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Abstract

The paper deals with the modeling of mutually dependent default times of several credit
names through the intensity-based approach. We extend to the case of multiple ratings some
models results due to Kusuoka (1999) and Jarrow and Yu (2001). The issue of the arbitrage
valuation of related basket credit derivatives is also briefly examined. We argue that our ap-
proach permits in some cases to reduce significantly the dimensionality of the valuation problem
at hand.

1 Dependent Intensities of Default Times

In the case of mutually dependent defaults, it is natural to assume that the default probability
of a certain entity increases as soon as a related firm defaults on its obligations. Within the so-
called reduced-form approach to the modeling of credit risk, this kind of dependence is reflected
in the jump of the default intensity of a given firm at the default time of another entity. This
specific method of modeling mutually dependent default times was examined by, among others,
Schmidt (1998), Kusuoka (1999), Jeanblanc and Rutkowski (2000, 2001), Kijima and Muromachi
(2000), Schonbucher and Schubert (2000), and Jarrow and Yu (2001). We present few results, which
generalize the valuation formulae for corporate bonds obtained in the recent paper by Jarrow and
Yu (2001). We focus on the modeling of mutually dependent default times and credit migrations
of several credit names through the intensity-based approach. Although most presented results
remain valid for a finite number of reference entities, for the sake of expositional clarity, we shall
first concentrate on the special case of two reference entities. Subsequently, we shall present results
concerning the general set-up; that is, the case of several entities and multiple ratings.

We shall argue that for some contracts the calculations can be reduced to the familiar results
concerning the case of conditionally independent random times through a judicious choice of an
equivalent probability measure. Finally, it should be stressed that in our approach the migration
process can also be seen as a standard Markov chain (or a conditional Markov chain). However, for
large pools of obligors the dimension of the state space of the corresponding joint migration process
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is excessively large. Thus, direct application of standard tools from the theory of Markov chains
becomes problematic, as it is computationally infeasible.

1.1 Jarrow and Yu (2001) Approach

Kusuoka’s (1999) counter-example, examined in some detail in Jeanblanc and Rutkowski (2000),
shows that the modeling of the counterparty risk in default-risk sensitive contracts constitutes a
rather delicate issue. Jarrow and Yu (2001) argue that some difficulties can be circumvented through
a judicious choice of reference filtrations. To explain the ideas that underpin their approach, we start
by assuming that there are n firms in the economy; they are also informally referred to as ‘coun-
terparties’ in the sequel. Jarrow and Yu (2001) propose to make a distinction between the primary
firms and the secondary firms. The former class encompasses these entities whose probabilities of
default are influenced by macroeconomic conditions, but not by the credit risk of counterparties.
The pricing of bonds issued by primary firms can be done through the standard intensity-based
methodology; in particular, it is natural to introduce in this context the state-variables process Y,
representing the macroeconomic factors. Thus, it suffices to focus on securities issued by secondary
firms, i.e., firms for which the intensity of default depends on the status of other firms.

To circumvent the issue of the mutual dependence of martingale intensities, Jarrow and Yu (2001)
postulate that the information structure is asymmetric. Specifically, in their assessment of default
probabilities investors take into account the observed defaults of primary firms, but they deliberately
choose to disregard eventual defaults of secondary firms. Such an assumption is supported by real-life
financial arguments of two kinds.

First, a secondary firm may be seen as a financial institution that has a long or a short position
in the debt of a primary firm (e.g., a large corporation), so that the likelihood of its default depends
on the status of this corporation. It is natural to assume that the situation is not symmetric, and
the default probability of a primary firm depends only on macroeconomic factors.

In the second plausible financial interpretation, a primary firm may be seen as a large corporation,
and a secondary firm as one of many relatively small dependent manufacturers. For instance, a large
firm can be a major supplier for several small manufacturers, or there may be a lot of small suppliers
for a large corporation.

The following set of assumptions underpins Jarrow and Yu (2001) approach.

Assumptions (JY) Let Z = {1,...,n} represent the set of all firms, and let F = (F;) ;>0 be the
reference filtration generated by the relevant ‘macroeconomic factors’. It is postulated that:

e for any firm from the set {1,...,p} of primary firms, the ‘default intensity’ depends only on
the reference filtration F,

e the ‘default intensity’ of each firm from the set {p + 1,...,n} of secondary firms may depend
not only on the filtration F, but also on the status (default or no-default) of the primary firms.

The construction of the collection of default times 7q,...,7, with the desired properties runs
as follows. In the first step, we assume that we are given a family of F-predictable intensity pro-
cesses A,..., AP, and we produce a collection 71, . .. , Tp of F-conditionally independent random times
through the canonical method (see, e.g., Section 9.1.2 in Bielecki and Rutkowski (2002)). Specifically,

we set .

Ti:inf{tem:/)\gduzm}, (1.1)
0
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where 7;, ¢ = 1,...,p are mutually independent, identically distributed, random variables with unit
exponential law under the martingale probability Q*.

In the second step, we assume that the underlying probability space (£2,G,Q") is large enough
to accommodate a family n;, i = p+ 1,...,n of mutually independent random variables, with unit
exponential law under Q*, and such that these random variables are independent not only of the
filtration I, but also of the already constructed in the previous step default times 7q,...,7, of
primary firms.

The default times 7;, 7 = p + 1,...,n are also defined by means of equality (1.1). However, the
‘intensity processes’ A’, i =p+1,...,n are now given by the following generic expression:

p
7 7 7,1
No= i+ > v <y, (1.2)
=1

where ! and v*! are F-predictable stochastic processes. If the default of the j* primary firm does
not affect the likelihood of default of the i'! secondary firm, we set v/ = 0 in (1.2).

We introduce the jump process H} = Iyr, <4y for t € Ry, and we write H' = (M) >0 to denote
the natural filtration of the process H'. Let G = FVH! V.. .VH" stand for the enlarged filtration, that
is, the smallest filtration encompassing filtrations H', ... ,H" and F. This means that G = (G;) s>0,
where G, = o(Fy, Hi, ..., H?). Similarly, let F=FVHP™ v...VH" be the filtration generated by
the ‘macroeconomic factors’ and the observations of default times of secondary firms.

It is worthwhile to mention that:

e the default times 71,...,7, of primary firms, as given by (1.1), are no longer conditionally
independent when we replace the reference filtration F by the larger filtration F,

e for each primary firm, its default intensity with respect to the filtration F differs from the
corresponding default intensity A" with respect to IF, in general.

The last observation indicates that the processes A!, ..., AP do not represent the conditional probabil-
ities of survival, unless we disregard the information flow generated by default processes of secondary
firms. Put another way, a one-way dependence in default intensities is not possible. If the intensity
of default of firm A jumps at the time of default of firm B, a similar effect will show up in the default
intensity of firm B at the time of default of firm A. Of course, the concept of default intensity heavily
depends on the choice of filtration.

