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Abstract

In this paper we contribute to the theory of conditional Markov chains
(CMCs) that take finitely many values and that admit intensity. We provide
a method for constructing a CMC with given intensity and with given con-
ditional initial law, and which is also a doubly stochastic Markov chain. We
provide a martingale characterization for such process, and we discuss other
useful properties. We define and give sufficient and necessary conditions for
strong Markovian consistency and weak Markovian consistency of a multi-
variate CMC. We use these results to model structured dependence between
univariate CMCs, that is, to model a multivariate CMC whose components
are univariate CMCs with given laws. An example of potential application
of our theory is presented.
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1. Introduction

In this paper we contribute to the study of conditional Markov chains
(CMCs) with finite state spaces, which was initiated in Bielecki, Jakubowski
and Nieweglowski Bielecki et al| (2015)) in an effort to enrich the theory of
CMCs that was originated in Bielecki and Rutkowski Bielecki and Rutkowski
(2004)).

CMCs were conceptualized in the context of credit risk, where they have
been found to provide a useful tool for modeling credit migrations. In many
ways, a CMC is an important generalization of the concept of a default time
with stochastic compensator, a key concept in the models of financial markets
allowing for default of parties of a financial contract. Such a model of default
time is really just a special example of a CMC: it is a CMC taking values
in a state space consisting of only two states, say 0 and 1, where 0 is the
transient state and 1 is the absorbing state.

In Bielecki et al| (2015) we proposed a modified definition of the condi-
tional Markov property, which was less general than Definition 11.3.1 used
in Chapter 11.3 in Bielecki and Rutkowski (2004). The reason for this was
that the definition of conditional Markov property proposed in Bielecki et al.
(2015) was aimed at providing a suitable framework for study of structured
dependence between conditional Markov chains, a feature that can not be
achieved within the CMC framework proposed in Bielecki and Rutkowski
(2004). Still, the construction of a CMC presented in Bielecki et al.| (2015])
was not general enough, as it did not allow for study of conditional Markov
families, because in that paper we only dealt with processes starting from
a fixed, non-random initial state. Here, we generalize the construction of
a CMC to allow for the initial state of the chain to have a non-degenerate



conditional initial distribution, and, consequently, to allow for study of con-
ditional Markov families, a study that will be conducted elsewhere.

Classical conditional Markov chains, that is, the ones defined originally
in |Bielecki and Rutkowski (2004)), have already proven to play important
role in applications in finance and in insurance (cf. Bielecki and Rutkowski
Bielecki and Rutkowski (2000, 2003, 2004), Jakubowski and Nieweglowski
Jakubowski and Niewegtowski| (2010b, [2011), Eberlein and Ozkan Eberlein
and Ozkan| (2003), Eberlein and Grbac [Eberlein and Grbac (2013), Biagini,
Groll and Widenmann [Biagini et al.| (2013)). The main advantage of these
processes is that, via appropriate conditioning, their primary Markov prop-
erties are mixed with dependence of their infinitesimal characteristics on
relevant random factors, that do not have to be Markovian. The study of
structured dependence between CMCs, which is the main theme of this pa-
per, is crucial in applications to credit and counterparty risk, among other
applications.

An important family of jump processes, so called doubly stochastic Markov
chains, was introduced in Jakubowski and Niewegtowski |[Jakubowski and
Niewegtowski (2010a)). The conditional Markov chains constructed in the
present paper turn out to be doubly stochastic Markov chains. In particular,
the benefit from the construction provided here is three-fold:

e The constructed CMCs enjoy the conditional Markov property, which
has unquestionable practical appeal, and

e The constructed CMCs enjoy the doubly stochastic Markov property,
which has critical theoretical implications allowing for applying important
tools from stochastic analysis to studying CMCs.

e The family of CMCs that can be constructed using our method is quite
rich, as minimal postulates are imposed on the intensity processes used in
the construction (cf. Section [3)).

