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INTRICACIES OF DEPENDENCE BETWEEN COMPONENTS OF
MULTIVARIATE MARKOV CHAINS: WEAK MARKOV
CONSISTENCY AND MARKOV COPULAE

TOMASZ R. BIELECKI, JACEK JAKUBOWSKI, AND MARIUSZ NIEWEGLOWSKI

ABSTRACT. In this paper we examine the problem of existence and construction of a multivariate
Markov chain with components that are given Markov chains. In this regard we give sufficient
and necessary conditions, in terms of the semimartingale characteristics, for a component of a
multivariate Markov chain to be a Markov chain in its own filtration — a property called weak
Markov consistency. We also discuss the issue of dependence between the components of a mul-
tivariate Markov chain in the context of weak Markovian consistency. Accordingly, we introduce
and discuss the concept of weak Markov copulae. Finally, we examine relationships between the
concepts of weak Markov consistency and weak Markov copulae, and the concepts of strong Markov
consistency and strong Markov copulae that were introduced in our earlier works.

INTRODUCTION

Modeling of dependence between stochastic processes is a very important issue arising from many
different applications, among others in financial mathematics. By modeling dependence we mean
construction of a multivariate stochastic process with prescribed marginal laws. In this paper we
focus on Markov chains, and deal with the problem of constructing a multivariate Markov chain
such that its components are given Markov chains in their own filtrations. It is well known that
components of multivariate Markov process are in general not Markovian (in any filtration), so the
problem that we study here is by no means a trivial one. We give sufficient and necessary conditions,
in terms of the semimartingale characteristics, for a component of a multivariate Markov chain to
be a Markov chain in its own filtration.

Our paper continues the study of Markovian consistency and Markov copulae for multivariate
Markov processes, initiated in [3], [4], [5] and [6].

Here, we introduce and study the concept of weak Markovian consistency, and we relate it to
the concept of strong Markovian consistency that was explored in the aforementioned papers under
the name of Markovian consistency. We also continue the study of dependence between Markov
processes. Thus, we continue the study of Markov copulae, the concept originally introduced in [3].
Here, we examine Markov copulae with regard to weak Markovian consistency. It turns out that
certain unwanted features of Markov copulae, inherent to the framework of strong Markovian con-
sistency, are no longer present in the framework of weak Markovian consistency. This is particularly
pleasing in view of applications of Markov copulae in credit risk; more on this later. In order to keep
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the prle]sentation simple, we confine our discussion, for the most part, to the case of finite Markov
chains

It needs to be noted that problems that we study in the present paper are also connected with
lumpability problem for continuous time Markov chains (see Ball and Yeo [I] and discussion there,
Burke and Rosenblatt [7]). In [I] necessary and sufficient conditions are provided for intensity matrix
so that the marginal component process of a Markov chain is a time homogenous continuous time
Markov chain in its natural filtration. If we omit the assumption of time homogeneity and weaken
assumption on intensity matrix, then there exist Markov process with marginals being also Markov
in their own filtration which does not satisfy conditions from [I] (see Example 3.2.). Moreover
assumptions imposed in these papers on intensity matrix exclude Markov chains with absorbing
states, a case that can be treated using our methodology.

The paper is organized as follows. In Section 1 we give a sufficient and necessary condition
for a multivariate Markov chain to be weakly consistent. Note that a sufficient condition for weak
Markovian consistency can be deduced from the result of Rogers and Pitman [12] in which sufficient
conditions for a function of a Markov process be a Markov process are given. Our condition for a
weak Markovian consistency is not only more explicit, but also necessary. We also study the question
when weak Markovian consistency implies strong Markovian consistency. It turns out that this is
equivalent to P-immersion between FX' and F¥X, given that weak Markovian consistency holds. In
Section 2 we study weak Markov copulae. In Section 3 we present three simple, but non-trivial
examples, that illustrate intricacies of dependence between components of a multivariate Markov
chain.

1. WEAK MARKOVIAN CONSISTENCY

As already said, we shall focus on the case of finite Markov chains in this paper. Nevertheless,
we shall formulate the concept of weak Markovian consistency in more generality. Towards this
end we consider X = (X", n=1,..., N), a multivariate Markov process, defined on an underlying
probability space (Q, F,P), taking values in RY B We denote by FX the filtration of X, and by FX"
the filtration of the coordinate X™ of X. It is well known that, in general, the coordinates of X are
not Markov with respect to their own filtrations.

Definition 1.1. (i) Let us fix n. We say that the process X satisfies the weak Markovian
consistency condition with respect to the component X" if for every B € B(R) and all
t,s >0,

(1) P (X{er c B|]-'tXn) =P (X7, € BIX]),

so that the component X™ of X is a Markov process in its own filtration.
(ii) If X satisfies the weak Markovian consistency condition with respect to X™ for eachn =1,..., N,
then we say that X satisfies the weak Markovian consistency condition.

Previously, in [3], [], [5] and [6], a stronger concept was studied.