1.1.1 Case of two firms

To clarify the last statement, we shall examine in detail a special case of the Jarrow and Yu model.
We consider only two firms, A and B say, and we postulate that the first one represents a primary
firm, while the second is a secondary firm. Let the F-predictable process A! represent the F-intensity
of default for firm A. The default time 7, is given by the standard formula

t
leinf{t€R+:/)\idu2n1},
0

where 7, is a random variable, independent of the filtration F, and exponentially distributed under
the martingale probability Q*. For the second firm, the ‘intensity’ of default A? is assumed to satisfy

2,1
)‘? = ,U/? + 1 ]]-{Tlgt}a
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where 12 and v?! are positive, F-predictable processes. We set

t
T2=inf{t€R+t / )\iduzng},
0

where 72 is a random variable with the unit exponential law under Q*, independent of F, and such
that 1; and 79 are mutually independent under Q*. From the construction above, it is apparent that
the following properties are valid:

e the process A\!' represents the intensity of 7; with respect to the filtration F,
e the process A2 represents the intensity of 7o with respect to the filtration F v H!,

e the process A\! does not represent the intensity of 71 with respect to the filtration F V H? (see,
e.g., Kusuoka (1999)).

We shall now apply the present setup to the valuation of corporate bonds. To this end, we
assume that we have already specified some arbitrage-free model of the default-free term structure.
In particular, we are given a filtered probability space (Q,IF,]P’*), where P* is the spot martingale
measure for the Treasury bonds market. As usual, we denote by B(¢,T') the price at time ¢ of a unit
zero-coupon Treasury bond which matures at time T' > ¢.

To obtain closed-form representations for the values of corporate bonds, in addition, we postulate
that A\j = A for some strictly positive constant A1, and A\* equals A7 = A+ (a2—A2) 1+, <4}, for some
strictly positive constants Ao and as. Notice the size of the jump of the process A% at the random
time 71 may be either positive or negative, depending on the specific financial interpretation.

To construct the default times 7 and 75, we enlarge the probability space in a standard way, so
that we end up with the enlarged probability space (Q,G,Q"), and the two mutually independent,
exponentially distributed, random variables 1,72 that are also independent of the filtration F under
Q*. As usual, we shall write G; = F; V H} V H7 for every t € R,.

For any date T' > 0, we shall also introduce the forward martingale measure Qp associated with
Q. To this end, recall that under the spot martingale measure P* (and thus also under Q*) the
dynamics of the price process B(t,T) are:

dB(t,T) = B(t,T)(ry dt + b(t,T) dW),

where the volatility b(-,T) follows an F-progressively measurable stochastic process, and W* is a
standard Brownian motion with respect to F under P* (W* is also a standard Brownian motion
with respect to both F and G under Q*). The probability measure Qp is given on (2, Gr) through
the Radon-Nikodym density

dQr
dQ*

In view of the assumed independence, it is clear that the random variables 11,72 have identical
probabilistic properties under the spot martingale measure Q* and under the associated forward
martingale measure Q7. For the sake of concreteness, we shall assume that the bonds issued by the
firms A and B are subject to the fractional recovery of Treasury value scheme with constant recovery
rates 01 and ds, respectively. For other types of recovery schemes, the foregoing results need to be
modified in a suitable way.

T 1T,
gT:eXp(/O b(u,T)qu—§/0 b(u,T)du), Q"-as.
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Let us first report the results obtained by Jarrow and Yu (2001). They show that at any date
t < T the bond issued by the primary firm has the following value:

Dy(t,T) = B(t,T) (61 + (1 — 61)e T D1, ). (1.3)
This valuation formula is rather obvious when it is postulated that
Dy(t,T) = B(t,T)Eq, (I{r,>7} + 61l(r <1y | Fe VH]),

that is, when the status of the secondary firm is not observed. It is noteworthy that the right-hand
side of (1.3) also yields the correct value for Dy (¢, T) if it is defined through the standard formula:

Dy(t,T) = B(t,T)Eq, (I{r,>1y + 01ll{r, <1y | Gr)-

which takes into account the full information about macroeconomic factors and the status of both
firms. The intuitive difference between the last two expressions is clear: the former assumes a priori
that the occurrence of default of the secondary firm is not relevant for the valuation of a bond issued
by the primary firm, while the latter relies on the complete information available at time ¢.

The calculation of the value of the bond issued by the secondary firm is more involved. We adopt
here the usual formula based on the full information — that is, we set

Dy(t,T) = B(t,T)Eq, (I{r,>1y + 02l {r,<1} | Gt)-

Let us introduce some useful notation. For A1 + Ao — ag # 0, we write

1

- m (Ale_azu + ()\2 — a2)e—(/\1+)\z)u>.

CA1,A2,00 (u)

Otherwise, we set
CA1 a0 (u) = (1 + )\lu)e*(Aﬁ*Az)u.

The following proposition is borrowed from Jarrow and Yu (2001). Later, we are going to establish
a general result that covers the Jarrow and Yu result as a special case.

Proposition 1.1 The value of a zero-coupon bond issued by the secondary firm equals, on the event
{m1 > t}, that is, prior to default of the primary firm,

Dy(t,T) = B(t,T) (82 + (1 = 62)en; pasae (T = )1 iry541),
and on the set {my < t}, that is, after default of the primary firm,

D, (t, T) = B(If7 T) (52 + (1 — (52)6_a2(T_t) ]1{7'2>t})-
Assume, for the sake of simplicity that o = 0, i.e., the bond issued by the secondary firm is subject to

the zero recovery rule. Then for every ¢ < T Proposition 1.1 yields (we denote hereafter A = A1 + \2)

1
DQ(t7 T) = ﬂ{‘r1>t,7’2>t} )\—7042 </\167Q2(T7t) + ()\2 - 042)67)\(71715)) + n{71§t<72} 670‘2(T7t)'
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1.2 Extension of Jarrow and Yu (2001) Results

We shall now argue that the assumption that some entities represent ‘primary firms’, while other
entities are ‘secondary firms’, is actually irrelevant, and thus it can be relaxed. For the sake of
expositional simplicity, we maintain here the assumption that n = 2; i.e., we consider the case of
two firms, and we place ourselves in Kusuoka’s (1999) set-up with 7% = oo (see also Schmidt (1998)).
For detailed exposition of this framework, we refer to Section 7.3 in Bielecki and Rutkowski (2002).
Let us only mention here that the compensated jump processes, for ¢ € [0, 7],

tATL tATL
Htl — /0 )\;"Ll du = Htl — /0 ()\1]1{7.2>u} + alll{ngu}) du

and

tATo tATy
H} —/O A2 du = H} —/0 (Aol sy + a2l <yy) du

follow martingales under Q* with respect to the joint filtration G = F v H' v H?. For the sake of
concreteness and simplicity, the parameters A1, Ao, 7 and o are assumed to be strictly positive
constants, so that the reference filtration F plays no important role in the foregoing calculations.
We may thus assume that it is trivial. Let us recall that the process A*! (A\*2] resp.) is referred to
as the martingale intensity of Ty (72, resp.) with respect to the filtration F Vv H? (F Vv H', resp.)

An alternative (more direct) construction of random times with required properties is given in
Shaked and Shanthikumar (1987), also in the case of more than two random times. It is thus
worth stressing that the considerations below remain valid in the extended Jarrow and Yu (2001)
framework for any n > 2.

