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Abstract

In this paper we present a theoretical framework for determining dynamic ask and
bid prices of derivatives using the theory of dynamic coherent acceptability indices in
discrete time. We prove a version of the First Fundamental Theorem of Asset Pricing
using the dynamic coherent risk measures. We introduce the dynamic ask and bid prices
of a derivative contract in markets with transaction costs. Based on these results, we
derive a representation theorem for the dynamic bid and ask prices in terms of dynam-
ically consistent sequence of sets of probability measures and risk-neutral measures. To
illustrate our results, we compute the ask and bid prices of some path-dependent options
using the dynamic Gain-Loss Ratio.

Keywords: dynamic coherent acceptability index, conic finance, dynamic coherent risk measures,
transaction costs, dividend paying securities, swap contracts, no-good deal bounds, fundamental the-
orems of asset pricing, dynamic bid and ask, dynamic gain-loss ratio, arbitrage pricing, illiquid market

MSC2010: 91B30, 60G30, 91B06, 62P05

*Tomasz R. Bielecki and Igor Cialenco acknowledge support from the NSF grant DMS-0908099.


bielecki@iit.edu
igor@math.iit.edu
iiyigunl@hawk.iit.edu
rrodrig8@hawk.iit.edu

1 Introduction

We develop a framework for narrowing the theoretical spread between ask prices and bid
prices of derivative securities in discrete-time market models with transaction costs, using
dynamic coherent acceptability indices (DCAIs) that are studied in Bielecki, Cialenco, and
Zhang [BCZ11]. Aside from the use of acceptability indices as a tool, our approach is related
to the literature studying no good deal pricing as a vehicle to narrow the no-arbitrage interval.

We first formulate and prove a no good deal version of the fundamental theorem of asset
pricing (FTAP) using a family of dynamic coherent risk measures associated with a DCALIL
The classic form of FTAP, i.e. the no arbitrage form of FTAP in frictionless markets, has
been established by numerous authors in varying degrees of generality (Harrison and Pliska
[HP81], Dalang, Morton, and Willinger [DMW90], Schachermayer [Sch92], Rogers [Rog94],
Kabanov and Kramkov [KK94], Jacod and Shiryaev [JS98], Kabanov and Stricker [KS01b]);
for continuous time see Delbaen and Schachermayer [DS94, DS96], Cherny [Che07al). For
markets with transaction costs, no arbitrage versions of the FTAP are proved in Jouini
and Kallal [JK95], Kabanov and Stricker [KS0la], Kabanov, Rasonyi, and Striker [KRS02],
Schachermayer [Sch04], and Bielecki, Cialenco, and Rodriguez [BCR12]. In Carr, Geman,
and Madan [CGMO1], the FTAP was formulated and proved in terms of the no strictly
acceptable opportunities condition for frictionless markets, and subsequently Pinar, Salih,
and Camci [PSC10] proved a version of the FTAP in the context of the Gain-Loss ratio in
markets with proportional transaction costs. The no good deal version of FTAP has been
obtained for markets with transaction costs in the context of static coherent risk measures,
and for frictionless markets using discrete-time coherent risk measures by Cherny [Che07b]
and [Che07c|, respectively.

There is an extensive literature for methods that narrow the theoretical no arbitrage
interval. One of the widely studied approaches is indifference pricing, which is based on
utility maximization. Specifically, an indifference price is a price at which an agent receives
the same expected utility between trading and not trading. A comprehensive collection of
articles related to indifference pricing can be found in Carmona [Car09]. However, it is known
that the indifference pricing approach has limitations: numerical implementations and explicit
calculations for indifference pricing may not be robust, and the resulting bid and ask prices
are not necessarily risk-neutral in practice (see for instance Staum [Sta07]). Alternatively,
Cochrane and Sad-Requejo [CSRO0] introduced the no good deal pricing methodology. In
this approach, the arbitrage bounds are narrowed by ruling out deals that are too good—cash
flows that have high Sharpe ratios. This strengthens the no arbitrage argument by assuming
that any investor is willing to accept a good deal. In a subsequent papers by Bernardo and
Ledoit [BL00] and Pinar, Salih, and Camci [PSC10] cash flows are considered good deals if
their corresponding Gain-Loss ratio is high. The no good deal pricing approach has been
used in other applications and settings by Carr, Geman, and Madan [CGMO01], Jaschke and
Kuchler [JKO1], Staum [Sta04], Engwerda, Roorda, and Schumacher [RSE05], Bjork and
Slinko [BS06], Kloppel and Schweitzer [KS07], Arai and Fukasawa [AF11]. The no good deal



pricing has also been approached via coherent risk measures in Cherny and Madan [CMO6]
and Cherny [Che07c].

Several authors studied no good deal pricing with either discrete-time or continuous time
risk measures. In Madan and Pistorious [MPS11], dynamically consistent bid and ask prices
for structured products are derived using nonlinear expectations, and in Bion-Nadal [BN09]
and Cherny [Che07b] dynamic bid and ask prices are found via dynamic risk measures.

Cherny and Madan [CM10] proposed the conic finance framework for pricing in incom-
plete, frictionless markets using static acceptability indices, which are introduced in Cherny
and Madan [CM09]. The framework is called conic finance because the derivative prices
they introduce depend on the direction of trade—the resulting set of cash flows generated
by the prices of the derivative is longer a linear space, it is instead a convex cone. However,
as with any static pricing technique, their prices may lack a dynamic consistency property.
This drawback renders the static approach inadequate for pricing exotic derivatives such as
path-dependent derivatives. In a recent study, Rosazza-Gianin and Sgarra [RGS12] apply
the concepts of dynamic acceptability indices and of g-expectation to investigate liquidity
risk.

Compared to the papers above, our contributions amount to the following;:

e Our framework allows for (hedging) cash flows to pay dividends, and be subjected to
transaction costs. In particular, we can apply our no good deal pricing approach to
the pricing of interest rate swaps and credit default swaps in markets with transaction
costs.

e We prove a version of the FTAP formulated in terms of a no good deal condition. It is
important to stress that our no good deal condition is dynamically consistent in time.

e We construct the good deal ask and bid prices of a derivative which are dynamically
consistent, in the sense that they are defined in terms of dynamic coherent acceptability
indices. This allows us to narrow the no arbitrage pricing interval.

e We exemplify the proposed general theory with the dynamic Gain-Loss ratio, which is
a particular dynamic coherent acceptability index.

This paper is organized as follows. In Section 2, we define the no-arbitrage condition and
the no-good-deal condition, and then prove the Fundamental Theorem of Good-Deal Pricing.
Next, in Section 3, we define the no good deal ask and bid prices, and proceed by proving a
representation theorem for them. Finally, in Section 4, we use dynamic Gain-Loss Ratio to
compute the good-deal ask and bid prices for some path-dependent, European-style options.

2 Arbitrage and good-deals

We extensively use the results on dynamic acceptability indices that were obtained in [BCZ11].
Thus, we adopt the mathematical set-up that was used therein. In particular, we assume that



the underlying probability space is finite, an assumption that indeed is made so to simplify
the presentation; our results can naturally be extended to the case of a general probability
space.

Let T be a fixed time horizon, and let 7 := {0, 1,...,T}. Next, let (2, Fr,F = (Fy)e1, P)
be the underlying filtered probability space, and assume that = {wi,...,wy}, and P is of
full support. In what follows, we will denote by LY := L°(Q, Fr,F,P) the set of all F-adapted
processes.

On this probability space, we consider a market consisting of a savings account B and of
N traded securities satisfying the following properties:

e The savings account can be purchased and sold according to the process
B = ((Hizo[l +r5]))tT:0, where (r;)L_, is a nonnegative process specifying the risk-free

rate.

e The N securities can be purchased according to the ex-dividend price process
pask . — ((Pt‘wk’l, e PtaSk’N))f:O; the associated (cumulative) dividend process is de-
noted by A%k .= (A% AgSk’N))tT:l.

e The N securities can be sold according to the ex-dividend price process
phid .— ((Ptl"d’l7 . ,Ptb’d’N))Z;O; the associated (cumulative) dividend process is de-
noted by A%? .= ((A?id’l, ce A?id’N))thl.

We assume that the processes introduced above are adapted. Unless stated otherwise, all
inequalities and equalities involving vector-valued processes are understood coordinate-wise.
In what follows, we shall denote by A the backward difference operator: AX; := Xy — X3 1,
and we take the convention that AgSk = Agid = 0.

Remark 2.1. For any t = 1,2,...,T and j = 1,2,..., N, the random variable AA?S’CJ is
interpreted as amount of dividend associated with holding a long position in security j from

)

time t — 1 to time t. Respectively, the random variable AA?id is interpreted as amount of

dividend associated with holding a short position in security j from time ¢ — 1 to time £.

