sk§sk+Ask,k:1,...,n)
Asp=0,k=L..n P (s, < Sk < s+ Asg, k=1,...,n)
N As, 50 ket (D81 Asp) " PH(A, s, < Sp < s+ Asp, k=1,...,n)
limas, 0, k=1,...n(As1 -+ Asy) =t Pi (sp < Sk < sp+Asp, k=1,...,n)
0" i - —q(s—sq_l
:m (A,Skgsk,kzl,...,n)~(que k\Sk kl) .

Hence, for any A € C,

/ / / Asl,..., quqksk sk=1) dgy - - - dsy,

k=1

o~ -
— - @ Pt < = n — ' )
/0 /81 /sn1 581---3snP (A, Sp < sk, k=1,...,n)ds;---ds P(A)

and thus C C Dy, where Dy := {A € foi ‘ (3.7) holds for A}. Next, for any increasing sequence of
events (Ag)ren C Da, we have that

If[?)i <U Ak) = kli)né.lo]f?ﬂ(Ak) = kli)ngo/ / / Ak‘a S1ye-+, Sn) Hqé e_QE(SZ_SZ—l) dSl e dSn
(=1

k=1
:/ / / (U Ak731,...,sn>Hqge‘”(sfSfl)dsl---dsn,
/=1

where the last equality follows from the dominated convergence theorem as well as the fact that
@l(Ak; S1y...,8,) <1, forall k e Nand 0 < s1 < ... < s,. Hence, Uy Ay € Dy. Similarly, one can
show that if (Ag)ken C Dy is a decreasing sequence, then N Ay € Da. Therefore, Dy is a monotone
class, and by the monotone class theorem Dy = o(C) = fo}g This completes the proof. O
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Next, we will prove that the law of Y under P is the same as that of X under P'. As usual,

Ez( i S1,...,5n) will denote the expectation associated with F( i S1y...,8n), fori € Eand 0 <s1 <
... < 8p. In the sequel, if there is no ambiguity, we will omit the parameters si, ..., s, in P' and
s
E".

Theorem 3.4. Foranyi € E and 0 < 51 < ... < sy, under @i, Y is a time-inhomogeneous Markov
chain with generator G = {Gtzt > 0}. In particular, X andY have the same law under respective

probability measures P* and P'.

Proof. Let ug,uq,...,u, be such that

O=wup<up <...<up <81 <Up 41 < ... <Upy <82<...< 8, < U1 < ... < U = Upm,.

n—+1
By (3.9), for any i1,...,i, € E,
P' (Yo, =iy, Y, =im)
P' (Yo, =1y, Yoy, = im—1)
k _ . .
T (T e iy )

—1 k _ . . kni1—1 _ . .
|: ?:0 <Hpez+kl£+1€(up Up—l)Ge(Zp,th))] (Hp:j;;ﬁ»le(up up—l)G@(prl,Zp))

— e(um_umfl)cn (

P'(Yo, =im | Yup v =imty..., Yu, =i1) =

imfla 'Lm)
On the other hand, by (3.9) again,

i P

P Yy = im Yup_y = m—
P (Yum = Zm ‘ Yum,1 = im—l) = ( Um tm Ly, im 1)

P’ (Y, = im1)
i aenl Yu =1, Y, = i)
i wen P Yy =ityee Yup y = im-1)
D it nsim—acE L0 <H,;2Lkll+1e(uru”_l)(;é (ip-1, ip))

_ k _ . . kpy1—1 _ . .
Zz‘l,...,im,geE[ ?:01 (Hpiklg-i-le(up up_l)Gg(prlvlp)ﬂ (szﬁl—irle(up up_l)G[(prlvzp))

— e(um*umfl)Gn (

im—lv Zm)
Analogous argument carries for any ug < u; < ... < Uy, which completes the proof. O

In analogy to ¢; and 7,” we now define an additive functional v given as 9/, := fg v(Y,)du, t >0,
and we consider the following first passage time p," := inf {r > 0|, > t}, t > 0.
We end this part of this section with the following corollary to Theorem 3.4.

Corollary 3.5. For any (s1,...,5n) in Ap, ¢ >0, and t >0,

I (4,55 81, .- -, Sn) -F <ecpgn{y+:j};sl, ... ,sn> , icE,jcE", (3.12)
Po
+ ;g _ T —cpi . ; + 4 +
Ur(t,,7;81,---,80) = E (e ¢ I[{Y+:j},31,...,sn> , 1€eET, jeE™. (3.13)
Pt
In particular, 1L} (i,7;81,...,5,) and W (t,4,5;81,...,8,) are Borel measurable with respect to

(S1,--+,8n) in Ay
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3.1 Wiener-Hopf Factorization for Z = (N,Y)

This subsection is devoted to computing the expectations on the right-hand side in (3.12) and (3.13).
This will be done by computing the corresponding expectations related to the time-homogeneous
Markov chain Z = (N, Y'). The latter computation will be done using the classical Wiener-Hopf fac-
torization results for finite state time-homogeneous Markov chains, originally derived in [BRW80)].