1.2.1 Case of zero recovery

To start with, we postulate that both corporate bonds we are going to analyze are subject to the
zero-recovery scheme, and the interest rate r is constant, so that B(¢,T) = e "(T=1) for every t < T.
Due to the last assumption we have Qp = Q™ and we may take the trivial filtration as the reference
filtration F. Since the situation is symmetric, it suffices to analyze one bond only, for instance, a
bond issued by the first firm. By definition, the price of this bond equals

Di(t,T) = B(t,T)Q* (11 > T|G;) = B(t,T)Q* (11 > T |H} V H}).
For the sake of comparison, we shall also evaluate the random variable
Dy(t,T) := B(t,T) Q" (11 > T |H?),

which models the price of the bond given the observations of the default of the second firm (but not
of the first firm), and the random variable

Dl(taT) = B(taT) Q*(Tl >T | H%)a

which represents the value of the bond based on the observations of the default of the first firm
only. To make the formulae slightly shorter, we shall assume in the next result that r = 0, so that
B(t,T) =1 for every t € [0,T]. Recall that we denote A = A\; + Aa.
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Proposition 1.2 The price D1(t,T) equals
1
Dl(t7T) = ]1{7-1>t,7-2>t} /\_7(11 ()\2€_Ot1(T—t) + ()\1 — Oél)e_/\(T—t)) + 1{72§t<71} e—oa(T—t).
Processes Dy (t,T) and Dy (t,T) satisfy

D (t,T) =1 A—ay (M — a1)e—>\(T—t) + Age—a(T=1) L1 (A — az)Aze—Oﬂl(T—Tz)
1L, = >t} A —oq )\160‘*0‘2” + Aoy — o {2 <t} Alage(A*QZ)Tz n )\()\2 — a2)

and . ( ) r
N Aoe” M + (A —aq)e”
Di(t, T)=1 .
1(t, 1) {ri>t} et £ (A — ay)e M

Proof. For the detailed calculations of conditional expectations, we refer to Section 7.3 in Bielecki
and Rutkowski (2002). O

Few pertinent comments on the last result are in order. First, in case of a non-zero interest rate
r, it suffices to multiply the right-hand sides in the valuation formulae of the last proposition by the
price B(t,T). Second, notice that the two processes D (t, T) and D, (t,T) obviously vanish after the
default time 71 of the first firm (the latter remark does not apply to D (t,T), however).

First formula. Although derived in a different set-up, formula for D, (¢,T") and an analogous formula
for Do(t,T) clearly coincide with the Jarrow and Yu (2001) valuation result for the bond issued by
the secondary firm. Furthermore, it is interesting to observe that the bond price D1 (¢,T) (D2(t,T),
resp.) does not depend on the value of ag (aq, resp.) This means, of course, that in calculations of
D;(t,T) we may assume without loss of generality that the equality Ay = as holds. By the same
token, when searching for the price Dy(t,T), we may set a; = Ap.

The last observation is in fact crucial. It shows that when valuing a bond issued by a given firm,
we may postulate that the default of this firm affects the default intensity of the other firm (or, of
other firms if n > 2), but we may equally well assume that the occurrence of default of this firm has
no impact on default intensity for the other firm. This is also clear at the intuitive level: since we
search for the pre-default value of a corporate bond, the behavior of default probabilities of other
firms after the default of the issuer of a bond in question is totally irrelevant.

To conclude, when looking for D;(t,T) we only need to distinguish between the two following
cases: A1 # a1 and A1 = a3, and we may always set Ay = as. In the former case, the value of
D;(t,T) is given by the general formula of Proposition 1.2. In the latter, this formula reduces to
the standard result:

Di(t,T) = 7,5y B(t, T)e M0 =l e THADTD),
The same arguments apply to Do(t,T), so that for Ay = as we have
DQ(taT) = ]1{7'2>t}B(taT)ei)\2(Tit) = ]1{7'2>t}67(r+/\2)(T7t)'
Second formula. The second valuation formula of Proposition 1.2 hinges on the assumption that we

observe the default time 75, but the default time of the first firm is not observed. The following
special cases are of interest:

e for the special case when \; = a1 and As # s, the process f)l(t, T) equals

- B (A — ag)e M=) (A — ag)dge 21(T—72)
Di(t,T) = Lir5y B(t,T) AeG—a2t £\, — o Mase =027 { ANy — ag)

) +]1{T2§t} B(ta T)
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e if we assume instead that Ay # a1 but s = as, we obtain

_ ()\1 _ al)e—A(T—t) 4 )\ge_al(T_t)
Di(t,T) = Lipoy B(t, T) o

+ ey B(t, T) e~ Mm2mea(T=72),

It is interesting to observe that in both cases considered above, the price process D (t,T)
admits a discontinuity at the default time 75 of the second firm. This is a natural consequence
of the fact that in both cases the default times 7; and 7 are mutually dependent under Q*.

e finally, for A\ = a7 and Ao = an, we get
Dy(t,T) = B(t,T)e T = B(t,T)Q*{r, > T}.

This result is also clear, since in this very special case the default times 71 and 75 are mutually
independent under the martingale measure Q*.

Third formula. Finally, the last formula in Proposition 1.2 implicitly assumes that we are able to
observe only the default time of the first firm (but not of the second). It is apparent that this result
is also independent of the value of the parameter co. Again, in case when A\; = oy, we conclude that
for any t < T we have:

Di(t,T) = Ly, sy B(t, T)e T~ = Dy (1, T).

1.2.2 Case of non-zero recovery rates

The valuation results in the case on non-zero recovery are not much different from the special case
of zero recovery scheme. Indeed, the payoff D;(T,T) at maturity can be represented as follows:

D,(T,T) = D‘{T¢>T} + 5iﬂ{7—,~§T} =6+(1- 5@')]1{7—,;>T}

and thus
Di(t,T) = B(t,T)(6; + (1 — 6;) Q*{r; > T'|H; vV H7}).

Explicit formulae for D;(t,T), as well as for D;(t,T) and D;(t,T), can be thus obtained directly
from Proposition 1.2. It is easy to see that the expressions for the values of D1 (t,T) and Dsy(t,T)
will coincide, up to a suitable change of notation, with the formula of Proposition 1.1. Moreover,
when A\; = ay, we obtain (cf. formula (1.3))

Dy (t, T) = B(t, T) ((51 + (1 — 51)67)\1(T7t)]1{.,.1>t}),
while for Ao = ai, we get

Dg(t, T) = B(t7 T) (62 + (1 - 62)67)\2(T7t)]1{72>t})'

1.2.3 Interpretation of martingale intensities
We shall provide an intuitive probabilistic interpretation for the martingale intensities:
)\:1 = >\1]]-{7'2>t} + Oél]l{ﬁgt}, )\:2 = /\2]]~{7—1>t} + ag]l{ﬁgt}.

Recall that the construction of default times given in Kusuoka (1999) relies on an equivalent change
of a probability measure. A different, but essentially equivalent, construction of 71 and 75 runs as



T.R. Bielecki and M. Rutkowski 9

follows: we take the two mutually independent, identically distributed, random variables n;, 1 = 1,2
with unit exponential law under Q*, and we set (see Shaked and Shanthikumar (1987))

= {)‘117717 1 1 if )‘Iinl S A;inQa
A2t +art (m = MASTne), if ATT > AS e,

= {22 i A5 1 < A7,
)\1_1771 + a;l('ﬂg — )\2)\1_1771), if )\2_1772 > Al_lnl.

The following result shows that the jump of the martingale intensity has the desired financial interpre-

tation. For the proof of Proposition 1.3, the interested reader may consult Shaked and Shanthikumar
(1987).