Let us illustrate the processes introduced above in the context of a Credit Default Swap
(CDS) contract.

Example 2.1. A CDS contract is a contract between two parties, a protection buyer and
a protection seller, in which the protection buyer pays periodic fees to the protection seller
in exchange for some payment made by the protection seller to the protection buyer if a
pre-specified credit event of a reference entity occurs. Let 7 be the nonnegative random
variable specifying the time of the credit event of the reference entity. Suppose the CDS
contract admits the following specifications: initiation date t = 0, expiration date t = T,
nominal value $1, and the loss-given-default is given by a nonnegative scalar ¢ and is paid at
default. Typically, CDS contracts are traded on over-the-counter markets in which dealers
quote CDS spreads to investors. Suppose that the CDS spread quoted by the dealer to sell



a CDS contract is £¢, and the CDS spread quoted by the dealer to buy a CDS contract is
k%" For the CDS contract specified above, the cumulative dividend processes A*** and A%
are defined as follows

t t
AgSk = 1{T§t}5 — HaSk Z 1{u<T} and A?ld = 1{T§t}6 — /ﬁbld Z 1{u<7}

u=1 u=1

for t € 7. In this case, the ex-dividend ask and bid price processes P and P%* specify the
mark-to-market values of the CDS for the protection seller and protection buyer, respectively,
from the perspective of the protection buyer.

From now on, we make the following natural standing assumption.
Assumption (A): P%F > pbid and AA®k < AAb,

Note that if this assumption is violated, then market exhibits arbitrage by simultaneously
buying and selling the corresponding security.

2.1 Self-financing trading strategies

A trading strategy is a predictable process ¢ := ((gf)? Gy SO ))thl, where gb{ is interpreted
as the number of units of security j held from time ¢t — 1 to time ¢t. We take the convention

that ¢" corresponds to the holdings in the savings account B, and ¢g = (0,...,0).

Definition 2.2. The wealth process V (¢) associated with a trading strategy ¢ is defined as

N | pask, N P obidg e,
A+ o1 Ly @157 + X Ly 1By, ift =0,
N i obid,j k,j
Vilo) = B+ S L (B )
+ 0 Ly oy S (PET + DAY, if1<t<T.

Remark 2.3. (i) It is important to note the difference in the use of bid and ask prices, in the
above definition, between the time ¢ = 0 and the time ¢ € {1,...,T}. At time t = 0, Vp(¢)
is interpreted as the cost of setting up the portfolio associated with ¢. For t =1,...,T, the
wealth process V;(¢) equals the sum of the liquidation value of the portfolio associated with
trading strategy ¢ before any time ¢ transactions and the dividends associated with ¢ from
time t — 1 to t.

(ii) Also note that, due to the presence of transaction costs, the wealth process V' may not
be linear in its argument, i.e. V(¢) + V(¢) # V(¢ + ¢), and V(ag) # aV(¢) for a € R, and
some trading strategies ¢, 1. This is the major difference from the frictionless setting.

We proceed by introducing the self-financing condition, which is appropriate in the context
of this paper.



Definition 2.4. A trading strategy ¢ is self-financing if

N
ask,j bid,j j
BiAGY, | + ZP "Liagi, 200D + D P Ling A (1)
Jj=1 J=1
N
Z Aask,] + Z¢ AAbzd,j
t {¢”>0} t*{¢i<0}
7j=1

forallt=1,2,...,7 —1.

The self-financing condition guarantees that no money can flow in or out of the portfolio.

In what follows, we shall work with the discounted processes: V*(¢) := B~'V(¢) for
all trading strategies ¢. The next result gives a useful characterization of the self-financing
condition in terms of the wealth process. For the proof we refer to Bielecki, Cialenco, and
Rodriguez [BCR12].

Lemma 2.5. A trading strategy ¢ is self-financing if and only if the wealth process V(o)
satisfies the following equality

N N
* i >— bid,j i p—1 pask,j
Vt (¢) = V0(¢) + Z 1{¢{20}¢g3t 1Pt T+ Z 1{¢g<0}¢g3t 1Pt !

7=1 ]—1
N ¢
k,j bid
=20 Laps0 A B L P Z Z Liagh<opAOUBL P
Jj=lu=1 j=1u=1
+>.D ﬂ{qsz;zo}%BJlAAZSk’j XD ]L{¢Z;<0}¢{LB;1AAZM’]
j=lu=l j=lu=1

fort=1,2,...)T.

Thus, the wealth process at time ¢, associated with a self-financing trading strategy ¢, is
equal to the sum of setting up the portfolio associated with ¢ at time ¢ = 0, the liquidation
value at time t of the portfolio associated with ¢, all purchases and sales before time ¢, and
all dividends associated with ¢ up to time t.

Remark 2.6. Naturally, if there are no transactions costs, we recover classic definitions of the
wealth process and self-financing condition. In the case when the market is frictionless and
there are no dividend-paying securities, that is P** = PV and A%k = Abid — (), see for
instance Pliska [P1i97]. If the market is frictionless and there are dividend-paying securities,
that is P%* = PYd and A%*F = A¥d  see for example Kijima [Kij03].

2.2 Arbitrage

We start with defining the following sets of self-financing trading strategies.

S(t) L {¢ : ¢ is s.f., Vb(d)) = 0}’ t=0
C o ¢ s sk, b= Lissip1y¢s forall s =1,2,..., T}, te{l,....T -1}



Note that in particular Vi(¢) = 0 for any ¢ € S(t).
Also, we define

HO(t) = {(o L0, AV (6), - .,Av;(@) L pe S(t)} 2)

for t € {0,...,T — 1}. We call H°(¢) the set of hedging cash flows initiated at time t.
Due to the presence of transaction costs, the sets H°(t), generally speaking, are not
convex, and for this reason we introduce the following auxiliary sets.

Lo(t) = {(ZS)ST:0 2y € Lyi(Q,Fo,P), Zy = Tisniiny Zss =0, ... ,T}, (3)
) = { (0, 0, AW (6) = Zern), - A(VF(9) = Z1)) : 6 €S(), ZELr(t)], (4)

for t € {0,...,7 — 1}. We will also refer to H(t) as the set of hedging cash flows initi-
ated at time t. Moreover, using the fact that the set {V(¢) — X : ¢ iss.f., X is Fs —
measurable, and X > 0} is a convex cone (see [BCR12]), it is easy to show that the set H(¢)
is also a convex cone.

Let us proceed by defining an arbitrage opportunity in our setting.

Definition 2.7. An arbitrage opportunity at time t € {0,...,T — 1} for H°(t) is a cash flow
H € H(t) such that Zstt-H Hy(w) > 0 for all w € Q, and Ef[ZST:tH Hgl(w) > 0 for some
w e Q.

We say that the no-arbitrage condition holds true at time t € {0,...,T — 1} for HO(¢) if
there does not exist an arbitrage opportunity at time ¢ € {0,...,T — 1} for HO(¢).

Remark 2.8. Typically, arbitrage is defined as a trading strategy rather than a cash flow.
However, in our setting, it is more convenient to work with cash flows, and since each hedg-
ing cash flow corresponds to a trading strategy, we take the liberty to define an arbitrage
opportunity as a cash flow.

Definition 2.9. For any fixed t € {0,...,T — 1}, we say that a probability measure Q is
risk-neutral for H°(t) if Q ~ P, and if EP [Zz;t_ﬂ H](w) < 0forallw € Q and all H € HO(2).
The set of all risk-neutral measures for #°(¢) will be denoted by R(H°(t)).

Similarly to the above, we define the set R(#H(t)) of risk-neutral probabilities, the arbitrage
opportunity for set H(t), and no-arbitrage conditions for set H(t), t € {0,...,7 —1}. The
following two lemmas show that we may formally replace H%(t) by H(t) in Definitions 2.7
and 2.9.

Lemma 2.10. For anyt € {0,...,T — 1}, we have that Q € R(H"(t)) if and only if Q ~ P,
and EZ[ST_, | Hy) <0 for all H € H(t).

Proof. Fixt € {0,...,T —1}.

(=) If Q € R(H°(¢)), then E?[Zfztﬂ HY] <0 for all H” € H%(t). Hence,

EZ [, HY — Zr] <0 forall H € HO(t) and Z € L (t). Therefore, EZ[S"7_, .| H,| <0
for all H € H(t).



(=) Suppose that Q ~ PP, and that EX[> 7 i1 Hs] <0 for all H € H(t).
Then, Et [Zs 1 H? = Zp] <0 for all H € HO(t) and Z € L,(t). Letting Zr = 0 proves
that Q € R(H(2)). O

Lemma 2.11. For each t € {0,...,T — 1}, the no-arbitrage condition holds true at time t
for HO(t) if and only if for each H € H(t) such that Zfztﬂ H, > 0, we have Z;F:Hl H, =0.

