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THE LINEAR-QUADRATIC CONTROL PROBLEM REVISITED*
TOMASZ R. BIELECKI?

Abstract. A long-run, average-cost, stochastic, linear-quadratic control problem that incorpo-
rates different time scales is considered. The system dynamics and the cost functional are modeled
with the help of a locally square-integrable semimartingale process with independent increments and
the corresponding predictable quadratic variation process. The solution of the control problem is
given in terms of the solution of certain system of algebraic and differential Riccati equations. The
model considered here embodies as particular cases the “traditional” continuous-time and discrete-
time linear quadratic control problems, and is applicable, for example, to certain hybrid control
problems that cannot be treated using existing control methods.
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1. Introduction. In recent years there has been growing interest in develop-
ing a unified approach to control and identification problems for both discrete and
continuous-time scales. In Middleton and Goodwin (1990), the unified approach to
control and estimation is presented via the so-called “generalized transform.” In spite
of its many advantages, the method is not capable of handling the problems that
“live” in continuous and discrete time simultaneously or stochastic control problems
involving the continuous-time scale, for example. This paper provides a way of look-
ing at some of these problems via the stochastic calculus for locally square-integrable
semimartingales.

In this paper we consider a long-run, average-cost, stochastic, linear-quadratic
control problem that incorporates different time scales. The system dynamics and the
cost functional are modeled with the help of a locally square-integrable semimartingale
process with independent increments and the corresponding predictable quadratic
variation process. The situation considered here is not, of course, “the most general”
one. But it is general enough to produce as particular cases the traditional continuous-
time (e.g., Davis, 1977) and discrete-time (e.g., Hall and Heyde, 1980) linear-quadratic,
stochastic control problems with the average cost per unit of time criterion. The results
obtained in the paper follow from an application of the powerful general theory of
random processes (Dellacherie and Meyer, 1975, 1980, 1983; Jacod, 1979; Jacod and
Shiryayev, 1987; Lipster and Shiryayev, 1989; Protter, 1990, among others). We
emphasize that the asymptotic results obtained here are essentially due to the strong
law of large numbers type property for semimartingales (see Lipster and Shiryayev,
1989, for example). The L2-ergodic type results for martingales, discussed by Sundar
(1989), may be useful in the study of the control problem with the expected long-run
average cost, which is not included here.

The solution of the control problem considered in this paper is given in terms of
the solution to the system of algebraic and differential Riccati equations (3.1). The-
orem 3.1 concerning the existence and uniqueness of the solution for system (3.1) is

* Received by the editors July 9, 1992; accepted for publication (in revised form) March 2, 1994.
t Department of Mathematics, Statistics, and Computer Science, University of Illinois at Chicago,
Chicago, Illinois 60680.

1425



1426 TOMASZ R. BIELECKI

interesting in itself. At the very least it interprets the relationship between the alge-
braic Riccati equations corresponding to continuous and discrete time, as indicated in
Remark 3.2 and in §6. The “classical” relationship between continuous- and discrete-
time Riccati equations resulting from time discretization is reconfirmed by limiting
analysis of equations (3.1) (see §6).

We were inspired to consider a control problem incorporating different time scales
by some work on the semimartingale regression problem (Christopeit, 1986; LeBreton
and Musiela, 1988), where the time scales are modeled in terms of the predictable qua-
dratic variation process of a semimartingale. Control problems involving continuous-
time semimartingale dynamics were considered before in Foldes (1990), for example.
To the best of our knowledge, linear quadratic (LQ) control problems incorporat-
ing both continuous- and discrete-time scales in the system dynamics have not been
considered in the literature before.

Although we consider here only the ergodic linear-quadratic control problem,
the modeling methodology presented in this paper is applicable to a wider spectrum
of control problems. As a direct control application we see an application of our
methodology to a class of hybrid control problems which are attracting more and
more interest (see, e.g., Elliot and Sworder, 1992). A simple example of a hybrid
control problem that can be treated by methods presented in this paper is given in
§7. In this paper we treat neither a finite-time horizon problem, nor an infinite-time
horizon with a discounted cost criterion. These are for future research.

The paper is organized as follows. In §2 we describe the noise process. Section
3 introduces a system of differential-algebraic Riccati equations that plays a central
role in characterization of the optimal controls (as expected). The system of those
equations reduces to the well-known algebraic Riccati equations corresponding to the
continuous-time or discrete-time linear-quadratic control problems under appropriate
parametrization. Section 4 formulates a semimartingale driven linear-quadratic con-
trol problem and provides a solution to it. In §5 we point out how our control problem
relates to some other problems considered before in the literature. Section 6 contains
three limiting results. One of them reconfirms the classical relationship between con-
tinuous and discrete Riccati equations resulting from time discretization. Moreover
the result indicates that our approach allows for a “partial” time discretization, that
is, time discretization with respect to only some of the components of the state vector.
The other two limiting results analyze the effect on the control system of vanishing
discrete components (k3 — 0) and continuous components (k; — 0), respectively. In
§7 we provide a simple but illustrative example of a hybrid control problem and solve
it by our method. A few final remarks are formulated in §8.