Proposition 1.3 Fori=1,2, j # i and every t € Ry we have

Ai:%h*(@*(mngwhm>t, Ty > t)

and
aizlhi%h—lQ*(Kn <t+h|m>t T <t).

2 Dependent Intensities of Credit Migrations

For the sake of notational simplicity, we continue considering two firms only. In this section, we
shall examine the situation where the current financial standing of the i*® firm (of course, i = 1,2)
is reflected through an appropriate credit ranking, whose generic value, denoted as k;, belongs to a
finite set of credit grades K; = {1,..., K;}, where K; > 2 for i = 1,2.

Remarks. In the previous section, we have examined a special case of the present setting with K; =
Ky = 2. That is, we have assumed there that the financial standing of each of the two firms could
be classified into one of the two categories: pre-default (k; = 1) and default (k; = 2).

As observed in practice, the credit ranking of a corporation varies over time. We refer to this
possibility as to the credit migrations. Our goal is to model the credit migrations of the i*" firm
in terms of a certain stochastic process, denoted by C?, taking values in the finite state space K;.
The process C* is called the credit migration process (or simply the migration process). We fix the
initial credit ranking of each firm, that is, we set C§ =const. for i = 1,2, and we assume that at
each future date t > 0 the credit rankings C7, i = 1,2, can be observed exactly. The issues related
to the modeling of credit migrations are examined in detail in Chapters 12 and 13 in Bielecki and
Rutkowski (2002).

2.1 Basic Assumptions

For the sake of expositional simplicity, we shall first assume that the reference filtration F is trivial.

Let F' = IE"Ci, i = 1,2, denote the natural filtration of the process C*. We assume that each filtration
F? satisfies the so-called “usual conditions”, and we denote G = F' V%, We shall conduct our study
under specific Markovian assumptions under the real-world probability Q and under the martingale
measure Q*.!

IWe refer to Section 11.3 in Bielecki and Rutkowski (2002) for detailed definitions and a discussion of the preser-
vation of the conditional Markov assumption under an equivalent change of a probability measure.
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e Assumption (M) Standard G-Markov condition for the process C = (C*, C?) under Q*: for any
t<sand k; € K;

Q*(C; =k, C7 = k2| Gi) = Q" (C; = k1, CF = k2|0 (Cy, CF)). (2.4)
e Assumption (CM) [F’-conditional G-Markov condition for the process C?, i = 1,2, j # i under
Q*: for any t < s and k; € K;

Q*(CL=k; |G) = Q*(CL = ki | o(C)) v F)).

Remarks. (i) Observe that condition (2.4) obviously implies the following equality:
Q*(C; = ki|G:) = Q*(C; = ki | o (Cy, CF)).
(ii) In the present context, the standard G-Markov property of the process C* would read:
Q*(C; = kilGr) = Q*(CL = ki| o (C)).

The latter condition is manifestly not interesting for us, as it essentially says that there is no
dependence between the credit migrations of the two firms.

In the general case of a non-trivial reference filtration F we denote G = F V F' v F? and we
assume that F is some filtration such that F C F C G. We adopt the following generic definition of
the conditional Markov property.

Definition 2.1 We say that a process C* follows an F-conditional G-Markov chain under Q* if for
any t < s and k; € IC; we have

Q*(C = ki Gi) = Q*(Ci = ki | a(Cy) V Fo).
Let us denote G = FVF’. Then for i = 1,2 and j # i the G’-conditional G-Markov property of
C? under Q* reads:
Q' (Cl = kil Gr) = Q°(CL = ki | 0(C) V G]) = Q*(CL = ki |o(C V Fo v F).

2.2 Jarrow and Yu Set-up with Credit Migrations

We shall first place ourselves within the Jarrow and Yu (2001) set-up, as presented in Section 1.1.
We deal throughout with only two firms: a primary firm and a secondary firm. First, we shall re-
examine from the Markovian perspective the special case of the Jarrow and Yu framework discussed
in Subsection 1.1.1.

2.2.1 Case of two rating grades

Consider the processes C' and C? defined as Cf = Hj + 1 for every t € Ry and i = 1,2. Both
processes take values in the state space K = {1,2}, and clearly F* = H' for i = 1,2. The process C!
is an ordinary Markov chain (with respect to the filtrations F! and G =F'v IFQ) with the following
infinitesimal generator matrix:
—A1 A
1_ 1 A1
A= ( oA ) |
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Furthermore, the migration process C? is a conditionally Markov chain with respect to the filtration
F!. Specifically, for any k = 1,2 and every s,t € R4 we have

Q(C2y = k| F} v FR) = Q' (CE, = k|a(CH)V F}) (= Q' (Cirs = k| a(CH V (CD))).

From Section 1.1, we know that the process \? = Ay + (az — Ag)H} is the (F',F' v F?)-martingale
intensity of the default time 75. Therefore, the conditional infinitesimal generator process? for C? is

given as:
o _ (-N N
A; = ( 0 E

For every j,k € K and any dates 0 < t < s, we denote by p?k(t,s) the conditional probability
Q*(C? = k| F} Vo(C?)) on the event {C? = j}, i.e., the F}-conditional probability of transition
from the state j to the state k over the time interval [t, s] by the credit migration process C2. Finally,
we write P?(t,s) = ?k (t,s)]j.kex to denote the conditional transition matrix for C2.

Let us define a matrix-valued random field P?(¢, s) in terms of the following (random) ODE:

dP2?(t,s)

y =P2(t,s)A2, s>t, P3(t,t)=1dy:= (1 0> .
S

0 1

It is clear that

— [* X2 du — 7 X2 du

and it can be easily shown that the conditional transition matrix for C? admits the following repre-
sentation:

PA(t,s) = Eq- (P*(t,5) | 7).
In particular, as can be verified by direct calculations, on the set {C} = 1} = {71 > t}, we have

1

2 _ —aa(s—t) —(A1+A2)(s—1t)
fe)= — ()\ 2= 4 (A —
pll( S) )\1 + )\2 — Q9 1€ ( 2 2)6 )

if A1 + Ay — ag # 0; otherwise,
P (t,s) = (14 M\t)e”MrHia)s=t),
On the set {C} =2} = {r < t}, we have
ph(t,s) = e=@2(=),

Observing that p?, (¢, s) = Q" (m2 > s|F} V F}?) on the event {2 > t}, we see that the above results
agree with the results of Section 1.1 (cf. Proposition 1.1).

2.2.2 Case of three rating grades

We shall now generalize the previous example to the case of three rating grades for each firm, that
is, we set K; = K, = 3. For the primary firm, it suffices to consider an ordinary Markov chain C!

2We refer to Bielecki and Rutkowski (2002), Chapter 11, for the definition of the conditional infinitesimal generator
process.