Proof. Let us fix t € {0,...,T —1}.

(=) Assume that H € #(t) is such that ZsttH H; > 0. Then, by definition of H(t),
there exists H® € H°(t) and Z € L, (t) so that ZST:tH H, = Y0 1 HY — Zp. This
give us Zzzt 11 H? > Zr. The no-arbitrage condition holds true at time ¢ for H°(t), so
Zfzﬂ_l H? = 0. Therefore, Zp = 0, which implies Z;F:tﬂ H;, =0.

(<=) Suppose that H® € H°(¢) is such that Zs t+1 H? > 0. By assumption, for each
H € H(t) such that Z —p1 Hs 2 0, we have ZS ++1 Hs = 0. From the definition of H(t),
this implies that for each HO € HO(t), Z e L (t) such that Zs:t+1 H, — Zp > 0, we have
ZS 1 H0 Z = 0. Taking Z = 0 and H? := H° gives us ZsT:t-H HY = 0. O

In what follows we shall make use of the following result.

Proposition 2.12. If R(H(t)) # (0, then the no-arbitrage condition holds at time t €
{0,...,T — 1} for H(t).

Proof. We prove by contradiction. Assume that Q € R(H(t)), and that there exists an
arbitrage opportunity H at time ¢t € {0, . — 1}. By the definition of an arbitrage op-
portunity, H € H(t), S 1_ 1 Hs >0, and EP[ZS i1 Hs](w) > 0 for some w € Q. Since
Q~Pand 31 +1 Hs > 0, we have that E2 [ZS 11 Hs](w) > 0 for some w € Q. However,
this contradicts that Q € R(H(t)). Hence, the no-arbitrage condition holds true at time
te{0,...,T — 1} for H(t). O

Next, we introduce some notions that are related to derivatives pricing, and which will
be used in Section 3.1.

Definition 2.13. Let ¢t € {0,...,T7 — 1}.

o A set of extended cash flows associated with an Fi-measurable random variable Sy and
a process D € L is defined as

A(t, ) ={ (0., 0,680 Hipr —&Djy, ., Hr — €D}
t H € H(t), & is an Fi-measurable r.v.},

o The pricing interval associated with a process D € L° and a set of probability measures
X is defined as
T

I(t, D; X) == {E?{ 3 D;} :QEX}.

s=t+1



A cash flow in 7—~£(t, St) is interpreted as the sum of a position in H(t) and a static position
of & units in the discounted cash flow (0,...,0,5;, =D q,...,—D%). In Section 3.1, S; will
have the interpretation of a discounted price of the cash flow D.

We will say that Z(t, D; X) is a risk-neutral pricing interval if it is nonempty, and if for
each S; € Z(t,D; X) the no-arbitrage condition is satisfied for H (¢, S;). That is, Z(t, D; X)
is a risk-neutral pricing interval if it is nonempty, and if for each S; € Z(t, D; X') and each
H € H(t,S;) such that ZS 41 H, > 0, we have ZS i1 Hs = 0. If Z(t, D; X) is a risk-neutral
pricing interval, we call any S; € Z(t, D; X) a risk- neutml price, SUPQeR ((1)) Et [Zs:t—H D;f]
the upper no-arbitrage bound, and infger 31 EP[ZZ:tﬂ D;f] the lower no-arbitrage bound.

The following lemma gives a necessary condition for Z (¢, D, X)) to be a risk-neutral pricing
interval.

Lemma 2.14. Lett € {0,...,T —1} and D € L°. If R(H(t)) # 0, then Z(t, D; R(H(t))) is
a risk-neutral pricing interval.

Proof. Fixt € {0,...,T—1}, D € L°, and Sy € Z(t, D; R(H(t))). Let H € H(t, S;) be a cash
flow such that ZZ:tH H; > 0. By definition of #(t, S¢), we have that

&Si + Z ~&D;) 20 (5)

s=t+1

for some H € H(t) and some Fi-measurable random variable &.

Now, since R(H(t)) # 0 and S; € Z(t, D; R(H(t ))) there exists Q € R(H(t)) such that
Sy = E;Q[ZZ:HI Dz]. It follows that ftE@[ZS 1 Di] — &S = 0. From (5) we see that
EZ[X7,. 1 Hy] > 0 holds. Since Q € R(H(t)), we have that EZ[ X7, .| H,] = 0, which

gives us that
T

&S +ER| Y (H,—&D)| =0. (6)

s=t+1
From (5) and (6) we conclude that ftSt—FZZ:t +1(H s—&D?) = 0, which consequently implies
that the no-arbitrage condition holds for #H(t, S;). O

2.3 Good-deals

The main tool for building up the theory of Dynamic Conic Finance will serve the Dynamic
Coherent Acceptability Indices (DCAIs) developed in [BCZ11]. As it was shown in [BCZ11]
that any DCAI « can be associated with a left-continuous, increasing family of Dynamic
Coherent Risk Measures (DCRMs) (p7){,e(0,00)}» and consequently to a family of dynamically
consistent sequences of sets of probability measures (see Appendix A for definitions and
related results.) In what follows, we fix such an index a, and denote by (p”){,e(0,00)} the

corresponding family of DCRMs, and by Q = ((Qz) . eT) ( the corresponding family of
gl

€(0,00)
dynamically consistent sequences of sets of probability measures.



Definition 2.15. A good-deal for H(t) at time ¢ € {0,...,T — 1} and level v > 0 is a cash
flow H € H(t) such that p] (H)(w) < 0 for some w € .

Note that a good-deal depends on the family of DCRMs and the level «v. A cash flow that
is a good-deal with respect to a family of DCRMs might not be a good-deal with respect to
another family of DCRMs. Also, note that, for a fixed family of DCRMs, a cash flow that
is a good-deal at level 79 might not be a good-deal at some other level 4/ > 79. Although,
since p7 is monotone increasing in 7, if a cash flow is a good-deal for 7y, then it will also be
a good deal for any level v/ < 9. We will also show later that good-deals can be described
in terms of the acceptability index associated to family p7.

Definition 2.16. We say that the no-good-deal condition (NGD) holds for H(t) at time
t€{0,...,7 —1} and level v > 0 if p] (H)(w) > 0 for all H € H(t) and w € Q.

We will make the following technical assumption on Q.
Assumption (B): For each v > 0 and ¢ € T, any probability measure Q € Q] is equivalent

to P, and the set
dQ

is closed and convex.

Since (2 is finite and P is of full support, the set &£ is bounded. Hence, & is compact for
all vy > 0 and t € 7. In Section 4, we show that a family of densities £ corresponding to the
dynamic Gain-Loss Ratio satisfies this assumption.

Next, we will prove one of the main results of this paper, which is analogous to FTAP.

Theorem 2.17. The no-good-deal condition (NGD) holds true for H(t) at time
t€{0,...,T —1} and level v > 0 if and only if R(H(t)) N Q] # 0.

Proof. Throughout the proof we fix t € {0,...,7 — 1} and v > 0.
(<=) Suppose that Q € R(H(t)) N Q;. By Definition 2.9, E?[ZZ:HI H) <0 forall H €
H(t). Due to Theorem A.5 (Robust Representation of DCRM), we have

T T

_pl(H) = int E;@[ 3y H} gE?[ 3 H} <o,
eeQl b o s=t+1
for all H € H(t). Thus, p/(H) > 0 for any H € H(t), and hence NGD holds true for H(t)
at time ¢ and level 7.
(=) Fix M € Nand H:= (H',H?, ..., HM) € H(t) x H(t) x --- x H(t). Let & be the
set defined in Assumption (B), and let us consider the following set of matrices

T

B [n > Hi(w)

Zt(H) = ]
s=t+1 j=1,...,Nji=1,....M

n €& p C RVM,

10



Since & is compact, by continuity of the mapping

T
& an=E[n Y Hi@w), i=12...,M;j=12.. N
s=t+1

we conclude that Z;(H) is compact in RV*M " Also note that, by convexity of & and linearity
of conditional expectations above w.r.t. n, the set Z;(H) is convex.