Much of the notation used in the paper is taken from Jacod and Shiryayev (1987).
“T” denotes the transposition of a matrix.

2. The noise process. In this section we shall describe the noise process Z =
{Z;,t > 0} that will be appearing in the dynamics equation of the control model. We
begin with the following assumption about Z.

Assumption Al. Z is an n-dimensional locally square-integrable semimartingale
(Jacod and Shiryayev (1987), Def. 11.2.27) and a process with independent increments.
The underlying stochastic basis is (2, F,F, P) and it is supposed to satisfy the usual
conditions.

Let J denote the set of fixed times of discontinuity of Z, that is, J := {t > 0 :
P(AZ, # 0) > 0}, where AZ; := Z, — Z,_ is the jump of Z at time t, (AZy = 0).
As usual {B, C,v} will denote a triplet of predictable characteristics of Z with regard
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to some truncation function h. According to Theorem I1.4.15 of Jacod and Shiryayev
(1987) we also have, under Al, that the characteristics of Z are deterministic processes
and J = {t > 0: v({t} x R") > 0}. We will denote the stochastically continuous and
stochastically discontinuous components of Z by Z, and Z respectively. This means
that
Zt'—‘- Z AZS and Zt=Zt—Zt, tZO
0<s<t
seJ

From Proposition 11.1.16 of Jacod and Shiryayev (1987) we know that J is countable.
Denote elements of J by j,, n € I, where I is a countable index set. Also let e, := Z s
n € I, so that {€,;}ner is the embedded random sequence. Because of the control
problem we will treat in §4 we introduce the following two assumptions.

Assumption A2. (a) I = N*:={1,2,3,...}; (b) jp, =€n, e >0, n € N*.

Assumption A3. Both Z and {€n}nen~ have stationary increments.

Assumption A2(b) is not essential for the control-theoretic considerations to fol-
low. It will be used to simplify the presentation.

We will keep the usual notation for the measure of jumps of Z : p?. From the
above stated assumptions and the results of Jacod and Shiryayev (1987), Chapters I
and II, we infer the following.

PROPOSITION 2.1. Assume Al-A3. Then

(i) the canonical decomposition of Z has the form Z = Zg+ N1+ No+ N3+ A, where

Ny = Z° is the continuous martingale part of Z, No 1= (21jc % (u* — v) is the

stochastically continuous jump-martingale part of Z, N3 1= (z1) % (u* —v) is the

stochastically discontinuous jump-martingale part of Z, and A = B+ (z—h(z))*v
is a deterministic process.

(ii) the characteristics of Z are By = bt + (hly) * v, C; = ct and v(-,dt,dz) =
dtKo(dz)1 e (t) + K3(dz)1;(t), where b€ R™, c € L(R™,R™) and ¢ > 0, K, and

K3 are positive measures on R"™ satisfying K;({0}) =0, and k; := [ |z|*K;(dz) <

400, i =2,3.

(iii) Ny, Na, and N3 are independent and their predictable quadratic variation pro-
cesses are given by

(Nf,Nf) =Cij7
(NE,NJY = (2°27)1 e % v,

(N3, NI) = (2%29) 1 % v — Z/ziu({s} X dZ)/ZjI/({S} x dz)

fori,j=1,2,... ,n.

Proof. (i) The result follows from (2.30) and (2.39), Chapter II of Jacod and
Shiryayev (1987).

(ii) The result follows from (2.14), (4.16), and the result analogous to Corollary
4.19 of Jacod and Shiryayev (1987) applied to Z and Z, respectively.

(iif) This part of the proposition follows from (2.31) and (4.16) of Jacod and
Shiryayev (1987), Chapter II. [

As usual, we let (N;) = trace C, (N,) := trace(zzT)l e x v and (N3) :=
trace(227)1; * v denote the scalar predictable quadratic variation processes of N,
N3, and N3, respectively.

Remark 2.1. From now on we will assume (without loss of generality) that A =0
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and Zy = 0.
COROLLARY 2.1. Under conditions of Proposition 2.1 we have

Ni)e =t - trace c,
t

(N3)o = 0.
Remark 2.2. In fact, Ny is a Wiener process.

3. The Riccati equations. In this section we let A,B € L(R™,R"), E €
L(R™ R"), and F € L(RF,R"). Also let @1,Q2 € L(R™, R"), Ry € L(R™,R™),
Ry € L(R*, R¥), and Q1,Q> >0, Ri,Ry > 0.

In Definition 3.1 below we recall the concepts of Hurwitz and Schur stability of a
matrix, which we shall respectively call ¢- and d-stability with reference to “continu-
ous” and “discrete” time.

DEeFINITION 3.1. A quadratic matriz M is called d-stable iff its spectrum is con-
tained in an open unit disk. A quadratic matriz N is called c-stable iff its spectrum is
contained in the complez left open half-plane.