12 Dependent Defaults and Credit Migrations

on the state space K = {1,2,3} and with the generator (under the martingale probability Q)

LML M
A= >‘21 —A31 —Agz Az |
0 0 0

where the constants )\}k are strictly positive for every j = 1,2 and k = 1,2,3 such that j # k.
Thus, the state K; = 3 is the (only) absorbing state for the migration process C* (it corresponds
to the default event). In the next step, proceeding as in Chapter 10 of Bielecki and Rutkowski
(2002), we can construct the migration process C2 as an F'-conditionally Markov chain on K with
the F'-conditional infinitesimal generator process under Q* of the following form:

=My (t) — Ms(t) A (1) As(t)
A = A3 (1) =A51(1) = A3s(t) A3s(t) |
0 0 0

where )\fk(t) = Z?:l aékll{c%:l} and aék > 0 for every j = 1,2 and k£ = 1,2,3 such that j # k.
Similarly as in the preceding example, we introduce a matrix-valued random field P2(¢, s) by means
of the following (random) ODE:

1 0 0
dP2(t
% =P3(t,s)A2, s>t, P3(t,t)=Id3:=|0 1 0
N 00 1
Again, we define the F'-conditional transition matrix P?(t,s) = [p3,.(t, 8)]j.kexc, where for every

s>t
Pi(t,s) == Q"(CZ = k| F Va(CP))

on the event {C7 = j}. Consequently, P?(t,s) = Eq-(P?(t,s) | F}).

2.3 General Model with Credit Migrations

Our next goal is to examine from the Markovian perspective Kusuoka’s set-up introduced in Section
1.2. In other words, we relax the assumption that one of the two firms is primary and the other one
secondary. We shall first deal with the case of only two rating grades and we shall assume that the
reference filtration F is trivial. Subsequently, in Section 2.3.2, we shall present results covering the
general case — that is, the case of several rating grades and a non-trivial reference filtration.

2.3.1 Case of two firms and two rating grades

Since the detailed construction of the model will be given in Section 2.3.2, we shall concentrate
in this section on the derivation of relevant formulae under the equivalent probability measure Q.
More specifically, we assume from the outset that we are given the two random times, 71 and 7o,
such that the (Hj JH v HZ)—martingale intensity of 7; under the probability measure Q* equals:

)\:Z = )\,(1 — Hg) + Ozthj . )\i]l{Tj>t} + aiﬂ{fjgt}

for i,j = 1,2, i # j. This means that for each i = 1,2 the compensated jump process

t
M} = Hj — / N1 — HEY) du
0
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follows a martingale under Q* with respect to the joint filtration G = H' v H.

As in Section 2.2.1, we associate with the random times 7 and 7o the two migration processes C'*
and C_2 defined as C} = 1+ H;. It is possible to check that for each 4,5 = 1,2, ¢ # j the process C"
is a -conditionally Markov chain. Moreover, its conditional infinitesimal generator matrix process

equals:
*1 __ t t
M—(o 0)

From now on, we shall focus on the process C'! (the calculations below are also valid for C?, after
obvious modifications of notation). We intend to evaluate the probability

Q*(r > s|a(Cy) vV F?) = Q' (Cs = 1|a(C}) V FF)
for 0 < t < s. Due to the F?-conditional Markov property of C' under Q*, we have
Q(Cs =1]a(Cy) VF) =Q (Cs =1|F VF}) =Q (11 > s | Hy VH).
The above probability is manifestly equal to 0 on the event {C} = 2} = {r; < t}. We thus only need
to compute it on the event {C} =1} = {r > t}.

Let us recall that H} = Lir<ny = ]1{02:2}. In order to carry out the calculations, we shall
introduce a new probability measure Q. First, we define the two auxiliary processes ! and k2 by

setting:
w(x_g @:m4%_q

and we introduce the processes £%, i = 1,2, given by the formula:
__"
1+r

Next, we define a strictly positive process 77 that solves the following SDE:

2
mﬂ+2/ €L M.
=1 10,t]

We fix T > 0, and we define on (£, G) the probability measure Q equivalent to Q" by setting:

aQ *-a.s
d@* nT7 N
Notice that
aQ Qas
40 nr, .

I satisfies

77t—1+Z/ Uulid

and where in turn for each i = 1,2 the process M? is given as

where the process 1 := 7~

t

t
M} = M +/0 )‘i"‘?z]l{C}":Z} du = H{Cti:Q} —/0 )‘i]l{C,jbzl} du.
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Notice that M? is a martingale under Q with respect to the filtration F?, as well as with respect to
the filtration G. For the future reference, it is useful to note that 7, = nin? where the processes
7', i = 1,2, satisfy

N A
10,¢]
or, more explicitly,

—(a1— —T A _(aq— T —T:
77t1 = Il{TlS‘rz} +]1{7-2<t§7-1}€ (1 =A1)(t—72) + H{T2<t<n}/\71€ (1 =A1)(T1—72) + ]l{t§7'2<7'1}

and

—(a2—A2)(t—71)

+ ]]‘{tS7'1<7'2}'

77t2 = I]‘{T2<T1} + ]]-{T1<t<7-2}e %ei(azi/\z)(q—zin)
- - 2

+ ]1{7—1 <t<T2} B\
Also, we have that 77 = 7'7?, where 7* = (n)~L.

At this point we observe that the probability measures Q" and Q correspond to the probability
measures P* and P studied in Section 7.3 of Bielecki and Rutkowski (2002). In particular, from
Proposition 7.3.1 in Bielecki and Rutkowski (2002) it follows that

. — [P xrta
1o @(C = 110(C) v F2) # Wyep_y B (¢ 0

ff). (2.5)

On the other hand, there is an important representation for the probability Q*(Cl = 1| a(C})VF?),
that we shall provide now. For this, we need to consider another equivalent probability measure on
(Q,G). Thus, we define on (£2,G) a probability measure Q' by

Q' .

a0 = 77%7 Q*-a.s.,
or, equivalently, by

dQ*

Q- nr,  Q-as.

The probability measure Q' corresponds to the probability measure P} given by formula (7.21) in
Bielecki and Rutkowski (2002). Making use of Proposition 7.3.1 in Bielecki and Rutkowski (2002),
we conclude that the following result is valid.

Lemma 2.1 For any s >t we have

B A S
Q*(C} =11G) = Lycp—yEg (e oAzt

ff) (2.6)

and .
Q*(Cs =2|Gs) = Iycimny + Lyci—y Eqn (1 _em o

ff) (2.7)

We shall now provide an alternative method of deriving equality (2.6), which will prove useful in
what follows. First, we define the two matrix-valued processes by means of the following (random)
ODEs:

dP(t) = PL(t)A;' dt, P'(0) = Idg,
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and
dQ(t) = —A'Q(t)dt, Q'(0) =1d,.
Observe that P1(#)Q(t) = Q' (t)P1(t) = Idy for t > 0. In fact, it is rather obvious that

Pl(t) = e_fo Nbdu g - Jo Xt
1

0

and

0 1

Ql(t) = <6fot Mlduoy_fo A d“) .

Next, we fix s < T and we define other two matrix-valued processes, for ¢ € [0, s],
Y(t) =Eq(P'(s) | F) and U(t) = H)Q' (1),

where

(1-H}) H ) (1{01—1} ﬂ{cl—z})
H t = = t t .
®) ((1 - H}) H} Ler=y Lici=ny

Lemma 2.2 The process U is a G-martingale under Q* and the process U* = n’U is a G-
martingale under Q".

Proof. For the first statement, it is enough to check that Uy, (¢), t € [0, s], follows a G-martingale
under Q*, and this holds because

AUy (t) = ey it du (dH! = XHd(t Am)) = —Qiy (¢) M,

where Q1 (t) is the respective element of the matrix Q*(¢). The second claim follows from the fact
that dQ* = 72 dQ". O

We shall now check that the process Y is a G-martingale under Q' as well. First, we note that
this process is an Fz—martingale under Q'. Next, we demonstrate the following result, which shows
that the hypothesis (M.1) of Bielecki and Rutkowski (2002) is satisfied under Q' by the filtrations
F? and G.