Let us now define a closed and convex set C := (—o0,0]V*M C RN*M_ We will prove
by contradiction that Z;(H) N C # (). Towards this end let us assume that Z;(H) N C = 0.
By a version of Hahn-Banach theorem (see Theorem B.3), there exists a linear functional
@t’H e RVXM " and €1 > 0 such that

€H < SOt’H(x)a (7)
p"H(z) <0, (8)

for all € Z;(H), 2z € C. From the Riesz representation theorem, there exists htH € RV*M
such that o"H(z) = (WWH 2) for all z € RN*M | where (z,y) = Zjvzl M aijyi; for all
r € RVXM o ¢ RVXM denotes the Frobenius inner product in RV*M . From (8), we have
that (Rt 2) <0 for all z € C, and therefore, thH >0fori=1,...,Mand j=1,...,N.
Since, in view of (7) we have that h*H # 0, we may assume without loss of generality
M tH
that > ;0 by = 1.
Also in view of (7), we deduce that

N M T ‘ N T _
0<em< Y S WMEF[n Y Hiw) =D By 3 HG)| ()
7j=11:i=1 s=t+1 7=1 s=t+1

for all ) € &), where H(j) := M h';JHH2 for j = 1,...,N. Therefore, there exists j €
{1,...,N} and an € > 0 so that

0<e< Ef’[n ET: ﬁs(i)] (wj) -
s=t+1

Let us define

¢ .= inf

nee] Bf [n)(w;)’

Since 7 > 0 and sup,cey Ef [n](w;) < oo, it follows that

E[aST . G) () Lo
0 < S FPhitwy) :Eg[s;mm} “

for all Q € Q). Consequently, taking infimum with respect to Q € Q; and applying Theo-
rem A.5, we get

0 <€ < —p/(H(j))(wj)- (9)
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The set H(t) is a convex cone, hence H(j) € H(t). Thus, in view of (9), the cash flow H(j) €
H(t) violates the NGD condition for H(t) at time ¢ and level 7, which is a contradiction.

Hence, Z,(H)NC # (0 for all t € {0,...,T—1} and H € H(t) x --- x H(t). Consequently,
foreach t € T, H € H(t) x --- x H(t), the set

T
Ft(H):z{negg: Ef[n 3 H;}(wj)go, i=1,2,..., M, j:1,2,...,N}
s=t+1

is nonempty.
Let us define the following mapping

T
Ua(0) = B [¢ Y ] (wj)] :
s=t+1 j=1,...N;i=1,...M
for any random variable ( : @ — R.
Since,
T .
zZ@)nc=1 |E[n Y i <wj>]
s=t+1 j=1,..,Nji=1,....M

T
L neg), E{E’[n 3y H;}(wj)go, i:1,2,...,M,j:1,2,...,N},
s=t+1

we have that U} 33 (2;(H) N C) = F,(H). Recall that Z;(H) is compact and hence Z;(H) NC
is closed, and since W, i is continuous, we conclude that F;(H) is closed.
Now, note that

M T
F(H) =) {negg:EE”[n 3 H;}(wj) < 0for all j = 1,2,...,N} £ 0.
=1 s=t+1

Therefore, the family of subsets

T
{n c & EP [nsglﬂs} (w;) <Oforallj=1,2,... ,N}Hew) ce

satisfies the finite intersection property!. Since & is compact, we have by Lemma B.2 that

the set .
U= () {n c sg:Ef[n 3 HS] < 0} (10)
HeH(t) s=t+1

is nonempty. Hence, there exists an 7} € & so that Ef [f Zstt 41 Hs](w) <0forallw € Q and

H € H(t). Now, let Q be a measure corresponding to 7, so that @ € Q/. Using the abstract

!The family of sets {Y;}icz has finite intersection property if N;ez Yi is non-empty for any finite 7 cT.
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version of Bayes rule applied to Q we get

T Pra T
A E _,.1 Hs
I A t[”;E[;[—ffl l<o
s=t+1 Yy

for all H € H(t). So, in view of Definition 2.9 and Lemma 2.10, we see that Q € R(#(t)).
Thus, R(H(t)) N Q) # 0. The theorem is proved. O

Since R(H(t)) N Q] # 0 implies R(H(t)) # 0, it is immediate from Proposition 2.12 and
Theorem 2.17 that if NGD holds, then the no-arbitrage condition also holds true.

3 Dynamic ask and bid prices via DCAI

In this section, we derive the dynamic bid and ask prices for a derivative contract via DCAIs.
We start by constructing the set of extended cash flows that will be used to derive the good-
deal ask and bid prices. Let D € L° be a cash flow associated to a derivative contract. For
afixedt € {0,...,7 — 1}, D € L% and an F;-measurable random variable X;, we define the

following sets

A1) ={ (0, 0,6X7, Hour = &Djy, .., Hr — 6D}

: H € H(t), & is Fy-measurable, & > 0}, (11)
g(t) ::{ (07 s 70) _tht*7 Ht-i—l + ftD:er R -HT + gtD}>
: H € H(t), & is Fy-measurable, & > 0}, (12)

where X := B;'X, and D* := B~'D. The pair (H(t),2(t)) is interpreted as the set of
extended cash flows.

In particular, a cash flow in 7—A[(t) equals to the sum of a position in the underlying market
H(t) and a nonnegative static position of & units in the discounted cash flow
(0,...,0,X/,—Df,,...,—D3). Similarly, a cash flow in 7(t) equals to the sum of a position
in the underlying market? H(¢) and a nonnegative static position of & units in the discounted
cash flow (0,...,0, =X}, D} {,...,D7).

Notice that #(t) C H(t) N H(t). Indeed, taking any H € H(t) and & = 0 in (11) and
(12), we get that H € ﬁ(t) and H € H(t).

Similarly to Definition 2.9, we say that a probability measure Q is risk-neutral for ?/-[\(t),
respectively H(t), if Q ~ P, and E?[Zzzt H,| <0 for all H € H(t), respectively for all
H € H(t). Also, we say that the no-good-deal condition holds for H(t), respectively H(t), at
time t € T and level v > 0, if p/ (H) > 0 for all H € H(t), respectively H € F(t). We denote
by R(ﬁ(t)), respectively, R(#(t)), the set of all risk-neutral measures for ’f-Z(t), respectively
H(t).

*Recall that H(t) denotes the set of hedging cash flows initiated at time ¢.
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Remark 3.1. Note that H(t) and H(t) are convex cones. Thus, we may replace H(t) with
H(t) or H(t) in Theorem 2.17 to prove that NGD holds for H(t), respectively H(t), at time
t € T and level v > 0 if and only if R(H (t)) N Q] = 0, respectively R(H (t)) N Q] = 0.

For the sake of brevity, we define the mappings 6,7, ; : LY — L° as follows

6 (D):=(0, ..., 0, 0, Dy, ... Drp), tef{0,...,T -1},
&(D):=(0, ..., 0, Dy, 0, ..., 0), teT.

Next we introduce the main objects of this study — the good-deal ask and bid prices
corresponding to a given DCAI «:

Definition 3.2. The discounted good-deal ask and bid prices of a derivative contract D € LY,
at level v > 0, at time ¢t € {1,...,T — 1} are defined as

%57 (D)(w) : = inf{v € R : there exists H € H(t) s.t. ay(6;(1v) + H — &7 (D*))(w) > 7},
Hfid"y(D)(w) : =sup{v € R : there exists H € H(t) s.t. ay(6; (D*) + H — 6;(1v))(w) > 7},

for all w € Q.

Remark 3.3. We stress that the good-deal prices depend on the choice of DCAI «, level ~,
and the set of hedging cash flows #(t). First, we see that, from the monotonicity property of
DCAIs (D3), the good-deal ask (bid) price is non-decreasing (non-increasing) in . Secondly,
the good-deal ask (bid) price is non-increasing (non-decreasing) in #H(t). This is because, as
is easily seen, IT} **7(D) and Hfidﬁ(D) satisfy

I D)) = inf | {oeR: au(b(Lo) + H -5 (D)) > 7.
HeH(t)
L (D)(w) =sup | {veR: (s (D) +H — 6,(1v))(w) >~}
HeH(t)
for all w € Q.

Remark 3.4. A natural question is: how should « be chosen to find the good-deal prices
of an derivative contract? As in Cherny and Madan [CM10] and Madan and Schoutens
[MS1la, MS11b], for a given «, the level v can be calibrated from quoted prices of similar
contracts.

Remark 3.5. The discounted good-deal ask price ITY**7(D) can be interpreted as the mini-
mum amount of cash v such that v plus the resulting hedging error is acceptable (in the sense
of acceptability index «) at least at level ~. Similarly, the discounted good-deal bid price
H?id’V(D) can be viewed as the maximum amount of cash v such that —v plus the resulting
hedging error is a-acceptable at least at level ~.

Remark 3.6. By Theorem A.6, we have that

T
i (6;(10) + H — 5} (D*))(w) = sup {7 € (0,00 v+ inf EY[ Y H, - Di)(w) = o}
t s=t+1
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forall w € Q, t € {1,...,T — 1}, and D € L°. Since the cash flows D* and H € H(t)
are discounted, the prices I1%*%7(D) and T1%%7(D) are also discounted. We took the liberty
to denote them by I1%*7(D) and I1**%Y(D) rather than I1%*%7*(D) and II1**®7*(D) (which
would agree with earlier notation) to ease exposition.