As said above, the main theme of the present paper is the study of struc-
tured dependence between CMCs. In a nutshell, the modeling of structured
dependence between CMCs can be summarized as follows (we use a bivariate
example for simplicity): given two conditional Markov chains, say Y and
Y2, the modeling problem is to construct a non-trivial bivariate conditional
Markov chain, say X = (X! X?), such that the coordinate processes X!
and X? are conditionally Markovian (in some filtration), and such that the
conditional law of X is the same as the conditional law of Y* i = 1,2. The
process X is a model for the structured dependence between Y'! and Y?, in
the sense that the marginal processes X' and X2, whose conditional laws
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coincide with the conditional laws of Y' and Y2, are Markovian, and that
the process X is conditionally Markovian. Two important comments are
in order: (1) A trivial bivariate Markov process X = (X', X?) would be a
process such that components X' and X? are conditionally independent - a
situation, that is generally not of much interest. (2) Note that, in general, the
bivariate process (Y, Y?) may not be conditionally Markov in any filtration.

The study of structured dependence between CMCs is composed of the
study of Markovian consistency and the study of Markovian copulae. The
concepts of Markovian consistency and Markovian copulae were developed
in the context of the problem of constructing a multivariate stochastic pro-
cess in such a way that distributional laws of the univariate components of
that process agree with given, predetermined laws (cf. Bielecki, Vidozzi and
Vidozzi Bielecki et al. (2008c), Bielecki, Jakubowski, Vidozzi and Vidozzi
Bielecki et al.| (2008b)), Bielecki, Jakubowski and Niewegtowski Bielecki et al.
(2010, |2013d)).

Markov copulae have been already successfully used in various applica-
tions (cf. Bielecki, Vidozzi and Vidozzi Bielecki et al.| (2008c), Liang and
Dong Liang and Dong| (2014), Goutte and Ngoupeyou Goutte and Ngoupeyou
(2013), Bielecki, Crepey, Jeanblanc and Zagrari Bielecki et al. (2012a), Bi-
elecki, Cialenco and Iyigunler Bielecki et al.| (2013a), and Bielecki, Cousin,
Crepey and Herbertsson Bielecki et al.| (2014dlclalb)).

In the present paper, we focus on the investigation of Markovian con-
sistency and Markovian copulae with regard to finite CMCs, which are also
doubly stochastic Markov chains. We follow up on the study of Marko-
vian consistency and Markovian copulae for ordinary Markov chains that we
presented in Bielecki, Jakubowski and Nieweglowski Bielecki et al. (2013d).
In fact, here we elevate the study done in Bielecki et al.| (2013d) to the
world of conditional Markov chains. We introduce and study the concepts
of strong Markovian consistency and weak Markovian consistency for con-
ditional Markov chains. Accordingly, we introduce and study the concepts
of strong Markov copulae and weak Markov copulae for conditional Markov
chains, which we call strong CMC' copulae and weak CMC' copulae, respec-
tively. We refer to the discussion of practical relevance of the concepts of
strong/weak Markov copulae that was done in [Bielecki et al. (2013d) (see
also Bielecki, Cousin, Crépey and Herbertsson Bielecki et al. (2014d) and
Jakubowski and Pytel |Jakubowski and Pytel (2016)). Much of what was
said there applies in the context of strong/weak CMC copulae.

As already said, we confine our study to the case of finite CMCs. One
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might question the choice of finite CMCs as the object of interest in this
paper, as one might think that this choice is very restrictive. In Bielecki,
Jakubowski and Niewegtowski Bielecki et al.|(2012b)) we studied strong Marko-
vian dependence in the context of (nice) Feller processes, whereas in Bielecki
et al. (2013d)) we studied strong and weak Markovian dependence in the con-
text of finite Markov chains. What we have learned from work on both these
papers is that from the point of view of mathematical challenges involved
in modeling of structured dependence between components of a multivariate
Markov process, the finite state space set-up is actually not restrictive at all!
Likewise, as it will be seen throughout this paper, studying the concepts of
consistency and copulae in case of finite CMCs is quite challenging and by
no means restrictive.