Lemma 2.3 Any F2-martingale under Q' is also a G-martingale under Q'.

Proof. Tt is known (see, e.g., Section 6.1.1 in Bielecki and Rutkowski (2002)) that in the present set-
up the condition (M.1) is equivalent to the following condition (M.2): For any ¢ > 0, any bounded,
F2 -measurable random variable ¢, and any bounded, G;-measurable random variable 1 we have

Eq: (60| F7) = Equ (€| F)Eqn (v | F7).- (2.8)

It is enough to establish (2.8) for £ = l{,,~, and ¢ = W, <,y where 0 <u <t <s. We have

EQl(ﬂ{Tz>5}ﬂ{T1§u}) o ]EQ(ni]l{Tg>s}]l{n§u})

Q'(r2 > s) — T E (i L )
)\Q(t—s)(l _ e—)\lu).

Eg (Lirss)Uin<uy [ 7)) = Linsy

= Il{7.2>t} (&
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On the other hand

Q' (m2 > ) .
Ql(T2 > S|.7:t2) = H{T2>t}m = ]1{72>t}6)\2(t 6)7
and Eg: (1 1 )
W >t} B {m <u} “\u
sy Q (11 < u| FE) = Lpppnry—2 leﬁ =) = Dy (1 — e M),
This completes the proof of the lemma. o

Corollary 2.1 The process Y is a G-martingale under Q'.
The following proposition generalizes Lemma 2.1.

Proposition 2.4 For anyt < s < T, we have
Eq-(H(s)|G:) = H(t) Egu(Q' ()P (s) | 7).
Moreover, for any Q'-integrable, F2-measurable random variable Y we have

Eq-(H(s)Y |Gi) = H(t) Eg: (Q' ()P (s)Y | F7).

Proof. We know that the processes Y and U* are G-martingales under Q'. Since the jump time of
the process of finite variation U* does not coincide with the jump time of the process Y, the Ito
product rule shows that the process U*Y also follows a G-martingale under Q*. Thus, for t < s we
obtain

Eqi (U(s)Y(s)|G:) = U ()Y (t) = i H(t) Ege (Q ()P (s) | F7)
since Q! () is F7-measurable. On the other hand,

Eg:(U*(5)Y (s)|Gi) = Eqn (n7H(5)Q' ()P (5) | G¢) = Eqp (n2H(s) | Ge)

implies (2.6), in particular. To establish equality (2.4), it suffices to consider the process Y ()

since Q!(s)P!(s) = 1. Combining the equalities above, we obtain (2.4). Notice that equality (2.4)
Eqi(P'(s)Y | F7) so that Y (s) = P'(s)Y. ]

To complete the example let us compute the probability under Q* that the first default occurs
after time ¢, that is: Q*(C} # 2,i = 1,2). According to Proposition 7.2.2 (or Lemma 7.3.1) in
Bielecki and Rutkowski (2002), we have that

QY (CI#2,i=1,2) =Q"(# > 1) = Q' (7 > t) = Q(7 > t) = e tutA2),

where 7 := inf{t > 0 : C} = 2 or C} = 2}. This result is expected, as the mutual dependence
of default times appears only after the first default occurs. In other words, 7 and 75 are not
independent under Q*, but may be treated as mutually independent if we are interested in the law
of the minimum 71 A 72 under Q*, and the probability measure Q* may be replaced by Q in the
calculation of this law. Later on we shall generalize this useful property.

Remarks. We have already discussed an interpretation of the martingale intensity A\*!. It is apparent
from this discussion that it is indeed the “local” (or infinitesimal) conditional intensity of the default
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time 71, relative to the probability measure Q". It is an interesting question whether there exists an
IF2—progressively measurable process, say A!, so that

* — ° 5\1 du
1@ (C = 110(C) v F2) = ey _nEqe (¢ S

72).

If so, then we could term such a process the F?-intensity of default time 71, relative to the probability
measure Q. We can not verify whether such a process exists, though. However, the following holds,

* — " At du
1o @ (C) = 110(C) v F2) = ey B (¢ 0 4| 72)

2 Syl
n%efft ALt du
i

where the explicit formula for S! is easy to derive.

ff) =Lici-nEe (63”55

= 1(c-nBo ( 72)

2.3.2 Case of two firms and multiple rating grades

We postulate that Ki, Ka > 2 so that C? takes values in K; = {1,2,...,K;}. We first consider the
two F-conditional Markov chains C%, i = 1,2, defined on the underlying probability space (22,G,Q),
with the corresponding infinitesimal generators:

O AL L N
51(1) (t) . Ay, (1)
Az _ . . . .
Ak-l,l(t) Ak-l,z(t) : )‘3(,‘,—1,1(1. (t)
0 0 0
where )\};m are strictly positive F-progressively measurable stochastic processes for k =1,2,..., K;—1

andm=1,2,...,K;, m#k,and A\, = — Zi;lm#k Ao, for k=1,2,..., K;—1. In particular, the
state k = K is the (only) absorbing state for each chain. For the sake of notational simplicity, we
postulate that C} = C2 = 1 (this assumption can be easily relaxed). By construction, the processes
C' and C? are also conditionally independent under @ with respect to the reference filtration F.

In addition, we assume that we are given the family of stochastic matrices for + = 1,2 and
l=2,...,K;,5#1,

il il il
AL® A0 N ®)
|l |l il
MO A A ()
il
Ai\ — . . .
K;—1,1 K;—1,2 : K;,—1,K;
0 0 0
where /\Z‘fn are strictly positive F-progressively measurable stochastic processes for k =1,2,..., K;—1

and m=1,2,..., K;, m#k, and )\;J,i =— Zii:l,m#k /\Zlfn for k=1,2,..., K; — 1. At the intuitive

level, at any date t > 0, the entry )\Zlfn (t) > 0 represents the intensity of transition from k to m over

the time interval [t, 4 di] by the process C* conditional on the event {C = I}, where j # i and
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l € K;. Notice that under the present convention concerning the initial condition, it is natural to
set: At = A% for i = 1,2. Of course, we need first to construct the process (C', C?) with the above
described properties. To this end, we shall introduce a probability measure Q* equivalent to Q on
(£,G). For i = 1,2 we define the processes ri, ., k =1,2,....K; —1,m =1,2,...,K;, m # k, as

follows:
K;

_ ill
o) = 3 1) (45 1), A

=2

where we write Hi(t) = Lygizpy for i = 1,2 and k € K;. We also define, for ¢ = 1,2 and any two
states k # m, the transition counting process Hj,, () = > o<, Hi(u—)H} (u). Let us recall that
for i = 1,2 the process M}, = given by the expression:

M (t) = Hi (1) — / Lo (W H () du, m#

is known to follow a G'-martingale under Q, and thus also a G-martingale under Q, where G = FVF*
and G =F Vv F!'vF%

We can now define a strictly positive martingale 1 by means of the following SDE:

2 K;—1 K; ) ]
m=1+Y /MZ S DR (0) M, (u).
=1 ’

k=1 m=1m#k
For a fixed, but otherwise arbitrary, T > 0 the probability measure Q* is given through the formula:
dQ*

w =nr, Q-as.

Recall that we have denoted G/ = F v F/ and AL (£) = AL (2).