Proposition 3.7. For any fizedt € {1,...,T —1}, D € L°, and v > 0, the sets

{v €R: there exists H € H(t) s.t. ay(dy(1v) + H — ;7 (D*))(w) > v},
{veR: there exists H € H(t) s.t. ay(6;(D*) + H — 6;(1v))(w) > 7}

are nonempty for all w € Q.

Proof. The proof will be done by contradiction. Towards this end let us fix t € {1,...,T—1},
D e L% and v > 0.
Suppose that
o (0;(1v) + H — 67 (D*)) < v

for all v € R and H € H(t). By Theorem A.6, we have that
T
e (6,(10) + H — 67 (D*))(w) = sup {5 € (0,+00) rv+ inf E?[ S H, - DS} (w) > 0} <
QeQ; s=t+1

for all v € R and H € H(t). Since « is normalized, there exists D’ € L? such that ay(D’) =
+o00. Let us define v* as the scalar

v*:=sup sup { sup E;Q[ zT: Dg}(w)— inf E?[ zT: HS—DS}(w)}.

weQ HeH(L) Qegf s=t+1 Qegf s=t+1

Then, we see that

T T
B[ Y Ho- D) 2 B2 Y Dl w),
s=t+1 s=t+1

for all Q € 9, w € Q, and H € H(t). From the monotonicity property of «, we have that
a(0:(10*) + H — 6;7(D*)) > ay(D') = 400,
which contradicts a;(6;(1v) + H — §;7(D*))(w) < v for all v € R. O

We close this section with a technical result, which provides a “symmetry” between ask
and bid prices, that will be used later.

Lemma 3.8. For any D € L°, v >0, and t € {0,...,T — 1} we have that

;*7(D) = 7 (=D).
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Proof. Using the definitions of II***7(D) and I1Y"*7(D), we have

I%%7(D) = inf{v € R : there exists H € H(t) s.t. oy (8,(1v) + H — 6; (D*)) > ~}
= —sup{—v € R : there exists H € H(t) s.t. a;(6;(1v) + H — 5, (D*)) > ~}
= —sup{v € R: there exists H € H(t) s.t. ay(—6(1v) + H — §;7(D*)) > ~}

= 11" (~D).

3.1 Dual representation of good-deal ask and bid prices

We are now in position to prove a representation theorem for the discounted good-deal ask
and bid prices. Let us first make the following standing technical assumption

Assumption (C): The mapping v — p? is continuous.

In Section 4, we prove that the dynamic Gain-Loss Ratio satisfies this assumption.

We proceed by showing that, for any derivative contract D € L, the prices HfSk(D) and
I1%4( D) have useful representations in terms of the sets R(H(t)) and Q7 (H(t)).

Theorem 3.9. The discounted good-deal ask and bid prices of a derivative contract D € LY,
at level y > 0, at time t € {1,...,T — 1} satisfy

%%7(D) = sup EQ[ Z D: }
QeQ!NR(H(t)) s=t+1

(D)=  inf EQ[ D*}
t ( ) QEQ’YHR szt—&:-l

Proof. In view of Lemma 3.8, it is enough to prove that the theorem holds for T1%*7(D).
Let De L° v >0,and t € {1,...,T — 1}. We first show that

57Dy < sup IEQ[ Z D*}
QEQWQR(’H (®) s=t+1

Using Theorem A.3 and Lemma B.1, as well as the continuity and monotonicity of the
map v — p”7, we obtain

1% (D) (w) = inf {v €R: there exists H € H(t) s.t. p; (0(1v) + H — 6,7 (D)) (w) < }

for all w € (.

Now fix an Fi-measurable random variable X¢, and let P' := {P{, P},... P!} be the
unique partition that generates F;. Fix P! # () and let w; € P!. Then 1 P (W) Xe(w;) =
Lpt(w)Xi(w) for all w € Q. Using (13), we have that %57 (D)(w;) > X} (w;) if and only if

X (wi) ¢ {v € R: there exists H € H(t) s.t. p] (6:(1v) + H — 5 (D*))(w;) < 0}.
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Equivalently,
1 ()] (Bi(1XG (wi)) + H — 67 (D)) (w) > 0, H € H(t),w e P.
By property (A2) in Definition A.2 of p7, it follows that
pl (6:(1X}) + H — 6;(D*))(w) >0, H € H(t),we PL
By Theorem A.5 and property (A6), we deduce that

p7 (6:(1&:X7) + &H — &0, (D*)) > 0

for any H € H(t) and any nonnegative F;-measurable random variable &. Since H(t) is
closed under multiplication of nonnegative Fi-measurable random variables, the inequality
above is equivalent to

pi (&0:(1X]) + H — &5, (D*)) > 0

for any H € H(t) and any nonnegative F;-measurable random variable &;.
Therefore, by the definition of H(t), we see that

~ ~

() >0, H e,

and hence NGD holds for H(t), at time ¢ and level 7. It follows that R(H(t)) N Q] # 0 (see
Remark 3.1). Let Q* € R(H(t)) N Q.
From the definition of R(#(t)), we have that

T
EY[ Y (H—aD))] +6x7 <0 (14)
u=t+1
for all H € H(t) and all nonnegative F;-measurable random variables &;. Note that R(H(t)) 2
R(H(t)) since H(t) C H(t). Thus, Q* € Q) NR(H(t)). Because 0 € H(t), we may let H =0
in (14) to conclude that, if TI***7(D) > X}, then there exists Q* € Q] NR(H,(t)) such that

T
E?[E:Dﬂsz
s=t+1
Since X; is arbitrary,
% (D)< sup  EQ Z D*} (15)
QeQ]NR(H(1)) s=t+1
We proceed by showing that
T
wm)> 5] 3 0]
QeQ]NR(H(1)) s=t+1
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By Theorem A.5,

T
pl(H =5/ (D") = sup BZ[ S~ Di— ] (16)
QeQ) s=t+1

Also, we have that

T T T
sup E; D; —Hg| > sup E; D; — Hg| > E; D7,
QeQ) [s:zt;rl } QEQ]NR(H(1)) s:zt;rl ] [s:zt;rl ]
for all H € H(t) and Q € Q] N R(H(t)). Therefore,
T
pI(H =55 (D) =B Y D, Men(), Qe O NRH(W). (17)
s=t+1

Note that

(D)) = inf inf{o € R+ an(5(1e) + H = 67 (D)) 2 7)

for all w € €. In view of Theorem A.3,

;YD) = inf pf(H — 68, (D).
o (D)= b pi(H = 0/(D)
Hence, applying (17) we see that
T
D)= s B[ Y DI (18)
QEQ/NR(H(t)) s=t+1
In virtue of (15) and (18), we conclude the proof. O

Let us now make a few remarks regarding Theorem 3.9.

Remark 3.10. If NGD holds false for H(t), at time ¢ € {1,...,T — 1}, at level , then

;"% (D)(w) = oo,
I} (D)(w) = oo,

for all w € Q and D € L°.
In the next remark, we treat the case in which the markets are frictionless and complete.

Remark 3.11. If, for t € {1,...,T — 1}, the set of hedging cash flows 7(t) satisfies the no-
arbitrage condition, and H(T — 1) is complete (for any D € LY, there exists H € H(T — 1)
so that Hp = Dr), then it follows from the Fundamental Theorems of Asset Pricing that
R(H(t)) # 0, for t = 1,2,...,T — 2, and R(H(T — 1)) = {Q*}. Since R(H(0)) C --- C
R(H(T — 1)), we have that R(H(t)) = {Q*} # 0 for t = 0,1,...,T — 2. By Theorems 2.17
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and 3.9, if NGD holds then the good-deal ask and bid prices of a derivative contract D € LY,
at time t € 7 and level v >, satisfy

T
K, bid, * *
mF7(D) =177 (D) = BY[ Y i
s=t+1

Notice that, naturally, the good-deal prices no longer depend on the acceptance level ~.

Remark 3.12. Let us consider the sets of extended cash flows associated with good-deal prices
127 (D) and 1177 (D):

H(t) :{ (o, 0, 6T (D), Hyyy — D}y, .. Hy — &D})
: H € H(t), & is Fy-measurable, & > 0},
H(t) :{ (o, 0, —&IV (DY, Hypy + €D}y, Hy + §tD})

: H € H(t), & is Fy-measurable, & > 0}.