DEFINITION 3.2.

(a) A pair (B, F) is called d-stabilizable iff there exists H € L(R"™, R*) so that B +
FH is d-stable. A pair (B, F) is said to be d¥ -stabilizable iff there exists H €
L(R¥,R™) so that B + HF is d-stable.

(b) A four-tuple (A, E, B, F) is called cd-stabilizable iff there exist H, € L(R™, R™)
and Hy € L(R"™, R*) so that A(H,, Hy) is d-stable, where

A(Hy, Hy) := eATEH (B 4 FH,).

DEFINITION 3.3. A four-tuple (A,Q1,B,Q2) is called cd-detectable iff (Be?,
VBTeAT Q1eAB + Q) is dT -stabilizable.

Remark 3.1. Note that if (e, /eA” Q e4) is dT-stabilizable then (e?, /Qy), is
dT-stabilizable and consequently (v/Q7, A) is c-detectable, which means that there is
a matrix H such that AT + \/QT H is d”-stable.

Proof. This follows from the fact that Ker(v/M) = Ker(M) for any symmetric,
nonnegative semidefinite matrix M and from Proposition 3.1 in Wonham (1979). [

In what follows we will require more notation. Let ¢ > 0. Let P, : [0,¢] —

Li(R™ R") be a continuous function, where “+” denotes nonnegative semidefinite-
ness. Next define

P(e) := {P;,t € [0,€]},
Lt(é) = ._Rl—lETPf_t, Ll(P(E),G) = /‘6 Lt(f)dt,
0

Di(P(e),€) := €A+ EL(P(e),€), Diq(e):=A+ EL(e),
Lo(P(e),€) := —(FTP.F + Ry))"'FTP.B,
Dy(P(e), €) := B + FLy(P(e),€),

S(P(e),€) := / els DL QT L LT (e)RyLc_s(€)]els Dl u(edtygy
0

Bp(e),e) = D3 (P(e),€)S(P(e), €)D2(P(e), €)) + Q2 + L (P(e), €)Ra L2 (P(e), €),



THE LINEAR-QUADRATIC CONTROL PROBLEM REVISITED 1429

and

Ap(e)e) : L(R", R™) — L(R",R™)
given by
‘A('P(e),e)(K) = Dg(’P(E), 6)6D1T(P(E)’€) Ke’Dl(P(f%f)Dz (P(C), 6).

Consider the following system of Riccati equations, which we will call a cd-Riccati
equation:

Ap(e),e) (R) + Bepe),e) = R,
(3.1) P, =Q1+ATP, + PA— PER'ETP,
Ph=R, te [0,6].

Observe that
(3.2) P, = eP{ (P9 ReP1(P(9) 4 S(P(e), ).
Therefore the first equation in (3.1) can equivalently be written as
(3.3) (B+FLy(P(e),€))" Pe(B+FLy(P(e), ) + Q2+ L3 (P(€), ) RaLa(P(e) €) = R.

Remark 3.2.
(a) If we assume that B=1,0or B= —[, F =0, Q2 =0, and P, = const, t € [0, €],
then (3.1) reduces to the following algebraic Riccati equation;

0=Q; +ATR+ RA - RER;'E"R,
(c-ARE) P, =R, t€[0,€.

We call the above equation c-ARE because it is related to the continuous-time
linear-quadratic control problem (see Davis (1977), p. 185).

(b) If we assume that A =0, £ =0, Q; = 0, and € = 1 then (3.1) reduces to the
following algebraic Riccati equation,

R=BT[R - RF(FTRF 4+ Ry)"'FTR]|B + Q,
(d-ARE)
P, =R, t€[0,1].

We call the above equation d-ARE since it is related to the discrete-time linear-

quadratic control problem (see Bertsekas (1976), p. 355).

In Theorem 3.1 below we shall consider equations (3.1) for € = 1 only. The result
is true for any € > 0, as can be easily deduced from the proof of the theorem. We will
use a simplified notation by omitting € = 1 from the above definitions. So, for example,
we will write P instead of P(1), L, instead of L;(P(1),1), Ap instead A(p(1),1), ete.

We note that Theorem 12.2 of Wonham (1979) and Proposition on page 75 of
Bertsekas (1977) are special cases of Theorem 3.1.

THEOREM 3.1. Lete = 1. Assume that (A, E, B, F') is cd-stabilizable and (A, Q,,
B, Qo) is cd-detectable. Then there exists the unique solution (R,P) to (3.1) such that
R>0, P, >0 fort€[0,1], and A(L1, L2) is d-stable, where L; := L;(P), i = 1,2.