Proposition 2.5 For any i,j = 1,2,i # j the process C' is a G’ -conditional G-Markov chain
under Q" and its transition G’ -intensities under Q* are:

K;
Zin(t) = (1 + K’?cm(t)) ﬁfm(t) = Z ]I{Ctj:l}A;glfn(t)v k 7é m.
=1

Proof. The conditional Markov property follows from the combination of: (i) the fact that the
density n only depends on the filtration F and the process C' = (C',C?), (ii) the abstract Bayes
formula, and (iii) the fact that the process C' is a Markov chain with a given F-intensity matrix under
Q. The processes A;’ are the corresponding G/-intensities in view of the fact that the processes
M}t defined as

M, () = Hig () — | N (W) Hp (w) du, &k #m,
0
are G-martingales under Q*. O

Similarly as in the previous section, we shall now introduce some auxiliary probability measures.
For this, we define two densities n*, ¢ = 1,2 by means of the following SDE:

K,—-1 K,

- /] S S ik (w) dM],, (u).
0

k=1 m=1,m#k
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As before, we note that n = n'n?. This easily follows from the integration by parts formula for the
purely discontinuous martingales, combined with the fact that jumps of the processes C!' and C?

coincide with zero Q probability. Next, we also set 77 := n~! and 7’ := (ni)fl for i = 1,2, so that
7 = '7%. We are now in the position to define a probability measure Q' on (©2,G) by setting:

d@ _ 2 dQ*

* 2 1
= 7p, -a.s.,  — =15, -a.s.
Equivalently,
Q' _ aQ 5 5
= np, -a.s., = Tp, -a.s.

We shall now proceed similarly as in Subsection 2.2.2. That is, we define two matrix-valued processes
by means of the following (random) ODEs:

dP(t) = PY(t)A dt, PY(0) = Idk,,
dQ'(t) = —A7'Q'(t)dt, Q'(0) = Idx,,

where Ajt = [AiL (£)]k.mexc,. Observe that P!(¢)Q!(¢) = Idk, for ¢ > 0. Indeed, we have

dP1(H)Q' (1)) =P'(1)dQ' (1) + Q' (1) dP'(t) = ~P (A Q' (t) dt + P (t)A;' Q' (1) dt = 0
and obviously P1(0)Q!(0) = Idk, .

Let us fix s <T. We define the two matrix-valued processes Y and U by setting, for ¢ € [0, s],

Y(t) =Eq(P'(s)Y |G7), U(t) =H(®)Q' (1),

where Y is a Q'-integrable, G2-measurable random variable, and H(t) is the K} x K| matrix:

HL() HY(H) . HE, (1)
O EACIR O R /NG
HI() HY(H) . HE, (1)

Lemma 2.4 The process U is a G-martingale under Q* and the process U = n?U is a G-martingale
under Q.

Proof. We first observe that for t < s

Ki—1 Ky

dU g (t ZQlk’ ) dH (t Z ZHrln (1) Qi (1) dt

m=1 [=1
Ki—1
- ZQW (dHl Z H (1) dt)
Let us fix [ = 1, and let us analyze the expression:

Ki—1
dH(t ZHl AL (¢) dt.
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First, we observe that
Ki—1

Ky
dH(t Z dH}), (t) = > dHY,, (t).

Thus, noting that \ii(t) = — Zm1:2 il (), we obtain

Ki—1 Ki—1 Ki—1
dH{ (t) — Y HYL (A (¢ Z dMh (¢ Z dM;l
m=1
The above argument carries over for [ = 2,..., K1 — 1, and thus
K1 1 Kl—l Kl
dH} (t Z HL, WAy dt = > dMyt)— > dM;)
m=1,m##l m=1,m##l

Finally, for | = K; we have

Ki—1
dHe, (t) = Y Hy (DA, (1) dt = dME, (¢),
m=1

where
Ki—1

M, (t) = H, (t) ZHl YA, (t)

is a G-martingale under Q*. The above observations prove the first statement. The second claim is
now obvious, since we have dQ* = 2 dQ*. O

The next natural step would be to demonstrate that the process Y is a G-martingale under
Q! (obviously Y is a G2-martingale under Ql). To this end, it would be sufficient to prove the
following conjecture: any G*-martingale under Q' is also a G-martingale under Q'. Due to the
somewhat complicated mutual dependence of transition intensities it does not seem plausible that
this conjecture holds true, however. For this reason, we take a slightly different (indeed, less general)
approach. We introduce the stopped migration process ol = Ctlﬂ{ﬁ>t} + Cilll{ﬁgt} where 11 :=

inf {t e Ry : C} # C}}. Let F' be the filtration generated by the process C and let G' =FVF VF?
be the reduced filtration. Then we have the following counterpart of Lemma 2.3.

-1
Lemma 2.5 Any G*-martingale under Q' is also a G -martingale under Q.

Proof. Along the similar lines as the proof of Lemma 2.3. O

As usual, we consider t < s < T. The auxiliary process Y is given by (recall that C’é =1)

G?)
where Y is a Q'-integrable, G2-measurable random variable. In view of Lemma 2.5, it is clear that
the following corollary is valid.

7o = g (e 0

Corollary 2.2 The process Y is a @1-martmgale under Q.
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Furthermore, we set

1 u) du

Ut — ]1{6'171} efo AT ( fo )\ﬂ(u) d“.
L=

= ]1{7-1>t} &

~ ~ ~ -1
Lemma 2.6 The process U is a Gl—martingale under Q* and the product U* = n?U is a G -

martingale under Q.

Proposition 2.6 For anyt < s < T, and any Q' -integrable, G2-measurable random variable Y we
have
G?).

Proof. We shall mimic the proof of Proposition 2.4. We know that the processes Y and U* are
G-martingales under Q'. Since the j jump time of the process of finite variation U* does not coincide
with the jump time of the process Y, the Ito product rule shows that the process U*Y also follows
a G- martingale under Q'. Thus, for ¢ < s we obtain

5 -7 A5 (u) du
Eq-(Liei_yY |G) = Eq-(Lygiy, Y 1G1) = Ligayy Ege (Ye Ji 2t

Eqi(U;Ys|Gy) = U Yy = i1y Egn (Ye— Jo i Gf)’
On the other hand, o .
Eq(UsYs1G)) = Eq (i1, Y 1G))-
This ends the proof. O

Corollary 2.3 For any s >t we have

Q*(Tl > S‘Qt) = (@*(Tl > S|g~tl) = ﬂ{rl>t}EQ1 (ei-ft Al (uw) du

gf).

Q*(m < 5/Gs) = Q" (1 < 516)) = Lpnary — Limony Egp (1 U RSO

and

G?).
2.3.3 Case of several firms and multiple rating grades

In the case of n firms and several rating grades (K; > 2 for the i'" firm) the notation becomes
rather heavy, and thus it is rather difficult to present a general, but in the same time reasonably
transparent, result. Therefore, we shall concentrate on a specific issue of a risk-neutral valuation of
a first-to-default swap. Unfortunately, since we assume here that the number of reference entities
n > 3 this case is not directly covered by our previous results.