If H(t) is frictionless and complete (and therefore linear), and NGD holds, then as in Re-
mark 3.11, we have that II(D) := II%**7(D) = II"**Y(D). In this case, the set

D) + A1) = {0, 0.611(D), Heer = &D}y, .. Hr — &7 )
s H e H(t), &is ]:t-measurable}

is a linear space. Whenever IIY**7(D) > TI"7(D), as in our general case, we have that

o~

H(t) +H(t) = {(0 0, &T10°M (D) — 11 (D), Hyyy — (& — ¢0) D1,
s 7HT - (Et - ¢t)D;:> : He %(t)v £t7 Cbt is ft'measurablea gta ¢t > O}

is only a convex cone. This is one of the main reasons why we call this approach dynamic
conic finance.

Remark 3.13. In view of Lemma 2.14 and Theorem 3.9, if NGD is satisfied then IT"*7(D)
and T19**7(D) are within the lower and upper no-arbitrage bounds. Specifically, we have that

T T
inf E@[ D*] < TP (D) < TI**(D) < sup EQ[ D*]
ot B 3 D] < <o)< B9[S

3.2 Good-deal forward ask and bid prices

In this section, we define the good-deal forward ask and bid prices, and then prove a repre-
sentation theorem for them. In this subsection we suppose that the risk-free interest rate r
is deterministic.

19



Definition 3.14. The good-deal ask and bid forward prices, with delivery at time T, written
at time t € {1,...,T — 1}, of a derivative contract D € L°, at level v > 0 are defined as
FR7T(DY(w) : = inf{f € R: 3 H € H(t) so that
ar(0r(1B7' ) + H — &7 (D"))(w) 27}, (19)
FVT(DY(w) : = sup{f € R: 3 H € H(t) so that
a(=or(1Bp'f) + H + 6 (D*))(w) 2~} (20)

for all w € Q.

Notice that the cash flow é7(1By'f) + H — &;"(D*) represents an exchange of a cash
payment f at time 7" for a discounted cash flow D that is hedged with H. The good-deal
forward ask price at level «y is the minimum amount of cash f at time 7" so that dr (15, Ly )+
H — 6;7(D*) is acceptable at level v at time t.

We now give the representation theorem for the good-deal forward ask and bid prices.

Theorem 3.15. The good-deal ask and bid forward prices of a derivative contract D € LY,
with delivery at time T, written at time t € {1,...,T — 1} and level v > 0, satisfy

Fta8k7%T(D) _ BTH?SIC,"/(D), Ftbid,%T(D) — BTHi)idﬂ (D) .

Proof. For any f € R, denote by f* the term B, Lf. Since By is deterministic, we may write
(19) and (20) as
FRT(DY(w) = Bpinf{f* e R: 3 H € H(t) and a;(37r(1f*) + H — 5} (D*))(w) > 7},
FP (D) (w) = Bpsup{f* € R: 3 H € H(t) and ay(—5p(1f*) + H + 5 (D*))(w) >~}
Since « satisfies the translation invariance property (Property (D6) in Appendix A), we have
that ay(67(1f*) + H — 6;7(D*)) = ay(6:(1f*) + H — 6;"(D*)). Therefore,
FAR1T(DY(w) = Bpinf{f* e R: 3 H € H(t) and ay(85,(1f*) + H — 6; (D*))(w) > 7},
FPT(DY(w) = Brsup{f* € R: 3 H € H(t) and oy (—6,(1f*) + H + & (D*))(w) > ~}.

By Theorem 3.9 we conclude that the claim holds true. OJ

Remark 3.16. If r is deterministic and the set of hedging cash flows #(¢) forms a market
that is frictionless, complete, and arbitrage-free, then R(H(t)) is a singleton, say {Q*}, and
so by Theorem 3.15 we have that F**""(D) = F/'""(D) = ByEY [ L, | Dz]. This is
compatible with the classic result that states that in a frictionless, complete, and arbitrage-
free market the discounted forward price f7 (D) of a derivative contract D, with delivery at
time 7', written at time t € {1,...,T — 1}, is given as

fE(D) = BrSy(D),

where S(D) is the discounted risk-neutral spot price given by S;(D) = E?* [Zzzt Dzl

20



Remark 3.17. From Theorem 3.15, we see that the relationship between the good-deal ask
and bid forward prices is classic, in the sense that

kv, bid,,
Fh (D) FPOT(D) (D)

=t ., v€(0,00), DelL°
%57 (D) v (py  Su(D) (8, 0)

where fl'(D) and Sy(D) are the forward and spot prices, respectively, corresponding to a
frictionless, complete, and arbitrage-free market.

4 Pricing with the dynamic Gain-Loss Ratio

In this section, we first prove some auxiliary results that hold for general DCAIs. Then, we
particularize these results to the very important special case of DCAI, namely to the dynamic
Gain-Loss Ratio (dGLR). Finally, we apply the pricing and hedging results developed in
earlier sections using dGLR to path-dependent options. In this section we assume that r =0
without loss of generality.

4.1 Characterization of DCAIs

Recall that for every normalized and right-continuous DCAI « there exist a family Q =
((Qz) . ET)76(07OO) of dynamically consistent sequences of sets of probability measures that
is increasing (in 7), such that (28) holds (see Appendix A). We say that a family Q of
dynamically consistent sequences of sets of probability measures that is increasing (in )
corresponds to a given normalized and right-continuous DCAI « if Q satisfies (28).

Lemma 4.1. Suppose that « is a normalized and right-continuous DCAI. A family Q cor-
responds to o if and only if Q € QF, where?

Q¢ ::{L{ i ay(D)(w) > if and only if
T

ianE;Q[ZDS](w) >0, weQ, y€(0,00), teT, De LO}.
Qeu, s=t

Proof. (<) Let U € Q% We fixt € T, D € L, and w € . Define the set

T
— Lo Q >
T(U) : {ﬁ € (0,00) : Qlergf o [;DS} (w) > o}.
We may assume that I'(U) # 0 and ou(D)(w) < oo. Otherwise, it is clear that U satisfies
(28).
Observe that if v € I'(U), then ay(D)(w) > v. So ay(D)(w) is an upper bound of I'(U).
If we let 8" := a4(D)(w), then 8’ € T'(U), and so (28) is satisfied.

3We will generically denote by U = ((Z,{] )te T) 000) a family of dynamically consistent sequences of sets
~€(0,00
of probability measures that is increasing in +.
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(=) Now, suppose U satisfies (28), and let v € (0,00). If

T
inf EZ|[ " D,](w) >0, 21
g B[ = 1)
then v € T'(U). By (28), we have that ax(D)(w) > 7.

Assume o4 (D)(w) > v. If a4(D)(w) > 7, then (21) is satisfied because U” is increasing in
7.

Next, suppose that a;(D)(w) = and v ¢ I'(U). By Theorem A.3, the mapping

T
— inf B[ D,](w
Y Qe t SZ:; s| (W)
is left-continuous and monotone decreasing. Thus, by left-continuity of p, there exists € > 0 so
that v —e ¢ I'({{). By monotonicity and because U satisfies (28), we deduce that as(D)(w) <
~ — €. This implies that € < 0, which is a contradiction. Hence, we have that (21) holds, and
thus U € Q. O

4.2 Characterization of the dGLR

A performance measures that is very popular among practitioners is the Sharpe Ratio (SR),
which was introduced by Sharpe [Sha64]. However, SR is not monotone, and hence not
an acceptability index. Moreover, as pointed out by Bernardo and Ledoit [BL0O0O] SR does
not respect arbitrage, in the sense that the SR is finite even for cash-flows that exhibit
arbitrage opportunities. For this reason, [BLO0] proposed the static Gain-Loss Ratio, which
is a performance measure that is unbounded for arbitrage opportunities, and, as proved in
Cherny and Madan [CMO09], is also a static coherent acceptability index. Later, Bielecki
et al. [BCZ11] extended the notion of GLR to dynamic setup, and introduced the dynamic
Gain-Loss Ratio, defined? as follows

E; [>ei Ds](w)
dGLR¢(D)(w) := { EF[(XCL, D)) (w)

0, otherwise .

T Ef[iDs}(w)>0, 02

It is shown in [BCZ11] that the dGLR satisfies the conditions (D1)—(D7), and therefore it is
a dynamic coherent acceptability index (see Definition A.1).

Remark 4.2. 1t is worth to note on the interpretation of the dGLR in the context of arbitrage,
which was first noticed in Bernardo and Ledoit [BLOO] for the static Gain-Loss Ratio. Observe
that
T T
ZHS(w) >0 for all weQ, IEIE{ZHS} (w) > 0 for some w € 2

s=t s=t

“By convention, dGLR(0) = co.
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is equivalent to

T T
Ef[(ZHQj(w)zOfor all weQ, Ef[ZHS}(w) > 0 for some w € Q,

s=t s=t

which is ultimately equivalent to
dGLR¢(H)(w) = oo for some w € Q.