We begin with a restatement of the classical Wiener-Hopf factorization applied to Z. Towards
this end, we let Et =N, xEt and E- := N, xE~, and o : E — R\ {0} be a function on
E such that (ki) = v(i), for all (k,i) € E. Next, we define the additive functional ¢ and the
corresponding first passage times as

t
Qt::/ﬁ(Zu)du, TEo=inf{r>0|+£@. >t}, t>0.
0

Let V := = diag{v(k,1i) : (k,i) € E} (a diagonal matrix). We denote by I the identity matrix of
dimension [EZ|. Finally, Q(m) will stand for the set of m x m generator matrices (i.e., matrices
with non-negative off-diagonal entries and non-positive row sums), and P(m,¢) will be the set of
m X { matrices whose rows are sub-probability vectors.

Theorem 3.6. [BRWS0, Theorem 1 & 2] Fiz ¢ > 0. Then,

(i) there exists a unique_quadruple of matrices (Af,A;,GF,Go), where AF € P(E-|,|ET)),
A7 € P(EY],[E7]), GF € Q(|EY|), and G, € Q(|[E|), such that

~ /= [ 1T Az ™ A GF 0
(D E) (L EY(E o) o

(ii) the matrices A+ A Gj, and Gc , admit the following probabilistic representations,

AP ((ky 1), (0,5)) =E (e 14—y Zo=<k,z'>>, (k,i) € BT, (4,j) e EY, (3.15)
70

A ((k,i),(0,5)) =E eEY, (0,j) e E™, (3.16)

e iz )y |2
0
e'Se ((k,i), (£, 7))

E

e' S ((k, i), (£, 7)) T Yz~ €eE, (4,j) € E7, (3.18)

Il
&=
TN

—crt = . =
e Tt 1{Z;t+:(g’j)} Zy = (ki ) cE*, (¢,7) € EY, (3.17)

for any t > 0.

In what follows we will use the “4” part of the above formulae and only for £ = 0. Accordingly,
we define (recall (3.1))

I (5,5, 0) = AF((0,0), (£,§)) = ( 1{Z~+<z,j~>}> L iCE,jEEN(eN,  (319)
0

UF(t,i,5,0) = etaz—((O, i), (¢,5)) =E (e—ci* 1{Z~+:(£,j)}) , ,j€ET LeNt>0. (3.20)
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Note that, for any t > 0, 9(Z;) = v(Y;), which implies that ¢; = ¢, and so p; = 7,7, p; =7, .
Hence, by taking summations over all £ € N in (3.19) and (3.20), we obtain that

~i [ —cpt S . _ .

E <e o ]l{ypgj}> = Z It (i, j,0), icE,jeE", (3.21)

=i —cpT ?L o~ .o .o

E <e Pe 11{Yp?:j}> = Z Ut(t,i,5,0), i,jeET t>0. (3.22)
/=0

Observe that, in view of (3.7), if U : Q — R is an foi—measurable bounded random variable,
then for any i € E,

/ / / U Sly-+-y8n) ﬁ (qk e_q’“(s’“_s’“*l)) dsy, - - - dsadsy.
k=1

Therefore, in light of Corollary 3.5, (3.21) and (3.22), we have that

Hi—(zﬂj7q177qn . ZH+Z],

/ / / (4,7;81,-++y8n) ﬁ (qke*q’“(s’“*s’fﬂo ds, - - dsadsy.

k=1

{I\I(—:’—(taz>]7q1aaQn . Z\I’+tlj,
/ / / Tty i, 5381, 8n) H <qke*qk(s’“*‘9’“*1)> dsy- - -dss dsy.
k=1
By change of variables, we obtain

o n
0/ jiars - ) / / / I (i, 5ty .t + - H gre” B dty - - diy,
0

x
U (6,51, Gn) / / / \Ifj(z',j;tl,...,t1+...+tn)H(qke—qktk)dtl...dtn.
0 k=1

3

The above two equalities together with the argument in Section 5, implies that

Q;l o qglﬂz_(%]a(h? . 'aQn)a Q;l o Q;lq]j(l’]aq1a .. aQn)
are well-defined for g, € Ct := {2 € C | R(2) > 0},k = 1,...,n, as being the Laplace transforms
of I (i,7;t1, ..., t1 + ...+ ty) and U (4, 5;t1,...,t1 + ... + t,), respectively.