Proof. See Appendix 1.
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4. Linear-quadratic stochastic control problem. We begin with introduc-
ing the dynamics of the controlled process first:

dl‘t = (th_ + E”Ut_.)d<M>t + (E(Et_ + ﬁ'ut_)d<N)t
(41) +dZt1 To=uw, t > Oa

where M = N; + N3, N = N3. The admissible control processes u. := {u, ¢t > 0} and
v.:= {v,t > 0} are supposed to satisfy the following conditions:
e They are non-anticipating w.r.t. Z,

o There exists a weak semimartingale solution to (4.1) in the sense of Jacod (1979)
Chap. XIV,

llze )12
¢

e lim; . =0, a.s.,

o Timyoo 2 f(lasll? + Jlus|? + JJvs]?)ds < +o00, as.
The class of admissible controls is denoted by U,q. The cost functional will be given
in terms of (T > 0)

CT(U Uu. CE [let y Ly— >

(Rlvt---,vt—>]d<M>t
+/Of[<@2$t—71‘t—>
+ (Eut“7ut_ >]d<N

We want to show the existence and characterization of optimal controls, that is,
admissible controls u?. and v°. such that for all v.,u. € U,q and = € R™ it holds that

C°.,u°., 2) < C(v., U, T),

where
— 1
Clv.,u.,z) = Th_r»noofCT(v.,u.,x).

In the above descrlptlon of the control problem we have supposed A Be L(R™, R™),
E € L(R™R"), F € L(R*,R"), Q) and @, are in L(R",R"), and Q1,Q2 > 0,
R, € L(R™,R™), Ry € L(R’C R*), and Rl,R > 0. Throughout this section we let
ky = k2+tracec A= k]A E = klE B = k‘gB+I F = k3F Q1 = lel,
Q2= ngg, Ry := klRl, and Ry := k3Ro The following assumptions will be used.

Assumption A4. (A, E, B, F) is cd-stabilizable.

Assumption A5. (A,Q1, B,Q2) is cd-detectable.

Fix € > 0. Let (R, P) denote the solution to (3.1) with ¢ substituted with kst and
P, changed to k3,Pk3t, t € [0,¢€]. Define I1; : [0,00) — L(R", R") by

Mots = Ple_org 5 €[0,6), n=0,1,2,....
Remark 4.1. Note that
l;It = ‘_k31=3(en——t)k3 = '“'Ql - ATﬁ(en—t)kg - -f)(en—t)kaA
+ P(en_t)kgERI—IETP(en—t)kS
=-Qi - ATIl, - A+ ILER;'E™TI,
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fort € [en,e(n+1)), n=0,1,2,....
Also let P := ¢! fol Idt = ¢! fol Pk dt. Define controls (u°.,v°.) by

(42) 'U? = /_\tl't, ’U,(t) = AQ.’L't,

where
Ay = -R{'ETIL, Ay := —(FTI,F + Ry) ' FT1I,B

fort > 0.
We will need one more assumption.
Assumption A6. [ |z]*Ks(dz) < +o0.
THEOREM 4.1. Suppose assumptions Al1-A6 are satisfied. Then we have the
following:
(a) The definitions (4.2) are correct: there exists a unique, strong, semimartingale
solution to (4.1) with (v°.,u°.) in place of (v.,u.),
(b) The controls (v°.,u°.) are optimal,
(¢) C(P.,u0.,z) = e trace(c + koI)P + e~ Ltrace ksIly for all z € R™.
Proof. (a). It is enough to note that (M) and (V) are special semimartingales
and apply Theorem V.3.7 of Protter (1990).
(b). We will use the standard comparison method.
Step 1. Let us first observe the following:
e Forallze R*andt >0
min (27T, Ev + vT ETTLz + 0T Ryv) = 2T TL,ERT ' ET Tz = —2" T, EAx,

vER™

where the minimum is realized by

e For each z € R™

min [T FTTyBx 4+ 2T BTTlgFu + uT FTTy Fu + uT Ryu)
ue

= 2T BT F(FTII,F + Ry)™ ' FT1IyBx
= 2T AL(FTIGF + Ry) Aoz
and the minimum is realized by

Ou:= Asz.

Step 2. Now let (v.,u.) € Uyq be an arbitrary pair of admissible controls. From
Lemma A.3.1 of Appendix 3 it follows that (v°.,u%) € U,q. Consider the function
V :]0,00) x R® — R given by

V(t,z) =z M,z

Upon application of Ito’s rule for semimartingales (Jacod and Shiryayev (1987), Thm. [.4.57)
to V' we obtain, for ¢t > 0,

(4.3)
t
eI M, — Tz = / [mg_ II,- Az, -
o+

+ 2l - Bvy- + 2T AT~z + oL ETT -z, |d(M),
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t
+ / [¢T_T,- Bz, + 2T T,- Fu,- + 2 BT, z,-
0

+

+ul FTTI,-z,]Jd(N),
t t
+2/ xsT_Hs-dZs+/ ol dll -
ot ot

t
+ / trace [1;-cds
0o+

+ Z (2T Tas — 2T M-z, — AT,

0<s<t
seJ*¢

— ol - Az — 2T ATl z,}
+ Z {(Bxen“ + Ften- + ANen)Tnen(Bl'en“ + Ften- + ANey,)