Definition 1.2. (i) Let us fix n. We say that the process X satisfies the strong Markovian
consistency condition with respect to the component X" if for every B € B(R) and all
t,s >0,

(2) P (X}, € B|FY) =P (X],, € BIX]")
or equivalently

(3) P (X}, € B|X,) =P (X}, € B|X}),

! The study in the case of general Markov processes (that are semimartingales) is deferred to a follow up paper.
2The study presented in this paper carries over to the case of multivariate Markov process taking values in a
product of arbitrary (metric) spaces.
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so that X™ is a Markov process in the filtration of X.
(ii) If X satisfies the strong Markovian consistency condition with respect to X" for each n =
1,..., N, then we say that X satisfies the strong Markovian consistency condition.

Obviously, strong Markovian consistency implies weak Markovian consistency, but not vice versa
as will be seen in one of the examples in Section Bl As a matter of fact, it may happen that all
components of X are Markovian in their filtrations, but X is not Markovian in its filtration (see e.g.
Bielecki et al. [5] Example 2.4.2]).

From now on we assume that X = (X!, ..., XV) is a Markov chain with values in a finite product
space, say X = ij:l)(”, where X" = {z7,..., 2}, } € R. To somewhat simplify the notation we

shall consider bivariate processes X only, that is, we put N = 2, and we take A(t) = [\ ()] yex
as a generic symbol for the P-infinitesimal generator of X. Thus, A(¢) is an m X m matrix, where
m =mi-msy.

1.1. Semimartingale characterization of a finite Markov chain. Let us consider a cadlag
process V defined on (9, F,P), taking values in a finite set ¥V C R¥.

For any two distinct states v,w € V, we define an F"-optional random measure N,,, on [0, c0)
by

(4) Now((0,8) = > Ly, —ovi=u)-
0<s<t

We shall simply write Ny, (t) in place of Ny, ((0,¢]). Manifestly, Ny, (t) represents the number of
jumps from state v to state w that the process V executes over the time interval (0, ¢]. Let us denote
by Vw the dual predictable projection (the compensator) with respect to FV of the random measure
Ny -

Next, let us define a deterministic matrix valued function A on [0, c0) by

(5) At) = Mo )]owev,
where \Y’s are real valued, locally integrable functions on [0,00) such that for ¢t € [0,00) and
v,v € V, v # w, we have
Ay (t) >0
and

HOEEDPPWOE

w#v
Then we have the following result, which is a version of Lemma 5.1 in Hﬂﬁ

Proposition 1.1. A process V is a Markov chain (with respect to FV' ) with infinitesimal generator
A(t) iff the compensators with respect to BV of the counting measures Ny, (dt), v,w € V, are of the
form

(6) Vow ((0,¢]) = /O Liv,—uy AL (5)ds.

Remarks 1.1. A finite Markov chain V' with a locally integrable generator A(t) is a semimartingale
(see, e.g., Elliott et al. [10, Chapter 7.2]). The jump measure of V, say p", can be expressed in
terms of summation of the jump measures Ny.,,. Thus, in view of Proposition [ the infinitesimal
characteristic of V' (with respect to an appropriate truncation function), which is the compensator of
uV, denoted as vV, is given in terms of summation of the compensators vy,,. One can easily check
that if we define a truncation function h by

1
h(z) := 2l{z<qy, where d:= 3 min {|v —w| : v # w,v € V,w € V},

31t can be shown that the left hand limits X¢— used in Lemma 5.1 in [4] can be replaced with X;.
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then (0,0,Y) is the local characteristic of V, where
vWide,dt) = > Suo(dz)ve(dt),
v,wEVvFEW

and § denotes the Dirac measure.

1.2. Necessary and sufficient conditions for weak Markovian consistency in terms of
semimartingale characteristics. Let us recall that we consider bivariate processes. We take
n = 1 and we study the weak Markovian consistency of X with respect to X'. A completely
analogous discussion can be carried out with respect to X2.

For any two states o', y! € X! such that 2! # y', we define the following FX-optional random
measure on [0, 0o):

(7) N ((0,]) = > Lyxr _pn xioyy.

0<s<t
We shall write N;lyl (t) in place of N;lyl ((0,t]), and we shall denote by V;Iyl the dual predictable
projection (the compensator) with respect to FX of the random measure N;lyl.

Next, for any two states z = (z!,22),y = (y',%?) € X such that x # y, we define an F¥X-optional
random measure on [0, 00) by

(8) Ny ((0,1]) = Z Lox1 —a1 X2 =a2) (X1=y1, X2=92)}-
0<s<t

We shall write Ny, (t) in place of Ny, ((0,¢]), and we shall denote by v, the compensator of N,
with respect to FX.
It is easy to see that
(9) N;1y1 (t) = Z N(mlﬁz2)1(y11y2)(t)7
z2,y?eX?
and consequently (due to uniqueness of compensators)

(10) Vilyl((o,t]) = Z V(mlymz)ﬁ(ylﬁyz)((o,t]).