All the above leads to the following result, which is our main theorem, and where we make use
of the inverse multivariate Laplace transform. We refer to the Appendix for the definition and the
properties of the inverse multivariate Laplace transform relevant to our set-up.
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Theorem 3.7. We have that

Hj(ia.j;slv" . 7371) = ‘C_l (Q1_1 qrjlﬁz_(%jvql? . 7q'rl)) (81782 —S815--+3,8n — Sn—l)v (323)

foranyi € E—, j € EY, and

UF(t,4,5:81,...,80) = L1 (qf1 . --qgllllj(t,i,j;ql, .. .,qn)> (81,82 — S1y.+y8n — Sp—1), (3.24)

for anyt >0, 4,5 € ET, where L1 is the inverse multivariate Laplace transform.

Remark 3.8. It needs to be stressed that we can compute the values of ﬁﬁ(z‘,j;ql, ...y qpn) and
\/I\lg'(t,i,j;ql,...,qn) only for positive values of ¢;’s. Thus, Theorem 3.7 may not be directly
applied to compute II7 (i, j; $1,...,8,) and W (¢,4,7;81,...,8n)- However, we can approximate
these functions, as explained in Section 5.1 by using only the values of I} (4,7;q1,...,q,) and

~

UH(t,i,7;q1,...,q,) for positive values of g;’s.

4 Numerical Example

In this section we will illustrate our theoretical results with a simple, but telling example. We first
describe a numerical method to approximate I} and ¥, and then we proceed with its application
to a concrete example.

4.1 Numerical Procedure to approximate II} and U

We only consider IT}. The procedure to approximate ¥ is analogous.

According to Theorem 3.7 and Section 5.1, to approximate I}, we need to compute ﬁﬁ (4, 7;q1,- -

for any qi,...,qn, > 0, and then to use the Gaver-Stehfest algorithm. Note that IIF (4, j; g1, ..., qn)
can be computed by solving (3.14) directly using the diagonalization method of [RS94]. However,
because of the special structure of 6, we can simplify the calculation by working on matrices of
smaller dimensions. Towards this end we observe that matrices in (3.14) can be written the block
form as follows,

(0,E™) (L,LE™) - (n,ET) (0,E7) (LE7) o (n,E7)
(0,ET) M Ay —qllJr qllJr 0 B; 0 0 T
(L,LET) 0 Ay — QQ|+ e 0 0 Bs cee 0
(1) 0 0 gt 0 0 0
=~ (n,E*) 0 0 e An+1 0 0 e Bn+1
= (0,E7) G 0 0 D, *(]1'_ qll_ 0 ’ (41)
(1,E™) 0 Cy 0 0 Dy —qol™ --- 0
(n—1,E7) 0 0 0 0 0 e gplT
wE) |0 0 o Conn 0 0 .- Doy |

2 qn)



14

and

(0,ET)
©oEt) [ VF
ET) 0

(n—1,E*) 0
(n,ET) 0
(0,E7) 0
(1,E™) 0
(n—1,E7) 0
(n,E™) 0
(0,E7)
(LE7)
Af =
(n—1,E7)
(n,E7)
(0,ET)
(LET)
o=
(n—1,E1)
(nET)
(0,ET)
(LET)
G = :
(n—1,ET)
(n,ET)
(0,E7)
(LE7)
G =
(n—1,E7)
(n,E7)

(LET)
0
V+

(0.E7)
Ao

(0,ET)
r c+
Gc,OO

(0,E7)
G.00
0

(n,ET)
0
0
0
Vas
0
0
0
0
(LE™)
Ador
A:n
0
0
(LE™)
Ao
A;n
0
0
(LET)
9:,01
G:,n
0
0
(LE™)
9;01
Go1a
0
0

(OE™) (LE7) (n,E7)
0 0 0
0 0
0 0 0
0 0 0
A\ 0 0
0 A 0
0 0 0
0 0 A
(n717E+) (n7E+)
‘//};r,o,nfl ‘//}j,[)n
c,1,n—1 A:ln
~ ~+.
c,n—1,n—1 cn—1n

0 Af,

(TL*LE_) (TL,E_)
/};O,n—l /};OH
Aci,l,nfl A;ln

Ac_,n—l,n—l Afcjfz—lm

0 A;nn ]

(n_17E+) (n7E+)
gzﬂ,nfl 92:011
Gil,n—l Gc+,1n

Gc_:‘:n—l,n—l GZn—l,n

0 Glon

(n717E_) (TL,E_)
gc_,D,n—l gc_,On
Gci,l,nfl g,ln

G;n—l,n—l Gg:n—l,n

0 G;nn _

?