O0<en<t
T T
- xen—Hen*xen_ - (Bxen' + Fuen“ ) Hen“men—

- JJ’ETH_ - (Bmen“ + Fliep- ) - ffzn Anenxen— }

t ~ ~
= —/ [T Qizs- — v Ryvg-]d(M),
0

+

t
+ / (2T M,- Eve- + v ET,-2,- + 0T Ryv,-
0

+
+al - ERT'ETIL,- - 1d(M),
+ Z {aT T zs — 2T TM,-z,- — AzTT,-z,-

0<s<t
seJ¢
¢
— 2zl ,- Az} + / trace II,-c ds
o+

t
-—/ [l‘z_ngﬂs— +U’£_R2u3—]d<N>5
0

+

t
+ / . [zT BT, Fu,- + v FTI,Bz,- + vl FT,Fu,-
0

N)s
+ull Rous — 2T AT(FTTI,F + Ry)Aox,] d<k3>
t t
+2 / [T BT, + T FTIL,)dN, + 2 / 2L 0,-dz,

t
+ / dNTTI,dN,
0

+

9
= Z I;, as.
i=1

Note that from Step 1 it follows that I? > 0 and I > 0, t > 0. As in Theorem 3.6.1
of Lipster and Shiryayev (1989) we have

I} = (2TH2)1ge % (p* — v)p + (2TT02) 1 e % 1y

and note that in view of A6 the process (; := (27TIz)1 e * (u* — v); is a locally



THE LINEAR-QUADRATIC CONTROL PROBLEM REVISITED 1433

square-integrable martingale with predictable quadratic variation process

i
Q= / (2TT,2)21 e ds K (dz).
0+ JRn

Taking the above remarks into account we obtain from (4.2) the following, ¢ > 0,

(4.4) eI Mz, — 27Tz + Ci(v., u., x)
t

> (ZTHZ)lJc * Uy + / trace Il;-c ds
[tha

t

+ [ dANITLdN, + ¢ + py + &, ass.,

o+
where .
P =2 / [T BT, + ul. FTTL]dN,

0+
and & =2 fg+ xz;_ 15— dz, are locally square-integrable martingales. Since (Il;)¢>o is
periodic we have lim; oo 1 (27 T12)1 e %1y = €™ katrace P and lim;_.o : fot+ trace Il;-cds =
e~! trace Pc. Applying ergodic theorem to ¢; := fot + ANTTI,dN, we get lim;_ o %cpt =
€ k3 trace I, a.s. Also, it follows from the results of Lipster and Shiryayev (1989),

§2.6, that lim oo $¢¢ = limy—oo o1 = limy—.c 1§ = 0, a.s. Therefore from (4.4) we
conclude that

(4.5) C(v.,u.,x) > e 'trace (c + koI )P + ¢ 'kIy, a.s.
Using considerations analogous to the ones above, it is straightforward to show that
(4.6) C(°.,u.,z) = e 'trace (c + koI )P + e 'KII, a.s.

This concludes the proof of (b).
(c). This result follows from (4.5) and (4.6). I

5. Some special cases. In this section we will shortly demonstrate that Theo-
rem 4.1 encompasses solutions to some “classical” stochastic linear-quadratic control
problems.

Case 1 (continuous time system driven by Wiener process). Using our notation
this case corresponds to

ko =0, ks =0.

For a problem of this type see, for example, Davis (1977).
Case 2 (continuous time system driven by Wiener and Poisson processes). This
corresponds to

ks = 0, N3 equivalent to a Poisson process.

Note that in case of a Poisson process Assumption A6 is automatically satisfied. For
a problem of this type see, for example, Wonham (1970).

Case 3 (continuous time system driven by a Poisson process). This case corre-
sponds to

¢ =0 and k3 =0, N3 equivalent to a Poisson process.

For a more general model of this type (including the multiplicative noise components)
see, for example, Li and Blankenship (1986).
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Case 4 (discrete time system driven by a sequence of independent random vari-
ables). In our terminology this case corresponds to

Cc= 0, kz = 0.
For a problem of this type see, for example, Hall and Heyde (1980).

6. Three limiting results. Let us consider equations (3.1) with A, B, E, F, @1,
Q2, R1, Ry as in §4. We also require that k3 is changed to eks in the definitions of
B, F,Q2, and Ry, that time index ¢ is substituted with k3t, and that P, is changed to
k3Pk'3t-

In this section we shall analyze the behavior of equations (3.1) in the present
setting when (i) € tends to 0, (ii) k3 tends to zero, and (iii) k1 tends to zero. Note that
the first case corresponds to “increasing frequency of the discrete time component.” A
“classical” prototype of it has been considered before in the context of approximating
of a continuous-time linear-quadratic problem with a sequence of discrete-time linear-
quadratic problems (see Whittle, 1983, Ex. 1, p. 209, for example). The second
case corresponds to vanishing of the discrete-time component, and the third case
corresponds to vanishing of the continuous-time component of the system.