22, y2€ X2

In view of Proposition [Tl we see that for any two distinct states z = (2!, 22),y = (y',9?) € &,

1,2
(11) V(zlﬁzZ)ﬁ(ylny)(dt) = ]l{(th)th):(ml)m2)})\51;2 (t)dt.
Let us denote by D;lyl the compensator of the measure lelyl with respect to FX"

Lemma 1.1. Assume that X is a Markov chain with respect to its own filtration. The FX'.
compensator of N;l 1 has the form

(12) DL () = Dixaceny D AL (OEe(Lyxa_e) | FY dt.

12)y2eX2
Proof. Tt follows from Lemma 4.3 in [4] that

R S 1
(13) Dhyp(dt) = > Ee(Lyxy x2)—(or w2 Mge ()| FX )dt

12,y26X2

Z )\ﬁisz (OEp(Lx1—z1yLix2—02} |.7’:,5)£1 )dt.

z2,y2eX?
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The process X is quasi-left continuous, since it is a Markov chain. Hence, X' is also quasi-left

continuous, so its natural filtration FX " s quasi-left continuous and hence F;¥ f = FiX ' (see Rogers
and Williams [I3], I11.11}). Thus by ([I3) we have ([I2)). O

Using Lemma [[LT] and Proposition [Tl we obtain the following important result.

Theorem 1.1. Assume that X is a Markov chain. The process X' is a Markov chain with respect
to its own filtration if and only if

(14)
Lixicey D AL (H)ER (]I{X?:ggzﬂ]:gxl) =1xiog ALy () dE @ dP-as. Vol yl e XL ot # o

22,y2€ X2
for some locally integrable functions )\3151y1- The generator of X' is Al(t) = [)\glalyl ()] 21 y1exr with
)\;lml given by

)\;111(15) = — Z )\ilyl (t) Vet S Xt

yrlext yl#al

Proof.  Assume that ([d) holds. Since X is a Markov chain, for each z',y' € X1, the FX'
compensator of N}, 1 has, by Lemma [[T] and ([Id), the form

/V\;:Jyl (dt) - ]l{thzwl})\;lyl (t)dt

for some locally integrable deterministic function )‘3151 e Then, by Proposition [T, X! is a Markov
chain with generator A'(t) = [)‘alvlul (t)]41 y1ex1. Conversely, assume that X! is a Markov chain with
respect to its natural filtration with generator A*(t) = [)‘alclyl(t)]m%M cx1. Then () follows from

Lemma [[.T] and Proposition [[.1] O
Remarks 1.2. Note that [[4) implies that

(15)

Lixiary DAL (H)ER (n{X3:12}|Xg - xl) = L(x1gj Al () dE @ dP-a.s. Valyte XLzl # o

z2,y?eX?
Thus, condition ([IB) is necessary for the weak Markovian consistency of X with respect to X*.

Now, let us recall condition (M) from [4]8
Condition (M): The generator matriz A(t) satisfies

(M1) Z A;i;j(t) = Z )\Zi‘i;(t), va? 7% e X2, Vol gyl € XY, 2t £yt
y2ex? y2ex?

and

(M2) SNooanny = > ALn(), vilzte XY ity e X% a? £y
ylext yltex?!

Next, consider the functions )\9161 1 given by
(16)
1.2
/\ilyl (t) = Z )\51;2 (t), CCl,yl € Xl, z! }é yl, /\ilml (t) = — Z )\;lyl (t), VZZTI € Xt

y2eX? yteXl ylzt

Under condition (M1), the functions /\glaly1 are well defined and locally integrable. It is straight-

forward to verify that they satisfy (Id), so that weak Markovian consistency holds with respect to
X!

4Since condition (M) has been originally formulated for both components of X, we state it here for both components
as well, even if for the purpose of this section only the part (M1) of this condition suffices.
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Remarks 1.3. Theorem [I1] provides a necessary and sufficient condition for the Markov process
X to satisfy the weak Markovian consistency condition with respect to its first component X'. The
analogous condition with respect to X? reads: The process X? is a Markov chain with respect to its
own filtration if and only if

(17)
Lixaopey 3 A% (HEs (11 {Xg:zl}|f§2) = 1(x2_p2)A20,0(t)  dt ® dP-a.s. Va2 y? € X% a? # 42

2zl ylex!

for some locally integrable functions )\ing. Then the generator of X2 is A2(t) = [)\iQyz ()] 22 y2ex2
with )\i212 gien by

)‘i2w2 (t) = — Z )‘i2y2 (t), Va2 S X2,
Y2EX2 y2£2
If we define
(18)
> AL (), a2 e X2 2t £yt Napa(t) = — S ML), VateX?
Yy ’ ’ ’ ’ 2T x2y ) )
ylext Y2EX2 y2£y2

then under condition (M2) the functions /\22 g2 are well defined and locally integrable. It is straight-

forward to verify that they satisfy (), so that weak Markovian consistency holds with respect to
X2,

Remarks 1.4. a) It was shown in [ that, in fact, condition (M) implies not only weak, but also
strong Markovian consistency.

b) Ball and Yeo [1] considered time homogeneous Markov chains with intensity matriz A satisfying
some additional assumptions (cf. [I Condition 2.2]). In [Il Theorem 3.1], it is proved that the
marginal process X1 of time a homogenous Markov chain X is a time homogenous Markov chain in
its natural filtration if and only if a condition equivalent to Condition (M1) holds. However, if we
omit the assumption of time homogeneity, then [1I, Theorem 3.1] does not hold; see our Ezample[32
below. Moreover, assumptions imposed in [1] on A exclude Markov chains with absorbing states.