(4.2)

(4.4)
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Plugging (4.2)-(4.6) into (3.14) and then comparing all the block entries on both sides, we end up
with the following procedure to compute the factorization recursively.
In accordance to Theorem 3.6, for any generator matrix H and any constant ¢ > 0, we denote
by
(AZ(H),AZ (H),GS(H), G (H)) (4.7)

C

the unique quadruple constituting the classical Wiener-Hopf factorization (cf. [BRW80]) corre-
sponding to H with killing rate c. In order to proceed, we let ¢, = qr +¢, k > 1.

We are now ready to describe the algorithm to compute ql_1 S qglﬁﬁ(i,j; A1y qn)-

Step 1. Compute the first diagonal: for £k =1,...,n + 1, compute
Afy 11 = A5(GR), (4.8)

using the diagonalization method in [RS94].

Step 2. Compute the second diagonal: for k = 1,...,n, solve the following linear system
gl T+ BeAT L =VIGH (4.9)
Dk — el IA g+ a N = VA e Gl e TV TGl (4.10)

A+ Gt
for Ac7k_17k and qu_l?k.

Step 3. Compute the other diagonals: forr =2,...,n, k =0,...,n—r, solve the linear system
Bk+1Ac+7k7k+r - V+Gc+,k,k+r’ (4.11)
T
D1 = ekl TN T Gt Ay oy = V7 Z AZk,k+jG:k+j,k+ra (4.12)
§=0

A+ c+
for Ac,k,k+r and Gc’k7k+r.

Step 4. Compute
n ~
PHar, qn) = a g TG g, ) = ar gt Y Acor
(=0

for q1,...,q, > 0.

Step 5. Compute the approximate inverse Laplace transform of P*(qq,...,q,): use the
method discussed in Section 5.1.

Remark 4.1. If |[E*| = |E~| = 1, then the matrices in Steps 1-3 become numbers. Step 1 reduces
to solving n + 1 quadratic equations for a root in [0, 1]. In Step 2 and 3, for each loop, the system
reduces to a system of two linear equations of two unknowns. Moreover, in this case, PT has a
closed-form representation for ¢i,...,q, > 0, and hence, for any qi,...,¢, € CT, as mentioned
in the previous section. This allows to use general numerical inverse Laplace transform methods,
not necessary the Gaver-Stehfest formula from Section 5.1. In particular, one can use Talbot
approximation formula (5.1) presented in Section 5, which is more efficient than the Gaver-Stehfest
under fairly general assumptions (cf. [AW06]).
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4.2 Application in Fluid flow problems

The Wiener-Hopf factorization for a time-homogeneous finite Markov chain was applied in [Rog94]
in the context of fluid models of queues. In this section, we will apply our results to a time-
inhomogeneous Markov chain fluid flow problem.

First, we briefly review the classical fluid flow problem (cf [Mit88] and [Rog94] for detailed
discussion). Suppose we have a large water tank with capacity a € (0, 00]. On the top of the tank,
there are I; € T pipes open at time ¢, with each pipe pouring water into the tank at rate r. At
the bottom of the tank, there are O; € O taps open at time ¢, with each tap allowing water to flow
out at rate r~. We assume that Z and O are finite sets.

Then, the volume &; of water in the tank at time ¢ satisfies

dé

dt :’["+It—7‘_0t, 1f0<€t<a

Moreover, if & = 0, i.e. if the tank is empty, then the outflow ceases. If & = a, i.e. if the tank is
full, then water flows over the top.

Let f be a real valued function on Z x O. We assume X; := f(I;,O;), t > 0, is a (finite state)
time-inhomogeneous Markov chain, and we denote by E the state space of X. Let

v(@) =Vt r,z), zeE,
model the water outflow/inflow, in terms of the states of X, so that
U(Xt) = V(r+7ri7 f(-[t7 Ot))) t Z 0

represents the water outflow/inflow at time ¢.

Let ET be the set of states of X such that the water tank has greater water inflow than outflow,
and let E~ be the set of states of X such that the water tank has greater water outflow than inflow.
The integral

¢
gpt:/ v(Xy) du
0

is not exactly the water content at time ¢, because we should take into account those periods when
the tank is full or empty. However, as noted in [Rog94], understanding ¢, and the corresponding
Tt:t and XTti allows us to easily express the quantities of interest for & in terms of Wiener-Hopf fac-
torization, and to further compute these quantities once we compute the Wiener-Hopf factorization
numerically.