From the mathematical perspective, the problem of modeling of depen-
dence between CMCs, generalizes the problem of modeling of dependence
between random times. The latter problem is one of the key problems stud-
ied in the context of portfolio credit risk and counterparty risk, in case when
one only considers two possible states of financial obligors: the pre-default
state and the default state, with the additional caveat that the default state
is absorbing, and the issue in question is the issue of modeling dependence be-
tween default times of various obligors (cf. e.g. Bielecki, Cousin, Crépey and
Herbertsson Bielecki et al.| (2014d}, 2013blc)). The study done in this paper
allows for tackling more general problems, such as the problem of model-
ing of dependence between evolutions of credit ratings of financial obligors
in cases where conditioning reference information is relevant; in particular,
it opens a door for generalizing the set-up that was used in Biagini, Groll
and Widenmann Biagini et al| (2013)) to deal with an interesting problem
of evaluation of premia for unemployment insurance products for a pool of
individuals. This is done in response to the need for modeling dependence
between dynamic systems in cases when some conditional properties of a sys-
tem are important and should be accounted for. We refer to Section [8] where
we discuss a relevant practical problem, which is motivated by the problem
considered in Biagini et al.| (2013).

The paper is organized as follows: In Section 2| we introduce the concept
of CMC, which underlies the present study. In this section we also introduce
and discuss the relevant concept of stochastic generator (or an intensity ma-
trix) of a CMC. Section [3| is devoted to presentation of a specific method
for constructing a CMC with a given intensity. In Section [4] we relate con-
ditional Markov chains to doubly stochastic Markov chains. In particular,



we show that any conditional Markov chain constructed using the change
of measure technique used in Section |3 is also a doubly stochastic Markov
chain. In Sections [5| and [6] we introduce and study the concepts of strong
and weak consistency for CMCs, respectively. Section [7]is devoted to pre-
sentation of strong and weak CMC copulae, the concepts that are in the core
of modeling of structured dependence between CMCs, and we also present
related examples there. In Section |8 we propose a possible application of the
theory developed in this paper. Finally, in the Appendix, we collect several
technical results that are used throughout the text.

2. Conditional Markov Chain and Its Intensity

Let T > 0 be a fixed finite time horizon. Let (2, .4,P) be an under-
lying complete probability space, which is endowed with two filtrations,
F = (Fiwcpm and G = (Gi)iejor), that are assumed to satisfy the usual
conditions. The standing assumption throughout will be that all filtrations
used in the paper are completed, with respect to relevant probability mea-
sures. For the future reference we also define

Q\t = ]:T \ gt7 le [OaT]7 (21)

as well as the corresponding filtration G:= (QAt)te[o,T]. In what what follows,
we will not require that it is right-continuous.

Typically, processes considered in this paper are defined on (Q2, A, P),
and are restricted to the time interval [0,7]. Moreover, for any process U
we denote by FU the completed right-continuous filtration generated by this
process. In addition, we fix a finite set S, and we denote by d the cardinality
of S. Without loss of generality we take S ={1,2,3,...,d}.

Definition 2.1. An S-valued, G-adapted cadlag process X is called an (F,G)—
conditional Markov chain if for every x1,...,x, € S and for every 0 <t <
t1 <...<t, <T it satisfies the following property

P(th =T1,... ,th = xk‘ﬂ V gt> = ]P)(th =T1,... ,th = .CL’]C‘.B V O'(Xt))
(2.2)

Remark 2.2. (i) We will call filtration G the base filtration, and we will call
filtration I the reference filtration. Usually G = FX.
(ii) It needs to be stressed that an (IF, G)—conditional Markov chain may not



be a classical Markov chain (in any filtration). However, if G is independent
of F, then the above definition reduces to the case of a classical Markov
chain with respect to filtration G, or G—Markov chain. In other words,
a classical G-Markov chain is an (F, G)-conditional Markov chain for the
reference filtration independent of the base filtration.

In what follows we shall write (F,G)-CMC, for short, in place of (F,G)-
conditional Markov chain.

2.1. Intensity of an (F,G)-CMC

Let X be an (F,G)-CMC. For each z € S we define the corresponding
state indicator process of X,

HZD = ]l{Xt:x}, t e [O,T]. (23)

Accordingly, we define a column vector H; = (HF,z € S)", where T denotes
transposition. Similarly, for z,y € S, = # y, we define the process H*Y that
counts the number of transitions from z to y,

HY =#{u<t: X, =zand X, =y} = | H dHY, te€][0,T]. (2.4)
10,¢]

The following definition generalizes the concept of the generator matrix
(or intensity matrix) of a Markov chain.