We shall see in Section [ that there exist Markov chains that are weakly Markovian consistent,
but not strongly Markovian consistent.

1.3. Operator interpretation of necessary conditions for weak Markovian consistency,
and of condition (M) for strong Markovian consistency. For ¢ = 1,2 and ¢ > 0, we define
an operator Q¢, acting on any function f on X = X! x X2, by

(19) (Qif)(a') = Ep(f(Xy)|X; = '), Va' e X"

~ We also introduce an extension operator C** as follows: for any function f* on X* the function
C»* f* is defined on X by

(C™* ) (x) = fi(z%), Vo= (z'2?) €.
We have the following proposition, which will be important in the next section in the context of

weak Markov copulae.
Theorem 1.2. Fiz i € {1,2}. The condition
(20) QIAWC™ = Ai(D), >0,
is necessary for weak Markovian consistency with respect to X°.

Proof.  We give the proof for i = 1. It is enough to observe that (I3)) is equivalent to (20]). Indeed,
first note that 20) is equivalent to the equality

(21) (QIABC™ g)(z") = > My (D)g(nn)

ylex!
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for an arbitrary function g on X! and ! € X'. Now, we rewrite the left hand side:

* 1112
(QIAMCT 9" = E| Y Uxicorxz—asy D, Anp(Dg(y')| X} =2
(z1,22)eXx (yt,y?)ex
1,.2
= Y (E(tpemm]Xi=21) Y anmewh)
z2€X? (yhy?)ex

= Y X X E (X =) 50 | o).

yleXl \z2eXx?y2ex?
Since g is arbitrary, (21) is equivalent to
1 1 1 tz?
M= Y E(n{xgzzz}\xt =2 ) 52,
22€X2 y2e X2

which is exactly (I3). O

Now we consider an operator interpretation of condition (M) for strong Markovian consistency.

Proposition 1.2. Condition ([I8) is equivalent to

(22) CH*AY(t) = A(H)CHr,
and condition ([A8) is equivalent to
(23) CE*A%(t) = A(t)C*™.

Proof. 'We only prove the first equivalence. The proof of the other one is analogous.
We note that ([22)) is equivalent to the equality

(24) (CY* AN (t)g)(xt, 2?) = (A(t)CV*g) (2t 2?), Vo' e X1,
for an arbitrary function g on X'!. By definition, the right hand side of ([24)) is
* Cl)lilfz * mIIQ
AMCg)(="2®) = Y M@y = Y Anpa(tg(y')
(y'y?)ex (y'y?)ex

S S ammw | o,

yIEXI y2€X2

and the left hand side of ([24)) is given by

(CH A D)ty a®) = Y A (Dglyh).

ylex!

Since g is arbitrary, we obtain
(25) A= 30 ann) valyle Xt va? e X7
y2€X2

Hence, using the fact that A is the generator of a Markov chain we see that ([I@) is equivalent to

9), so to [22I). O
Proposition 1.3. Condition [22)) implies Q) for i = 1 and condition 23) implies Q) for i = 2.

Proof. Since QiC** =1d for i = 1,2, we have
QIA()C™ = QIC™ N (t) = Ni(t), £>0, i=1,2.
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Remarks 1.5. Another proof of Proposition is the following: Conditions 22)) and 23) are
sufficient for strong Markovian consistency of X (see Remark[I]), which implies weak Markovian
consistency of X, for which (20)) is a necessary condition.

Remarks 1.6. In the case of time homogeneous Markov processes, conditions analogous to [22)) and
@3) have been previously studied in [3] and [15], and it has been shown that they are sufficient for
strong Markovian consistency. So 22)) and 23]) imply that each coordinate of the Markov process
in question is a Markov process with respect to FX . It is worth noting that 22) and [@23) agree with
(10.60) of Dynkin [9], if the latter is applied to f being a component projection function.

Remarks 1.7. The operator conditions @2)) and 23)) for strong Markovian consistency can be
interpreted in the context of martingale characterization of Markov chains.

Let C', i = 1,2, be the projection from X' x X? on the ith component. Fiz i € {1,2} and
0 <s<t. Since X is a Markov chain, for any function f* on X' we have the representation

7

t o .
(26) CH (X)) = O (X)) + / (M) (C*F f) (Xu)du + M7 = MET
where MC"" " is a martingale with respect to FX. Thus,
t o o
(27) FlCXy) = fi(CiXs)+/ (A(w)(C™* [))(Xu)du+ M = M

If conditions 22) and @3) hold then we may rewrite 1) as

7

t ik i i,%
(29) FOE) = £ + [ W) Xdu+ M = 38
which shows that X* is a Markov chain with respect to FX.