Therefore, in view of Definition 2.7, a cash flow H € H(t) is an arbitrage opportunity at
time ¢ € T if and only if dGLR:(H)(w) = oo for some w € . Equivalently, the no-arbitrage
condition holds at time ¢ € 7 if and only if dGLR¢(H) is bounded for all H € H(t).

In order to apply the general theory developed above, we will find the sets of probability
measures that correspond to dGLR. We define a family Q as

Qv = {Q dQ/AP = c(1+A), ¢ >0, A€ £, cEF[1 + A] = 1}, (23)
for all v € (0, 00), where
£7:={A : Alis an Fpr-measurable r.v., 0 < A <~}.
Remark 4.3.

(i) For each 7 € (0,00), the set of densities £ defined as

g”:z{%:QEQ;/}

is closed and convex. Thus, dGLR satisfies Assumption B.

(ii) For each t € T, D € LY, the function of v € (0, 00) defined as

T

pl(D) = int B > ny. (24)

s=t

is continuous, and hence dGLR satisfies Assumption C. Indeed, for each w € 2 we have
that

T P T P T
) Q . E; [77 Zszt DS] (w) . E; [(1 +A) Zs:t DS] (w)
dng BZ[Y D) = inf =St = e S T

(iii) Note that the LHS of (24) is the value of a DCRM associated with Q (see A.5).

Proposition 4.4. The family @, defined in (23) is an increasing family of dynamically
consistent sets of probability measures that corresponds to dGLR.
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Proof. We start by observing that, for each v > 0, the set Q7 is nonempty since, in particular,
we may take A = 0 in the definition of Q. Clearly, Q7 is increasing in 7.

For the rest of the proof we fix v > 0. We denote by Y* = {P}, P%, ..., P,it} the unique
partition of €2 at time ¢t that generates F;. In order to prove our result it suffices to show
that Q7 is weakly consistent (see Corollary 4.1.1 in [Zhall]), which is

: Q : Q
Ty inf EZ(X] < Ly may { nt EE[X] <w>} , (25)

for every t € {0,...,T — 1}, P! € T', and X € Fr. Next, take 0 < A < and suppose that

Ef 4 [(1+A)X](w) _

a,
weP! B [+ AJ(w)

for some a € R. Applying the tower property of conditional expectations, we deduce that
the following implication holds:

EF [+ A)X] @) BF[(1+4)X] @) _

a = a a
werl EF [1+Aw) wer! B+ AW)
Hence, since a is arbitrary, we deduce that
Ef[(1+A)X EF[(14+A)X EY L [(1+A)X
JEOENX@ BN B [0 DX
i Ep 14+ Al(w) twept  Ej[14+ Al(w) twept  Ey 1+ Al(w)

for all w € Q. Thus, for Q = ¢(1 + A)P, we obtain

1pEFX](@) < 1p max BE, [X)(w),

for all w € Q. Therefore,

Ly ging BRUX) < Ly inf { max B2 (X)(0) } < 1o { g B8, (300 |,
which proves the weak consistency of @7.

We now show that the family Q corresponds to the dGLR. By Lemma 4.1, this is equiv-
alent to show that

dGLRy(D)(w) > v <=  inf EZ[X/](w) >0, (26)
Qe

for allw € Q, ¢t € T and D € L, where for convenience we denoted X/ = ZZ:T D,,. In the

rest of the proof we fix w € Q,t € T and D € L°.
In order to show (26), we first observe that since any n € £7 is strictly positive, we may
apply the abstract Bayes formula to write

inf EX[X]](w)>0 <= inf Ef [nX7](w)>0.
Qe ne&y
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Using the definition of £€7 we deduce that

Jnf B (X[ (w) = inf E7[(1+ M) X[ (w) = EF [(14+ A)X] ] (@)

where A* 1=yl yr ) € £7. As a result, it follows that

Jnf B [0 () = B [X{] (@) = 1E7 [(X]) 7] ).

Hence, we conclude that

inf BEP[X7|(w)>0 <= E[X])(w)>E[(X]) ] ().
QeQ

By the definition of the dGLR, it is clear that (26) is fulfilled. O

4.3 Applications

In this section, using a simple model for ask and bid prices of a stock, and choosing the
dGLR as acceptability index, we compute the good-deal ask and bid prices of a European-
style Asian option in a market with transaction costs. We compare these good-deal prices
with the no-arbitrage bounds. Recall that Q, defined in (23), is a dynamically consistent
family of sets of probability measures that corresponds to the dGLR. We compute the ask
and bid prices using the representation result in Theorem 3.9. No-arbitrage price bounds are
calculated via using the lower and upper no-arbitrage bounds defined in Section 2.

We suppose that the bid price of the stock is given in Table 1. The ask price process is

Table 1: Bid price paths of the stock

W] W2 W3 Wq4 Ws
t=0 50 50 50 50 30
t=1 80 80 80 40 40
t=2 90 70 60 60 30

assumed to satisfy P®* := PYd(1 4 )\), where A\ € R is the transaction costs coefficient. We
also define the mid price process as P™4 .= (pPask 4 pbid) /9,

We recall that Q is defined in terms of the reference measure P, which we will now assume
to be

(P(w1), P(w2), P(ws), P(wa), P(ws)) = (1/10,1/8,1/4,1/4,11/40) .

Example 4.1 (Asian Call Option). We now compute the ask and bid price of a European-
style Asian call option with a strike of 75. According to our two-period model, the derivative
contract is defined as

D = (0 0 ((szd _|_Pmid + Pmid)/3 _ 75)+)
T » 0 1 2 .
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Table 2: Ask and Bid Prices of an Arithmetic Asian Call Option

A=0 A = 0.005 A=0.01
Sg*(D) | sEUD) | SgtD) | SEUD) | sgtD) | SED)
1.388854 | 1.250035 || 1.484025 | 1.230204 | 1.550037 | 1.167264
) MG™(D) | Tg™7(D) || 16™7(D) | Hg™7(D) | 1g™7(D) | 1g(D)
0.0001 1.341775 | 1.341559 || 1.376819 | 1.376598 | 1.411864 | 1.411636
0.001 1.342746 | 1.340587 || 1.377816 | 1.375601 1.412886 | 1.410614
0.005 1.347062 | 1.336288 | 1.382244 | 1.371189 | 1.417427 | 1.406090
0.01 1.352446 | 1.330952 || 1.387769 | 1.365714 | 1.423092 | 1.400476
0.05 1.388853 | 1.289754 || 1.431586 | 1.323440 || 1.468024 | 1.357126
0.1 1.388853 | 1.250036 || 1.484025 | 1.274140 1.523222 | 1.306571
0.25 1.388853 | 1.250036 | 1.484024 | 1.230207 | 1.550036 | 1.175234
0.5 1.388854 | 1.250036 | 1.484024 | 1.230205 | 1.550035 | 1.167266
0.75 1.388854 | 1.250036 || 1.484024 | 1.230205 || 1.550036 | 1.167265
1 1.388854 | 1.250035 | 1.484025 | 1.230205 | 1.550036 | 1.167264
1.25 1.388854 | 1.250035 || 1.484025 | 1.230205 | 1.550036 | 1.167264

Recall that TI$**7(D) and TI3*7 (D) denote the good-deal prices computed using the dGLR,

whereas 5S¢

(D) and S§¢(D) are the upper and lower no-arbitrage bounds, respectively.
Our results are presented in Table 2 for different transaction cost coefficients. In Figure 1 we
display the “liquidity surface”, which is the plot of good-deal bid-ask spread as a function of
the level v and transaction costs coefficient .

In Figure 1, it is apparent that the good-deal bid-ask spread is increasing both in the
acceptance level v and in the transaction cost coefficient A. The good-deal bid-ask spread
naturally increases in v because of the representations in Theorem 3.9, and since Q7 is
increasing in . On the other hand, the good-deal bid-ask spread, as well as the difference
between the upper and lower no-arbitrage bounds, increases in A since hedging the claim
becomes more expensive as the A increases.

We also note from Table 2 that both no-arbitrage bounds and the good-deal prices increase
in A, and that the good-deal ask and bid prices converge to the no-arbitrage bounds at
higher v values. This is also due to the fact that hedging is more expensive as A increases.
For example, in case A = 0, II3**7(D) and IIJ'*7(D) approximately converge to S4*(D)
and S§i(D), respectively, at v = 0.1, whereas if A = 0.005 this happens at approximately
v = 0.25, and in the case A = 0.01 it happens at approximately v = 0.5.

26



A

o
3

o
~

o
w

I
N

Bid—Ask Spread

o©
[

o
o
Y

1.2

0.2

A: TC Coefficient y: Acceptability Level

Figure 1: Liquidity Surface of an Asian call Option

Dynamic coherent acceptability indices

In this section, we recall definitions and results from the theory of Dynamic Coherent Acceptability Indices,
that were studied in Bielecki et al. [BCZ11].
We first recollect the definition of a dynamic coherent acceptability index.