Definition 2.3. We say that an F-adapted (matriz valued) process Ay =
[)\fy]g;vyeg such that

AY>0, VryeSa#y, and > XN'=0, VreS, (2.5)

yes

is an F-stochastic generator or an F-intensity matriz process for X, if the
process M = (M®,x € S)" defined as

t
0

is an TV G - local martingale (with values in R?).

Remark 2.4. We remark that even though the above definition is stated for
an (F, G)-CMC process X, it applies to S-valued semimartingales.
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We will now discuss the question of uniqueness of F-intensity.

Definition 2.5. We say that two processes A and A are equivalent relative
to X of

t
/ (Ay — M) Hydu =0, Wt € [0,7]. 2.7)
0

Proposition 2.6. Let X be an (F,G)-CMC.

i) If A and A are F-intensities of X, then they are equivalent relative to
X. In particular, F-intensity of X is unique up to equivalence relative
to X.

ii) Let A be an F-intensity of X. IfK 1s an F-adapted process equivalent
to A relative to X, then A is F-intensity of X.

Proof. i) By assumption, M given by and M defined as
M, :Ht—/tKjHudu, telo,T],
0
are IF V G-local martingales. We have that
M, — M, = /t(Au — Ay) T Hydu.
0

Thus M — M is a continuous finite variation F v G-martingale starting from
0, and hence it is a constant null process. Thus (2.7 holds.

ii) Note that (2.7)) implies that for 'V G martingale M given by (2.6)) it
holds

t t t
M, = Ht—/ AIHudqu/ (Ay—Ay) " Hydu = Ht—/ A Hydu, te][0,T].
0 0 0

Thus A is an F-intensity of X. m

In Example 5.12) we exhibit an (F, G)-CMC X, which admits two different
intensities that are equivalent relative to X.

In the case of classical Markov chains with finite state space, intensity
matrix may not exist if the matrix of transition probabilities is not differen-
tiable (e.g. when X is not quasi left continuous). In the case of (F, G)-CMC
the situation is similar. That is, there exist (F, G)-CMCs that do not admit
F-intensities. We illustrate this possibility by means of the following example
(see |Bielecki et al. (2015) for details):



Example 2.7. Let W be a Brownian motion and let £ be a random variable
with unit exponential distribution and independent from W. It is shown in
Bielecki et al.| (2015) that the process X defined by X; := 1<y, t > 0,
where 7 := inf {t > 0 : sup,cjqy Wy > E} is an (F",FX)-CMC which does
not admit an F"W-intensity matrix.

Theorem below provides more insight into the issue of existence of
F-intensity for an (F, G)-CMC.

The F-intensity matrix of an (F,G)-CMC X is related to the F Vv G-
compensators of processes H*, x,y € S, x # y. In fact, we have the
following result, which is a special case of (Jakubowski and Nieweglowski,
2010a, Lemma 4.3), and thus its proof is omitted.

Theorem 2.8. Let X be an (F,G)-CMC.

1) Suppose that X admits an F-intensity matriz process A. Then for every
x,y €S, x #y, the process H*Y admits an absolutely continuous FVG—
compensator given as fo HINYdu, i.e. the process K™ defined by

uu

t
K = HY — / HiXj'du, t€ 10,7, (2:8)
0

s an FV G —local martingale.

2) Suppose that we are given a family of nonnegative F-progressively mea-
surable processes N, x,y € S, x # vy, such that for every x,y € S,
x # vy, the process K™ given in is an FV G —local martingale.
Then, the matriz valued process Ay = [N]zyes, with diagonal elements
defined as
N == 3" A, zeS,
YES,y#x

s an F-intensity matriz of X.

We see that the F-intensity may not exist since F V G-compensators of
H?™ may not be absolutely continuous with respect to Lebesgue measure. On
the other hand, absolute continuity of F V G-compensators of all processes
H™ for xz,y € S, x # y, is not sufficient for existence of an F-intensity.
This is due to the fact that the density of F V G compensator is, in general,
F v G-adapted, whereas the F-intensity is only F-adapted.

In order to focus our study, we now introduce the following restriction:
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In the rest of this paper we restrict ourselves to CMCs, which admit F-intensity.