1.4. When Does Weak Markov Consistency Imply Strong Markov Consistency? It is well
known that if a process X is a P-Markov chain with respect to a filtration F, and if it is adapted
with respect to a filtration F c F, then X is a P-Markov chain with respect to . However, the
converse is not true in general. Nevertheless, if X is a P-Markov chain with respect to F, and F is
P-immersed in Fﬁ then we can deduce from the martingale characterization of Markov chains that
X is also a P-Markov chain with respect to F.

Thus, if FX' is P-immersed in FX, then weak Markovian consistency of X with respect to X*
will imply strong Markovian consistency of X with respect to X*. In the following theorem we

demonstrate that in fact this property is equivalent to P-immersion between FX " and FX , given that
weak Markovian consistency holds.

Theorem 1.3. Assume that X satisfies the weak Markovian consistency condition with respect to

X', Then X satisfies the strong Markovian consistency condition if and only if FX' is P-immersed
in FX.

Proof. 7 =7 We give a proof in the case of : = 1. By Proposition [[LT] the process

Mbgr(8) = Niys(t) = [ 9h(ds)
(0,1]

is an FX -martingale for every ! # y! since X! is a Markov process with respect to its own filtration.
By Jeanblanc, Yor and Chesney [8, Proposition 5.9.1.1] it is sufficient to show that every FX 1—square
integrable martingale Z is also an FX-square integrable martingale under P. Using the martingale
representation theorem (see Rogers and Williams [I3, Theorem 21.15]) we have

(29) Zi=Z0+ Y / g(s, 2" y" w)(Nj1y1 (ds) — Dpayi (ds))

xlFy!

SWe say that a filtration F is P-immersed in a filtration F if F C F and every (P,I@‘)—local—martingale is a (P,F)-
local-martingale.



Intricacies of dependence 9 of 11

for some function g : (0,00) x X' x X' x Q — R, such that for every x!,y' the mapping (¢,w) —
g(t, 2,y w) is FX -predictable and g(t,2',2',w) = 0, P-a.s.. The FX -angle bracket of M;lyl
(i.e. the FX -compensator of (M1 ,1)?) is equal to (fot Uy1,1(ds))i>0, and therefore g satisfies the
integrability condition

(30) E Z / |g(s,x1,y1)|2ﬁ;1y1 (ds)| <oco VT >0.

wlztgr 7 (0T

From the assumption that weak Markovian consistency implies strong Markovian consistency we

infer that X! is a Markov chain with respect to FX, and therefore M ;11}1 are FX -martingales for
. ‘ t o~

every ! # y'. Moreover, the FX-angle bracket of M;lyl is also equal to (fo V;lyl(ds))tzo, and

obviously for every x!,y! the mapping (t,w) — g(t, 2!, y',w) is FX-predictable. Hence using (29)

and (B0) we deduce that Z is also an FX-square integrable martingale.

? «= 7 Assume that FX' is immersed in F¥X. Weak Markovian consistency for X! implies that

the process Milyl is an FX 1—martingale for every ' # y'. By immersion we know that Mmlly1 are

FX-martingales for every z! # y' and therefore Proposition [Ilimplies that X' is a Markov process

with respect to FX.

O

2. WEAK MARKOV COPULAE

We now turn to the problem of constructing a multivariate finite Markov chain whose components
are finite univariate Markov chains with given generator matrices.

This problem was previously studied in [4] and [5], for example, in the context of strong Markovian
consistency. This meant that the components of the multivariate Markov chain constructed were
Markovian both in their own filtrations and in the filtration of the entire chain. Thus, essentially,
these references dealt with constructing of what we shall term here strong Markov copulae.

In this paper, we shall additionally be concerned with weak Markov copulae in the context of
finite Markov chains. It will be seen that any strong Markov copula is also a weak Markov copula.

2.1. Strong Markov copulae. The key observation leading to the concept of strong Markov copula
is the following: Let there be given two generator functions A'(t) = [)\glcly1 (t)] 1aurzld A2%(t) = [)\iQyz (t)],
and suppose that there exists a valid generator matrix function A(t) = [AJi7s (8)]ar yrext o2 y2ene
satisfying (I8]) for every 22 € X2, and satisfying ([[8) for every 2! € X!. Then, Condition (M) is
clearly satisfied, so that (cf. Remark [[4) strong Markovian consistency holds for the Markov chain,
X generated by A(t).

Note that, typically, system (IG) and (8], considered as a system with given A'(t) = [A!, @]
and A2(t) = [)\iQyz (t)] and with unknown A(t) = P‘T;ZE (t)]21,y1€x1 22 y2c a2, cOntains many more
unknowns (i.e., )\Z;jj (t), 24, y' € X', 2%, y? € A?) than it contains equations. In fact, given that
the cardinalities of X' and X2 are K; and K», respectively, the system consists of K (K1 —1)+
K (K2 — 1) equations in K7 Ko(K1K2 — 1) unknowns.