Definition A.1. A dynamic coherent acceptability index (DCAI) is a function o : 7 x L% x © — [0, oo] that
satisfies the following properties:

(D1)
(D2)

(D3)

(D4)
(D5)

(D6)

(D7)

Adaptiveness. For any t € T and D € L°, ay(D) is F;-measurable;

Independence of the past. For any t € 7 and D,D’ € L°, if there exists A € F; such that
14Ds = 14D for all s > ¢, then 1aa¢(D) = 1ac(D’);

Monotonicity. For any t € 7 and D, D’ € L°, if Ds(w) > Di(w) for all s > t and w € Q, then
ar(D) > ax(D") for all w € O

Scale invariance. a;(AD) = a;(D) forall A\ >0, D€ L%, t € T, and w €

Quasi-concavity. If a;(D) > z and ay(D’) > z for some t € T, w € Q, D,D’ € L°, and = € (0, oc],
then ax(AD + (1 — A\)D’) > x for all A € [0, 1];

Translation invariance. a(D +ml;) = aur(D +mlyyy) foreveryt € T, D € L°, w € Q, s > t and
every Fi-measurable random variable m;

Dynamic consistency. For any ¢t € [0,...,7 — 1] and D,D’ € L° if Di(w) > 0 > Dj(w) for all
w € Q, and there exists a non-negative F;-measurable random variable m such that ai41(D) > m(w) >
ai+1(D") for all w € Q, then oy (D) > m(w) > ay(D’) for all w € Q.

Let us proceed by stating with the definition of a dynamic coherent risk measure.

Definition A.2. Dynamic coherent risk measure (DCRM) is a function p : {0,...,T} x L° x Q — R that
satisfies the following properties:

(A1)
(A2)

Adaptiveness. p:(D) is Fy-measurable for all t € 7 and D € L

Independence of the past. If 14D, = 14D’ for some t € 7, D,D’ € L°, and A € F; and for all
s >t, then 1api(D) = 1ap(D");
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(A3) Monotonicity. If Ds(w) > D/ (w) for some ¢t € T and D, D" € L°, and for all s > ¢ and w € €, then
pt(D) < pe(D’) for all w € O

(A4) Homogeneity. p,(AD) = Ap;(D) forall A\ >0, D€ L%, t €T, and w €
(A5) Subadditivity. p:(D + D) < pi(D) + ps(D’) for all t € T, D, D’ € L°, and w € Q;

(A6) Translation invariance. p;(D+mlsy) = pi(D)—m for every t € T, D € L°, Fi-measurable random
variable m, and all s > ¢;

(A7) Dynamic consistency.
La(min pe1(D) = Di) < Lape(D) < La(max peir (D) = Dy),
for every t € {0,1,...,T—1}, D€ L° and A € F;.

We now recall an important result that provides the representation of a DCAI in terms of a family of
DCRMs, and the representation of DCRM in terms of a DCAI. The proof the following theorem can be found
in [BCZ11].

Theorem A.3.

(i) If a is a normalized, right-continuous, dynamic coherent acceptability indez, then there exists a left-
continuous and increasing family of dynamic coherent risk measures
(p7)ve(0,00), Such that

ai(D)(w) = sup{y € (0,00) : p; (D)(w) < 0}, weQ, teT, DelL’ (27)

(1) If (p7)ye(0,00) 15 a left-continuous and increasing family of dynamic coherent risk measures, then there
exists a right-continuous and normalized dynamic coherent acceptability index o such that,

p{(D)(w) =inf{c € R: as(D + 6¢(1c))(w) > v}, weQ, teT,DelL’
We take inf ) = co and sup @ = 0.

Next, we recall the definitions of a dynamically consistent sequence of sets of probability measures and
an increasing family of sequences of sets of probability measures.

Definition A.4.

(i) A sequence of sets of probability measures (Q;){_, absolutely continuous with respect to P is called
dynamically consistent with respect to the filtration (]-'t)tTZU if the sequence is of full-support and the
following inequality holds

. . Q < . Q < . Q
Lemin{ inf B (X))} < Lp inf BYX] < Tomax{_inf E% (X))}

forallt € {0,1,...,T — 1}, E € Fi, and Fr-measurable random variables X.

(ii) A family of sequences of sets of probability measures ((Q}){=o)~c(0,00) is called increasing if Q) D o7,
forally>p>0andteT.

Now, we recall a representation theorem for dynamic coherent risk measures in terms of dynamically
consistent set of probabilities. These results, combined with the results from Theorem A.3 about duality
between DCAI and DCRM, gives a representation theorem for dynamic coherent acceptability indices.

Theorem A.5 (Robust Representation Theorem for DCRM). For v > 0, a function p? : {0,1,..., T} x L° x
Q — R is a dynamic coherent risk measure if and only if there exists a dynamically consistent family of sets
of probabilities (Q7 )iy such that,

T

7(D) = — inf E? D,|, teT, DelL’ 28
pi(D) = int BY[>_D.] (28)

s=t
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The proof this theorem can be found in [BCZ11].
A direct consequence of Theorem A.3 and Theorem A.5, is the following result, which is proved in [BCZ11].

Theorem A.6.

(i) Assume that (Q]){Z0)~e(0,00) i an increasing family of dynamically consistent sequences of sets of
probability measures. Then, the function a: {0,1,..., T} x L° x Q — [0, 00] defined as follows,

at(D)(w):sup{ve(o,oo : 1en£7]E@[ZD] } weQ, teT, De L,

is a normalized and right-continuous dynamic coherent acceptability indez.

(i5) If o is a normalized and right-continuous dynamic coherent acceptability index, then there exists a
family of dynamically consistent sequences of sets of probability measures (QZ)?:O)’VE(O,OO) such that

at(D)(w):sup{WG(O,oo nf E2[ ZD zo}, weQ, teT, De L.
t

Here we adopt the usual convention that inf ) = co and sup® = 0.

B Technical results
The following lemma is an auxiliary result needed for Theorem 3.9.

Lemma B.1. For any monotone increasing, continuous function f : (0,00) — R, we have that

f(v) €0 if and only if sup{B € (0,00) : f(B) <0} >,
for any v > 0.

Proof. Let us define the set I' := {8 € (0,00) : f(8) < 0}. Assume that f(vy) < 0 for some v > 0. Then,
v € I', and therefore supI" > ~.

Conversely. Suppose that supI’ > + and define 8" := supI". If supI" = oo, then f(z) <0, for all z > 0,
and in particular for x = 7. Now assume that 8* € (0,00). We first argue by contradiction that g* € T
If 3* ¢ T, then f(B*) > 0. Now, since f is continuous, there exists ¢ > 0 so that 0 < f(8* — €'). By the
definition of the supremum of a set, we have that, for all € > 0, there exists 8¢ € T so that 8* — e < °.
Therefore, because f is monotonically increasing, f(8* —¢) < f(8¢). Hence, 0 < f(8* —€') < f(B°), which
contradicts 8¢ € I'. We proceed by showing that f(v) < 0. Since v < 8* and f is monotonically increasing,
we have that f(v) < f(8%). However, 8* € T, so f(v) < f(8*) <0. O

We now recall a well-known characterization of compact sets. For a proof, see Lemma 1.5.6 in Dunford
and Schwartz [DS58].

Lemma B.2. A subset of a topological space is compact if and only if every family of closed sets with the
finite intersection property has a nonempty intersection.

The following theorem is an application of Hahn-Banach theorem, regarding the separation of hyperplanes.

Theorem B.3. If Z and C are disjoint closed convex subsets of RY, and if Z is compact, then there exists a
constant € with € > 0, and a continuous linear functional ¢ € RN, so that

plc) <0< e<p(z)

forallz€ Z and c € C.
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Proof. By Theorem V.2.10 in Dunford and Schwartz [DS58], there exists constants a and ¢’ with € > 0, and
a continuous linear functional ¢ € RY, so that

ple)<a—¢ <a<e) (20)

for all z € Z and = € C. We now argue that ¢(x) < 0 for all x € C. Suppose there exists ap > 0 and zo € C
so that ¢(zo) = ao. Since C is a cone, we have that Azxg € C for all A > 0. Thus,

sup p(x) > sup ¢(Axo) = sup Aag = 400,
z€C A>0 A>0

which contradicts (29), and hence ¢(x) <0, = € C. From here, and since ¢ is linear and 0 € C, it follows that

sup,cc ¢(x) = 0. Thus, a — € > 0, and hence a > 0. Taking € = a concludes the proof. O
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