Case i. Assume A4 and A5. Also assume that (A + k3B, [E F]) and (AT +
k3BT, \/Qi + Q2) are c-stabilizable pairs. Denote by (R(e, ki, ks), P(e. k1, k3)) the
solution to (3.1). Then, using (3.1)-(3.3) and some algebra, it can be shown that

(61) 3%(R(6, k], k),P(G, kl, k‘)) = (P(O, kl, kg), ID(O7 kl, kg)) ,

where P(0, k1, k3) is the solution to

(6.2) Q1+ Q2+ (A+ ksB)TP + P(A + k3B)
Rt 0 T
-—P[EF]( . REI)[EF] P=0.

Ezample (partial time discretization). Here n = 2, m =k = k; = k3 = 1. We

also let
~ a b ~ e ~ 0 0 ~ 0
A= (5 0) 2=(5). 2=(2 ) 7= (3)
~ _(q O ~ (0 0
Ql-(ol 0),Q2—(0 q2>’

R1=7‘1, R2=’I‘2.

This parametrization corresponds, for example, to a partial time discretization, with
time step e, of the following control problem (here we are using notation z(¢) and u(t)
instead of z; and u;):

(6.3) Minimize

B [ (3 2) (200 (3 2) (210)}

subject to

dzi(t) = (az1(t) + bxa(t))dt + euy (t)dt + dw (t),
dza(t) = (cx1(t) + dza(t))dt + fua(t)dt + dwa(t),



THE LINEAR-QUADRATIC CONTROL PROBLEM REVISITED 1435

where w; and w, are standard one-dimensional Brownian motions.
In this case “partial time discretization” means time discretization with respect
to the second state component x5(t). The partially time-discretized problem is
Minimize
T N
lim 77! / (qlxie(t) + riu (¢)?) dt + €7 ]\}imoo N1 Z(qux%yé(n) + ergugye(n))
O —

T o0
n=1

subject to

dzy (t) = (az1,e(t) + bxg(n))dt + euy (t)dt + dwn (2),
t € [en,e(n + 1)),
Zae(n+ 1) = ecxy(en) + (€ + 1)dxa(n) + eug (n) + (wa(e(n + 1)) — wa(en))
n=0,1,2,....

Here, the limiting equation (6.2) coincides with the algebraic Riccati equation corre-
sponding to the original problem (6.3).

We believe that our methodology will allow for time discretization of continuous-
time control problems using various time steps for various components of state vector,
if necessary.

Case ii. Assume A4 and A5. Then

(6.4) lim (R(e, by, ka), Ple, b, ks)) = (Ple, k1, 0), Ple, 1,0)) |
B
where P(e, k1,0) = {P, = P(e, k1,0),t € [0,€]} and P(e, k1, 0) is the solution of
(6.5) 0=Q,+ATP+ PA—-PER'ETP.
Case iii. Assume A4 and A5. Then
(66) klimo(R(e, kl 5 k3)a P(€7 k"l, k3)) = (P(G, 07 k3)7 7)(6» 07 k3)) 5

where P(¢,0,k3) = {P; = P(e,0,k3),t € [0,€]} and P(e,0, k3) is the solution to
(6.7) P=BT[P-PF(FTPF +Ry))"'FTPIB+Q, .

7. A simple hybrid control problem. Consider the following special form of
the control problem considered in §4.
System dynamics
dzy = ypdt + dwy, t € [n,n+ 1),
Yntl = Yn + Up + €, = 0,1,2,...
o=, Yo=Y,
where z;,y, € R, (wt)e>0 is a standard Brownian motion in R', and (e,)5%, is
an independently and identically distributed (i.i.d.) sequence of Gaussian random

variables with mean zero and variance one.
Cost functional

T
_C“(H,,(x,y)):len—;cT“l/o (z7 + ;) dt

where T = uy, t € [n,n + 1).
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The point here is that a continuous-time subsystem corresponding to z; is con-
trolled via a discrete-time subsystem corresponding to y,. Using results of §4 we
compute optimal controls

o 1+VI13

Ul = ————yy, n=0,1,2,...,
n T T vt
and the optimal cost
_ 29 + 3v/13
O, @) = —— -

8. Concluding remarks. We refer to the control problem considered in §4 as
to the “backward problem.” The “forward problem” for which the cost functional is
given in terms of

¢ t
{/ [2.Q1zs + VLR vs)d(M), +/ [z} Q,xs + ué.ﬁgus]d(N)s}
0 0

can be studied in the similar way as the “backward problem.”

Our formulation of the linear-quadratic stochastic control problem does not allow
for a direct consideration of a deterministic linear-quadratic control problem, one of
the reasons being that the time scales in (4.1) would vanish for k; = 0 and/or k3 = 0.
An obvious reparametrization will allow for including a deterministic situation in the
model (4.1) as well. We have not done that in order to keep the calculations easy.
Note that equations (3.1) are serving both deterministic and stochastic situations, as
in the “classical” case.