Thus, in principle, one can create several bivariate Markov chains X with margins X! and X2
that are Markovian in the filtration of X, and such that the law of X? agrees with the law of a given
Markov chain Y¢, i = 1,2. Thus, indeed, the system (I6) and (X)) essentially serves as a ” copula”ﬁ

between the Markovian margins Y!, Y2 and the bivariate Markov chain X. This observation leads
to the following definition,

6We use the term ”copula” in analogy to classical copulae for probability distributions of finite-dimensional random
variables (cf. e.g. [I1]).
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Definition 2.1. Let Y' and Y2 be two Markov chains with values in X! and X2, and with generators
ALt) = [Ailyl (t)] and A%(t) = [A;yz (t)]. A Strong Markov Copula between the Markov chains Y'! and

Y2 is any solution to (I8) and (I¥) such that the matrix function A(t) = [Afjifjg ()] a1 y1ext o2 y2ex2,
with )\iiiz (t) given as
(31) () = - > a0,

(21,22)eX I x X2, zizat, i=1,2

correctly defines the infinitesimal generator function of a Markov chain with values in X1 x X2.

Thus, any strong Markov copula between Markov chains Y'! and Y2 produces a bivariate Markov
chain, say X = (X!, X?), such that

e the components X' and X2 are Markovian in the filtration of X,
e the law of X7 is the same as the law of Y?, i = 1,2.

In the terminology of [6], the process X satisfies the strong Markovian consistency condition relative
to Y1 and Y2

It is clear that there exists at least one solution to (If) and (&) such that the matrix function
At) = [/\;i;z (t)]o1 yrext o2 y2ex2 is a valid generator matrix. This solution correspond to the case
of independent processes X! and X2. In this case we have A(t) = I'"®@A2%(t) + A} (t)@1? where A®B

denotes tensor product of operators A and B (see Ryan [14]), and where I* is identity operator on
X*. Matrix A(t) that corresponds to independent process can be also written more explicitly

)\glﬁlml (t) + )\2212 (t), yl = $17y2 = 1'2,

x

Ay =4 gl LA
vy )\m2y2(t)v Y #I Yy =,
0, otherwise.

2.2. Weak Markov Copulae. The concept of weak Markov copula corresponds to the concept
of weak Markovian consistency. We do not have any clear analytical characterization of the latter
property, analogous to condition (M) that is sufficient for strong Markovian consistency.

Consequently, the concept of weak Markov copula is much more intricate than that of strong
Markov copula, because it involves both probabilistic and analytical (indeed, algebraic in our case)
characterizations.

Definition 2.2. Let Y! and Y2 be two Markov chains with values in X' and A2, and with generators
A1) = [N, ()] and A2(t) = [A2z,2 ()], respectively. A Weak Markov Copula between Y and Y
lez

is any matrix function A(t) = [AJ. 7% (6)]a1 yreat o2 y2e 2 that satisfies the following conditions:

(WMC1): A(t) correctly properly defines the infinitesimal generator of a bivariate Markov
chain, say X = (X!, X?), with values in X! x &2,
(WMC2): Conditions (I]) and ([IT) are satisfied, so that X is weakly Markovian consistent.

Thus, any weak Markov copula between the Markov chains Y'! and Y2 produces a bivariate
Markov chain, say X = (X!, X?), such that

e the components X' and X? are Markovian in their own filtrations, but not necessarily
Markovian in the filtration of X, and
e the law of X" is the same as the law of Y, i =1, 2.

If a process X is produced as above, then we say that it satisfies the weak Markovian consistency
condition relative to Y! and Y2,

It is clear that any strong Markov copula between Y! and Y? is also a weak Markov copula
between Y! and Y?2.

The issue of constructing weak Markov copulae that are not strong Markov copulae is important
and difficult. It is important since in the context of credit risk weak Markov copulae allow for
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modeling of default contagions between individual obligors and the rest of the credit pool (cf. [2]
for a discussion); this kind of contagion is precluded in the context of strong Markov copulae. It is
difficult since conditions ([[4]) and () are much more difficult to handle than condition (M).

A possible way of constructing a weak Markov copula which is not a strong Markov copula, is
to start with the necessary condition (20) and to find a generator matrix A(t) that satisfies this
condition with given Al(t) and A%(t). If we are lucky, then the matrix A(t) found will generate a
Markov chain satisfying the weak Markovian consistency condition relative to the Markov chains Y
and Y2 generated by Al(t) and A?(t), respectively. This approach will be illustrated in Example 3.2

below.

3. EXAMPLES

As before, we take n = 2 in the examples below. We shall present examples illustrating

e Construction of a strong Markov copula (Example B)), i.e., a construction of a two dimen-

sional Markov chain X = (X!, X?) with components X! and X? that are Markovian in the
filtration of X, and such that the law of X? agrees with the law of a given Markov chain Y7,
1=1,2.

Construction of a weak Markov copula (Example B.2), i.e., a construction of a two dimen-
sional Markov chain X = (X!, X?) with the components X! and X? that are Markovian in
their own filtrations, but are not Markovian in the filtration of X, and such that the law of
X' agrees with the law of a given Markov chain Y7, i = 1, 2.