In the case of n reference entities, we consider the credit migration process C = (C!,...,C™).
The construction of this process is based on the assumption that under the probability measure Q
the following properties hold:

e cach process C* is an F-conditionally G-Markov chain with values in K; = {1,..., K;} and the
generator matrix A?, where F is the reference filtration and G = FVF' v ... VF",

e processes C' are F-conditionally independent under Q.
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In addition, we are given a family of stochastic matrices A*ltbi-tliti ol for § = 1,...,n and
l; € IC; for any j # 1. As before, to simplify the notation we adopt the convention that (C},...,C}) =
(1,...,1). Notice that under this convention we have: )\le ( )= AL (1)

We shall use our standard notation for the indicator process H f (t)=1 (Ci=1} and for the tran-
sition counting process Hy, (t) = > o, <¢ Hj.(u—)H,, (u).

In the second step, we introduce a probability measure Q* equivalent to Q on (,G). To this
end, we observe that for each i = 1,...,n the process

t
Mg (6) = Hipy () = [ N () Hi(w) du
0
follows a G-martingale under Q. We set
W b, Qas
d@ T TN, .S.
where for each i the process ¢ solves the SDE:

K;—1 K;

it] k=1 m=1,m#k
Furthermore,
el ligrseln (t)

‘ K1 /\i|l1.
0 e (S )

1=2 In=2

where the summation is over all state spaces except for K; (i.e., the sum Zf:z is not present). Let

GW =FVvF'v..VF 'VvF*'v. . . VF" The following result is a straightforward generalization
Proposition 2.5 and thus its proof its omitted.

Proposition 2.7 For anyi=1,2,...,n the process C' is a G -conditional G-Markov chain under
Q* and its transition G -intensities under Q* are:

vi il b1 i ek
Nen (8) = (1 + Kjp (t Z Z Hy(t).. . H' (¢ ))‘klni e (t).

l1=2 ln=2

From now on we fix p < n and we introduce the probability measure Q by setting:

dQ ~ ~1 ~n
m =nNr =170 -, Q—a.s., (29)

_1+/
0,t]

and (as before, the sum 25;2 is not present)

y K. Alitdpled )
R (£ Z Z Hj, (t=) ... Hf (t-) <k>\,(t) - 1)-

L=2 [,=2

where

Z Mo e (1) M, (1)
1,m+#k

k=1 m=



T.R. Bielecki and M. Rutkowski 23

In words, under the auxiliary probability measure @ the entities with indices 1,...,p can be seen as
‘primary firms’ and the entities with indices p+ 1,...,n as ‘secondary firms’ in the sense of Jarrow
and Yu (2001). The following result is a corollary to Proposition 2.7.

Corollary 2.4 For any i = 1,2,...,n the process Ot is a G -conditional G-Markov chain under
Q and its transition G intensities under Q are:

i i i1y lpy 1,1
() = (14 Rl (1) Ak (1) Z ZHZI LHP (DA ().

h=2 1,=2

Let G = FVF!Vv...FP. Due to the specific choice of Q we have also the following result that
will prove useful in thgvalua_tion of a ﬁrs_t—to—default swap. For each i = p +1,...,n we introduce
the stopped process: C} = C{ll(;,~4 + CLll;, <4y, where 7; = inf {t € R, : C} # Cj}.

Lemma 2.7 The following statements are valid.

(i) Migration processes CP*1 ... C™ follow G-conditionally independent, G-conditional G-Markov
chains under Q

(ii) The mndom times Tp+1, ey Ty are G—conditionally independent under Q with the G-hazard pro-
cesses i = POy 2f0 duforz-p-i—l

(iii) The joint (F- cond@tzonal) laws of processes Cl, ..., C? and random times Tpy1,..., Ty under Q
and under Q* are identical.

(iv) The random times Tpi1,...,Tn are G—conditionally independent under under Q" with the G-
hazard processes 1"1

Proof. The first two statements are direct consequences of the construction of the process (C*,...,C")
and the definitions of probability measures Q and Q*. Part (iii) follows from the rather obvious fact
that all probabilistic properties of the process (C*,...,CP, C’p+1, e C‘”) are the same under @ and
Q. The last statement is a consequence of (ii) and (iii). O

Let I@‘i stand for the filtration generated by C? and let G =FVF! v ... FP vV IF‘p+1 VE"

Lemma 2.8 Any G—martingale under Q 18 also a G-martingale under Q

Proof. Along the similar lines as the proof of Lemma 2.5. O
The next result is a counterpart of Proposition 2.6. Recall that by convention (C},...,C) =

1,...,1).

Proposition 2.8 Let 7 =71 A...AT,. For anyt < s <T, and any Q-integmble, Qs-measurable
random variable Y we have
)

Proof. In view of Lemma 2.8, to prove the proposition we can make use of the similar arguments as
in the proof of Proposition 2.6. O

5 - N (u) du
Eq (I{#50Y [Gi) =Eq- (M35 Y |Gr) = Ns5gy ]E@(Ye ) A
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In particular, we have

° A (u) du

@*(’f' > S|gt) = Q*(’]A' > s|§';t) = ]].{7:>t}E©(e_ZZL:p+1ft

).
and

@ <516 = Q°(F < 51G0) = Lpagy + Loy Eg (1 — ¢ 2oimpen J A

G
2.3.4 First-to-jump swap

In order to illustrate our method, we shall now examine an example of a credit derivative. By analogy
with the first-to-default swap, we call this contract the first-to-jump swap. Since the premium leg of
the contract can be treated in a similar way, we shall focus on the jump leg only.

Without loss of generality, we assume that the payoff occurs at the first jump of the credit rating
of any entity from the class {p + 1,...,n}. In addition, if 7 = 7; < T then the payoff at time 7
equals Zﬁ, where Z7, j = p+1,...,n are given G—predictable stochastic processes. Formally, the
swap corresponds to the contingent claim (recall that we consider here only the jump leg of the
contract)

n
Y=Y Zllg—r <
Jj=p+1
which settles at time 7. By definition, the ex-dividend price at time ¢ < T of the contract described
above equals

m(Y) = BiEq- (B 'Lz | Gi) = BiEgr (B?lﬂ{t@g} Y. Zlgry ’gt)'
Jj=p+1

Let us recapitulate the basic steps in the proposed method of risk-neutral valuation of this
contract:

e Introduce a judiciously chosen probability measure @ equivalent to the martingale measure Q*
on (,Gr) (cf. formula (2.9)),

e Check that 7,41,...,7, are G—conditionally independent under Q and under Q* with the same
G-hazard processes (cf. Lemma 2.7),

e Use the standard method of valuing the first-to-default swap through conditional expectations
under Q" (cf. Kijima and Muromachi (2000) or Chapter 9 in Bielecki and Rutkowski (2002)).

2.4 Conclusions

To summarize, due to the complexity of the model of mutually dependent credit migration processes,
it is advisable to study particular contracts on a case-by-case basis, rather than to attempt to
establish a general approach. For instance, in the case of the first-to-change contract, the calculations
can be reduced to the familiar results concerning the case of conditionally independent random times
through a judicious choice of an equivalent probability measure. Finally, it should be acknowledged
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that the migration process C' can also be studied as a standard Markov chain with respect to its
natural filtration (in the case of a trivial reference filtration) or an F-conditional Markov chain (when
the reference filtration F is non-trivial), so that the machinery developed for these classes of processes
can be directly employed. Due to the large dimension of the state space for C' (the number of states
for C equals K1 K5 ... K,) such a direct approach does not seem to be efficient, however.
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