It is still an open question under what nontrivial conditions on the parameters
there exists a stationary distribution for (z9);>0. We have some preliminary results
for the noncontrolled case corresponding to the one considered by Zabczyk (1983).

In a subsequent paper we shall consider implications of the approach taken here for
control and identification of general (multiple time scales) ARMA models represented
via a certain integral transform that is given in terms of the predictable quadratic
variation process of the driving semimartingale noise.

Acknowledgments. I would like to thank the referees for their valuable re-
marks, which helped me improve the first version of the manuscript.

Appendix 1. In this appendix we prove Theorem 3.1. We will need the following
three technical results, which are counterparts of Theorem 3.6 ii) and Lemmas 12.1
and 12.2 of Wonham (1979).

LEMMA A.1.1. IfQ > 0 and B is d-stable then the equation

BTRB+Q =R

has a unique solution R and R > 0.

Proof. R=3;2,(BT)*Q BX. ||

LEMMA A.1.2 (d-Liapunov criterion). Suppose R > 0, Q@ > 0, (B, /Q) is dT-
stabilizable and BTRB + Q = R. Then B is d-stable.

Proof. We have

k—1
R=(BT)*RB*+) (BT)'QB', k>0.

=0
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Assume B is not d-stable and let A be an eigenvalue of B with |)\[ > 1, and X the
corresponding eigenvector. We have XTRX = ])\|2’“XTRX +3 |/\]°’||\/Q X||2
This means that |A| = 1 and /QX = 0. Let K be a matrix such that B+ K\/Q
is d-stable. We see that A and X are respectively an eigenvalue and corresponding
eigenvectors of B + K+/Q. This is a contradiction. M

LeEMMA A.1.3. Assume that the four-tuple (A, Q1, B,Q2) is cd-detectable. Let
G :[0,1] — L(R"™, R™) be continuous. Let G := fol Gsds and M >0, N >0, & > 0,
L be arbitrary matrices of appropriate dimensions. Then the pair

((B + L)elAt 9,

1
JQQ +ILTNL+®+ (B+L)T [/ et (A+C1-9Tds() 4 GT | MGy_)elo (A+C1-:)ds gy
0

(B + L))

is dT -stabilizable.
Proof. It will be shown in Lemma A.2.1 of Appendix 2 that

1
Ker/ eJL,‘(A+Gs)TdS[Q1 + GtTMGt]efg(A+Gs)dsdt
0

1
C Ker eAT/ (Q1 + GT MGy)dte?.
0

Therefore we have the following chain of inclusions,

Ker\/Qa + LTNL + ®

0

1
\/+(B+L)T [/ 6ftl(A+Gl—s)Tds(Ql +GT__tMGl_t)eftl(A-i-Gl»—s)dsdt:l (B+1L)

1
C Ker\/Qz + LTNL + BTeATQ,eAB + (B + L)TeA” / GTMG.dteA(B + L)
0

C Ker\/Q2 + BTeATQeAB N Ker(—L) N Ker(e“B — et B)

c Kef(\/Q2 + BTeATQeAB — eAtCL + eAB — A4 B).

Let K be such that e B + K+/Q2 + BTeA”Q,eAB is d-stable. In view of the above
inclusions we conclude that there exists matrix K such that

eMEB+1L)
+K\Q:+LTNL+ @

1
\/+<B +L)T [ / el (AHC1I-)Tds () 1 GT_ MGy _y)el! “‘*G‘”‘“dtJ (B+1)
0

= B+ K\/Q:+ BTeATQieAB. |
Proof of Theorem 3.1.
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Step 1. Let R > 0. Consider the control problem
J(zg, R) = min J(xg, u,v., R)

U,

where

1
I(oosu,v. B) i= 2 Qazo+ T Rou +yT Run + [ (7 Quy. + o7 Ruv,)ds
0
subject to
r; = Bxg+ Fu,
Yt = Ay + Ev,
Yo = T, te [07 l]
It can be easily verified that
J(zo,R) = 2 |BTP,B+ Qs — BTPF(FTP,F + Ry)"'FT P, B]xy,
and the optimal controls are
U: 1= Lt("P)yt, t e [O, l],
u* = LQ(P);I(),

where P corresponds to R in the sense that P = P;,t € [0,1] solves the differential
equation in (3.1) with Py = R.

Step 2. (a) Choose L§ := {L!, t € [0,1]} and L} so that A(L!, L) is d-stable.
Here L} := [01 Lldt.
(b) Having chosen (L3, L}),... (L&, L), obtain R* > 0 from (use Lemma A.1.1)

1 ~ P e
AT (L L RFA(LE, 1)+ [ el pE o

(@ + (LA )T RiLE_ Jels (A EE- 0t s 1 Q, + (LE)T R L = R

In the above L¥ := fol Lkdt. Note that with regard to the control problem of Step
1 we have «f RFxo = J(xo,uk, v*., R¥), where

uF = LExg, vF = Lhy, te [0,1].
(c) Obtain P**+1 .= {PF*! ¢t €[0,1]} from

PftY = Qq+ ATPf 4 P A - PFH ERTET PR,
(A1) . .
Py =R, tel0,1]

and define
L= _RTYETPEY te0,1],
L12€+1 = __(FTP1k+1F + Rz)—lFTP{C+IB.