Existence of a Markov chain for which weak Markovian consistency does not hold, that is,
a Markov chain that can’t serve as a weak Markov copula (Example B3]). In this example,
component X? of Markov chain X = (X!, X?) is shown to be not Markovian in its own
filtration.

Example 3.1. Let us consider two processes, Y' and Y2, that are time-homogeneous Markov
chains, each taking values in the state space {0, 1}, with respective generators

(52) A1:<—(a+c) a—l—c)
0 0

and

(33 A2:<<4b+@ b+c>,
0 0

for a,b,c > 0.

We shall first consider the system of equations [22)) and (23]) for this example. In this case we
identify C**, i = 1,2, with the matrices

(34)

(35)

1 0 1 0
1% _ 10 2% __ 01
cH* = 01 and C** = 10
0 1 0 1
It can be easily checked that the matrix A below satisfies (22) and (23)):
(0,0) (0,1) (1,0) (1,1
(0,0) [ —(a+b+¢) b a c
A:(O,l) 0 —(a+c¢) 0 a+c
(1,0) 0 0 —(b+¢) b+ec
(1,1) 0 0 0 0

Thus, according to the theory of Section Bl A is a strong Markov copula between Y and Y?2.
Nevertheless, it will be instructive to verify this directly. Towards this end, let us consider the
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bivariate Markov chain X = (X!, X?) on the state space

E ={(0,0),(0,1),(1,0),(1,1)}
generated by the matrix A given by ([B3]). We first compute the transition probability matrix for X,
for t > 0:
ef(aerJrc)t ef(aJrc)t(l_efbt) ef(bJrc)t(l_efat) ef(aerJrc)t_ef(bJrc)t_ef(aJrc)t_'_l

» 0 e—(a-l—c)t 0 1— e—(a-l—c)t

t)=

( ) 0 0 ef(bJrc)t 1— ef(bJrc)t
0 0 0 1

Thus, for any ¢ > 0,
P(Xt2+h =0[X?=0)—-1 B

li =—(b .
M h b+
Similarly, for any ¢ > 0,
P(X}), =0/X}=0)—1
i L& en = 01Xy =0) — (ato).

h—0 h
It is clear that X! and X2 are Markov chains in their own filtrations (as both chains are absorbed
in state 1). From the above calculations we see that the generator of X% is A% i =1,2.

To verify that A is a strong Markov copula between Y and Y2, it remains to show that com-
ponents X' and X2 are Markovian in the filtration of X. This can also be verified by direct
computations: indeed,

P(Xiy), =01X; =0, X7 =0)—1 P(Xjy, = 01X} =0,X2=1)—1

Jimy h = jim h
(ot ) = im P =0 = 0) 1
h—0 h ’

or, equivalently,
P(Xp = 01X} =0, X2 = 0) = P(X!y = 01X} =0, X = 1) = P(X},y, = 01} = 0) = ¢~
so that condition (@) is satisfied for X!, and similarly for X2.

Finally, note that in accordance with the concept of strong Markovian consistency, the transition
intensities and transition probabilities for X! do not depend on the state of X?2:

e No matter what the state of X2 is, whether 0 or 1, the intensity of transition of X' from 0
to 1 is equal to a + c.
e The transition probability of X' from 0 to 1 in ¢ units of time, no matter what the state of
X? is, is equal to
67(b+c)t(1 _ efat) + ef(aerJrc)t _ ef(bJrc)t _ ef(aJrc)t F1=1-— ef(aJrc)t.

An analogous observation holds for X?2.

Example 3.2. Let us consider two processes, Y'! and Y2, that are Markov chains, each taking
values in the state space {0, 1}, with respective generator functions

A = < —(a+c)+alt) a+c—alt) )

0 0
and
A%(t) = < —(b+c)+8(t) b+c—pB(t) )
0 0
where
oy =e— U Mg gy Mo aE
e—(atbto)t 4 g—at(] — e—(b+c)t)ﬁbc e—(atbte)t 4 e—bt(] —¢ (aJrC)t)aLJrc
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for a,b,c > 0.

Here we shall seek a weak Markov copula for Y and Y2. Thus we shall investigate the necessary
condition (20). Towards this end we first note that in this example the matrix representation of the
operator QQ} takes the form
Ql(t): P(X}=0,X2=0/X}=0) P(X}=0,x?=1|X}=0) P(X{=1,x2=0/X}=0) P(X}=1,x2=1/X}=0)

P(X}=0,x2=0|x}=1) P(X}=0X2=1|X}=1) P(X}=1,X}=0/X}=1) P(X}=1,Xx2=1|X}=1)

and similarly for Q?(#). It turns out that a solution to the necessary condition (20) is a valid generator
matrix

—(a+b+¢) b a ¢

0 —a 0 a
(36) A= ,

0 0 —-b b

0 0 0 O

where a,b,c > 0. Verification of this is straightforward, but computationally intensive, and can be
obtained from the authors on request.