We now assume that the tank has infinite capacity, a = oo, and that it contains ¢ amount of
water at time ¢ = 0. Thus, 7,” represents the first time after ¢ = 0 that the tank goes empty. We
will compute the quantity

I, (i,7) = E (e%ﬂ{x _:j}> , ieET jeE". (4.13)
7o

Towards this end, we further assume that the tank has either an aggregate water inflow at rate v
or an aggregate water outflow at rate v~. In other words,

Et={e .}, E ={e_}, viex)=v", and v )=v".
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Moreover, we assume that the time-inhomogeneous Markov chain X has the generator

G1, sp <t < sy,
Gt: G2a 81 <t < 8y,
Gs, t> s9,

where 0 < s1 < $9.
We take the following inputs: ¢ = 0.5,v(eq) = 2,v(e_) = —3,51 = 2,52 = 8,

et e_ et e_ et e_
_ et —2 2 - €4 —3 3 - €4 _5 5
60_6{1 —1]’ 61_6{2 —2]’ 62_6[3 —3]'

The following table compares our result and execution time with Monte-Carlo simulation (10000
paths).

Numerical Results

Method Wiener-Hopf Monte-Carlo
I (e4,e-) 0.6501 0.6462
Execution time 0.15s 3.12 5

Remark 4.2. One can also compute I} (e_, ey ), if it is the quantity of interest in the model.
Note that if we change the labels of the states from {e;,e_} to {e_,et} and modify the inputs
accordingly, we can compute I} (e_, e4 ) using the same algorithm that computes IT; (e4,e_).

5 Appendix: Approximation of Multivariate Inverse Laplace Trans-
form

For the convenience of the reader, we will briefly recall the basics of Laplace transform and its
inverse. Then, we will proceed with an important result regarding the approximation of the mul-
tivariate inverse Laplace transform.

Let f:[0,00)™ — [0,00) be a Borel-measurable function such that

// Ftr,ootn) [ e dty - - dty
0 0 k=1

exists for any ¢i,...,¢, > 0. Then, the multivariate Laplace transform ]?of f, defined by

f(ql,...,qn) =L(f)q1,---,qn) == /OOO---/OOOf(tl,...,tn)Heqktkdtl--~dtn,

k=1

is well-defined for any ¢, € C*, k =1,...,n, where! C* := {2z € C | R(z) > 0} with R(z) denoting
the real part of z € C. The inverse multivariate Laplace transform of function g : (C*)"* — C, is the
function g, such that £(§) = g. We will also write § = £71(g). The existence and uniqueness of the
inverse Laplace transform is a well understood subject (cf. [Wid41]). Although there are explicit
formulas of the inverse Laplace transform for many functions, generally speaking, in many practical
situations the inverse Laplace transform of a function is computed by numerical approximation

We will denote by R(z) the real part of z € C, and i = v/—1 will be used to denote the imaginary unit.
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technics. We refer the reader to [AWO06], and the references therein, for a unified framework for
numerically inverting the Laplace transform. For sake of completeness, we present here one such
method - the Talbot inversion formula - for one and two dimensional case; the multidimensional
case is done by analogy.

Assume that f is the Laplace transform of a function f : (0,+o00) — C. The Talbot inversion
formula to approximate f is given by

M—1
2 A5
5 §R<’ka k) (5.1)
k=0
where
2M 22km km .
60_?’ 6k—?(cot<ﬁ)+l), 0<l€<]\4-7
1 5 - km o kT . km 5
70 = 5e”, ’yk—<1+1M(1+cot(M)) 1cot(M) et 0<k<M. (5.2)

Analogously, given a Laplace transform g of a complex-valued function g of two non-negative real
variables, the Talbot inversion formula to compute g(¢1, t2) numerically is given by

2 i -l O, O Op, O

b ~ k1 ko _ o~ k1 ko

t,t) = > R 3 LY LY

gir(tr, t2) 25t1to = Tk P [WQQ < t1 7 to ) Tk ( t1 7 to )] ’
1= 2=

where 0, v, 0 < k < M, are given in (5.2).

5.1 A Special Case of Numerical Inverse Laplace Transform

Let us consider a function f : [0,00) — [0,00) and its Laplace transform f(q), for ¢ € CT. Tt turns
out that the inverse Laplace transform of f can be approximated numerically by using only values
of the function f on the positive real line. One such approximation is the Gaver-Stehfest formula

ol = E2 (1) i(l)k(}j)f ((ttoe) (53)

k=0

For other methods and the comparison of their speeds of convergence we refer to [AW06]. Consec-
utive application of (5.3) leads to the multivariate Gaver-Stehfest formula.
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