Remark A.1.1. Incase B=1,Q2 =0, F =0, and P, = const, t € [0, 1], consider
(A.1.1) as

0= Qi+ (A+EL}Y)TR* + R*(A + EL}) + (L) R L}
and Lk = L;, s € [0,1].
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Note that with regard to the control problem of Step 1 we have
2T (BT PF+1 B+Q,— BT PFH F(FT P F 4 Ry) = FT PF+1B) 2y = J(wo, R¥) < 2T RE .
After letting K := BTPiB + Qo — BTP}F(FTP}F + R;)~'FT P{ B we then have
K+l < RE.
Now note that
Apii1 (R*) + Bprar = KFHY — R 4 RE,

Therefore, in view of Lemmas A.1.2 and A.1.3 we conclude that A(L¥*!, LET1) is
d-stable. Obtain R¥*! from

Apki1 (RFY) + Bprss = RML
and note that
AT (LK1 LE+1y(RE+T Rk)A(Lllc+1,L120+l) 4+ KR+l _ Rk — pk+1 _ gk
Henceforth we have
0 < R*! < Rk,
Thus there exist limits

0<R= lim R’c

k—oc

0<P = Jim PF, t€0,1],
e

and the pair (R,P) satisfies (3.1), where P := {P,, t € [0,1]}. Again by Lemmas
A.1.2 and A.1.3, we conclude that A(Lq, Lo) is d-stable.
Uniqueness of (R, P) follows from the following argument. Let (R, P) be another

solution to (3.1) such that R > 0 and P, > 0, t € [0,1]. In view of the control problem
analogous to the one considered in Step 1 we have

A75(R + 375) <R
Therefore it holds that
Az(R-R) < R-R,
and since A(L;, Lo) is d-stable (Lemmab A.1.2 and A.1.3 again) we obtain that R-R>
0. Similarly we get that .Ap(R R) < R — R and therefore R — R > 0. 1

Appendix 2.
LEMMA A.2.1. In the notation of Lemma A.1.3 it holds that

1
fer / eloHCT s, 4 GT MG leloA+G " d
0

1
C Ker eAT/ (Q1+ GTMG,)dt e?.
0

Proof. Consider the dynamic system

Ty = (A + Gt)Zt,
rg=0,t€ [0, 1},
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and the functional
1
I= / 2T(Q1 + GTMG,)z,ds.
0

Note that I = 0 implies Gsz5 = 0 for almost all s € [0,1] and therefore

1 -
0= xg/ etAI (Ql + G{AfGt)etAdt Zo.
0
This implies that
:cgetATQl(tkAk)mo = mgetATGtAIGt(tkAk)xo =0

for k > 0 and almost all t € [0,1]. Thus we obtain

1
0=aTleA” / (Q1 + GTMG,)dte?zy. [
0

Appendix 3.

LEMMA A.3.1. Under the assumptions of Theorem 4.1 the pair of controls (v°.,u°.)
defined in (4.2) is admissible.

Proof. Let (2?):>0 be the unique, strong, semimartingale solution to (4.1), under
(v0.,uY.), that exists according to Theorem 4.1(a). It remains to show

=1 (" o2
(A.3.1) tl—lglo?/o lzsl|*ds < 400, a.s.
and
L op2
(A.3.2) tlirgo Zth I*=0, as.

It is enough to consider the stochastic sequence {yn}n>1 wWhere y, = xg_, n>1.
Note that
Ynt1 = A(A1, A2)yn + €n,

0
Y1 =Ty, nz 17

where A; = fl A.dt and

n+1 B
en 1= / s T ATERYdE Ny GAYEMAN, n > 1.
n

Since A(A1, A2) is d-stable (Theorem 3.1) we conclude, upon applying the strong law
of large numbers for martingales (Lipster and Shiryayev (1989), Thm. 2.6.1), that

2

S
n—0o0 n

which in turn implies (A.3.2).
Since A(A1, Ag) is d-stable then there exists a positive definite matrix G such
that

AT (A1, A)GA(ALL Ag) +21 =G
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(compare Lemma A.1.1). Next note that, for n > 1,

Ym1GYns1 = Un AT (A1, A2)GA(A1, Ag)yn
+ QyZ.AT(AI,Ag)Gen + eZGen
< Y Gyn — llynll® + 2yF AT (A1, A2)Ge,
+ eZGen, a.s.

Therefore we have

n
UEGyns1 + 3 lluell® < uf Gy
k=1

+2> Y A(A1, A2)Gey

k=1
n
+ Z elGe,, as.
k=1

Invoking the law of large numbers for martingales again, we finally obtain

LS wl? :

nggJ;EZHka < +00, as.,

k=1

from which (A.3.1) follows. [
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