Since condition (20) is just a necessary condition for weak Markovian consistency, the matrix A
in ([B6) may not be a weak Markov copula for Y and Y. This has to be verified by direct inspection.

Let us consider the bivariate Markov chain X = (X!, X?) on the state space
E ={(0,0),(0,1),(1,0),(1,1)}

generated by the matrix A given by (36).

Arguing as in the previous example, it is clear that the components X! and X? are Markovian
in their own filtrations. We shall show that:

e X! and X? are NOT Markovian in the filtration FX, and
e the generators of X! and X? are given by ([B7) and (BY), respectively.

We first compute the transition probability matrix for X, for ¢ > 0:

ef(aerJrc)t efat(l_ef(bJrc)t)#bc efbt(l_ef(aJrc)t)aL_i_c 1+67(a+b+c)t(ai+c_ﬁcc)_ai+cefbt
0 et 0 1—e
P(t)= —bt —bt
0 0 e 1-e
0 0 0 1

It follows that

—(a C —a — C b
PO = 01X} = 0,XF = 0) = e (4501 emat(1 = e (e)t)

#P(X}, =0X=0,X=1)=¢"

unless ¢ = 0, which is the case of independent X! and X?2. Thus, in general, X' is NOT a Markov
process in the full filtration. Similarly for X2.

We shall now compute the generator function for X2. As in the previous example, for any ¢ > 0,

P(X}, =0[X7 =0) -1 P(X}=1,X2=0)
li + — —(b t ) <Xt
Yim D bt o)t 5z =0

Similarly, for any ¢ > 0,

_ P(X},=0X{=0)-1
lim
h—0 h

P(X} =0,X2=1)
P(XI=0)

=—(a+c)+c




Intricacies of dependence 14 of [I3]

Thus, both X' and X? are time-inhomogeneous Markov chains with generator functions, respec-
tively,

P(X1:1:01Xt2:1) P(XtIZOX?::l)
(37) Ay = [ TOTIFeTIERS S erem TRy
0 0
and
P(X;=1,X}=0) P(X!=1,X2=0)
(38) A2(t):(_(b+c)+cw b+C—CW )
0 0

It is easily checked that A'(t) = A'(t) and A%(t) = A%(t), as claimed. Consequently, the matrix A
in (B8] is a weak Markov copula for Y! and Y2, but it is not a strong Markov copula for Y! and Y2.

Finally, note that the transition intensities and transition probabilities for X' do depend on the
state of X2

e When X? is in state 0, the intensity of transition of X' from 0 to 1 is equal to a; when X?
is in state 1, the intensity of transition of X! from 0 to 1 is equal to a.
e When X? is in state 0, the transition probability of X' from 0 to 1 in ¢ units of time is

—bt —(a+o)ty @ —(a+b+o)t a c a bt b
1- 2 - - -
e(1—e )a+c+ te <a+c b+c atct btrc
when X? is in state 1, the transition probability of X' from 0 to 1 in ¢ units of time is
1—e o,

An analogous observation holds for X2, that is, the transition intensities and transition probabilities
for X2 do depend on the state of X!

Example 3.3. Here we give an example of a bivariate Markov chain which is not weakly Markovian
consistent.
Let us consider the bivariate Markov chain X = (X!, X?) on the state space
E = {(0,0), (0,1),(1,0), (1,1)}

generated by the matrix

—(a+b+e¢) b a ¢

(39) A 0 —(d+e) d e
- 0 o —f 7

0 0 9 -9

We denote by Hg)l the process that counts the number of jumps of the component X? from state 0
to state 1. The FX-intensity of such jumps is

(40) Lixi=o.x2=0y(b+¢) + Lix1=1 x2=0}/;
so the optional projection of this intensity on F¥ * has the form
(41) (b+ P(X} = 0,X7 = 0|F) + fR(X/} = 1, X7 = 1|7,

Since {X? =0, X7, = 1} C {X{ =1}, on the set {X} =0,X/,, = 1} we have
(42) P(X, =0,X; =0[X}=0,X},=1)=0, P(X,/=1,X7=0[X?=0,X},=1)=1
Therefore the above optional projection, on the set {X? = 0, Xf/2 =1}, is equal to
(43) SPX) =1, X7 =01X7 =0,X7), =1) = [.
However, on {X? = 0} the above optional projection is equal to
(b+oP(X} =0,X7 =0|X7 =0) + fP(X] =1, X7 =0[X} =0)
=0b+c— P(X} =0,X7=0[X}=0)+ f.
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Assuming that the process X starts from (0,0) at time ¢ = 0, it can be shown that P(X} =0, X? =
0|X? = 0) > 0. Verification of this is straightforward, but computationally intensive, and can be
obtained from the authors on request. Thus, if b+ ¢ # f, then the optional projection on F;* ® of
the F¥X intensity of Hgﬁl depends on the trajectory of X2 until time ¢, and not just on the state of
X? at time t. Thus, X2 is not Markovian in its own filtration. It is obviously not Markovian in the
filtration of the entire process X either.
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