2.2. (F,G)-CMC as a pure jump semimartingale
[t is important to note that an (F,G)-CMC X, admitting F-intensity
process A, can be viewed as a pure jump semimartingale,ﬂ with values in S,

whose corresponding random jump measure p defined by (cf. Jacod |Jacod
(1974/75))

w dt, dZ ZéSAX dt dZ)]l{AX( )#£0) = Z(STn(w ) AX 1, (o) (@ (dt dz)]l{Tn (W)<TY}s

s<T n>1

where
Tno=inf{t:T,oy <t <T, Xy # Xp,_,} AT, Tp=0,

has the F V G predictable projection under P (the (F V G, P)-compensator)
given as

v(w, dt, dz) ZHQC( 3 6ya(dz) )\””y>dt Zn{xt x}( 3 5y_x(dz)/\fy>dt.

zeS yeS\{z} yeS\{z}

So the problem of construction of an (F,G)-CMC with an F-intensity (ma-
trix) process A is equivalent to the problem of construction of any G-adapted,
S-valued pure jump semimartingale with the (FV G, P)—compensator v given
as above, and additionally satisfying condition ([2.2)).

Remark 2.9. With a slight abuse of terminology, we shall refer to a G-
adapted, S-valued pure jump semimartingale X with the FV G compensator
v given above, as to a G-adapted, S-valued pure jump semimartingale admit-
ting the F-intensity process A. In particular, this also means that the process
M corresponding to X as in (2.6) (see Remark is an F V G —local mar-
tingale and, even though X is not necessarily (F,G)-CMC, the conclusions
1) and 2) of Theorem [2.§ hold.

Theorem below shows that a G-adapted, S-valued pure jump semi-
martingale admitting F-intensity process A is, under some additional condi-
tions, an (F, G)-CMC with the same F-intensity process A. Before stating
the theorem, we recall the notion of immersion between two filtrations.

!We adhere to the standard convention that semimartingale processes (taking values
in finite dimensional spaces) are cadlag.
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Definition 2.10. We say that a filtration F is P-immersed in a filtration H
if F C H and if every (P,IF)—local martingale is a (P, H)—local martingale.

We now have,

Theorem 2.11. Assume that
F is P—immersed in FV G. (2.9)

Let X be a G-adapted, S-valued pure jump semimartingale admitting the
F-intensity process A. Moreover suppose that

all real valued F — local martingales are orthogonal to components M*, x € S,
(2.10)

of process M given by (2.6]).
Then X is an (F,G)-CMC with the F-intensity process AP|

Proof. Tetusfix0=tg<t; <... <t <T,and zq,...,2; € S. It is enough
to show that the martingale IV, given as

Nt:IP(th :.Il,...,th:Ik‘E\/gt), t e [O,T],

is such that N; is F; V o(X;) measurable for any ¢t € [0,¢;]. Indeed, this
implies that

]P)(th =T1y... ,th = $k|ft\/gt) = ]P)(th =T1y... ,th = $k|ft\/0'(Xt)), t - [O,tl],

which is the (F,G)-CMC property. To this end, for each n = 1,... &k, we
define a process V;" by

n—1 k—1
V=11 {th:IZ}HtT E (Zthnewn 11 eImZththemeU:t), t € 10,77,
=1

m=n

where e, denotes a column vector in R? with 1 at the coordinate correspond-
ing to state x and with zeros otherwise, and Z, Y are solutions of the random

2We refer to He, Wang and Yan (He et al., {1992} Definition 7.33), for notion of orthog-
onality of local martingales.

12



ODE'{

dZt - —Attht, Z() - L t c [O,T],
dY, = Y,Adt, Yo=1, tel0,T).

We will show, that
V= Ny, fort € [tp_1,tn], n=1,2,...,k, (2.11)

which, in particular, implies that for every ¢ € [0,¢;] the random variable
N; = V;! is measurable with respect to F; V o(X;).

We first note that, in view of Lemma in Appendix B, the process V"
is an F V G martingale on [t,,_1,t,]. Moreover, we have that

V=Vt (2.12)

Indeed,

n k—1
n+1l __ T T
‘/tn - H ]]'{thle}thE (Ztn Y;n+1€xn+1 H exm Ztm}/tm+1exm+l |‘Eﬂ>
=1

m=n+1

n—1 k—1

_ T T T

- H ]I{th:g;l}th emn thE (Ztn}/tn-klexn-&-l H eCCm Ztm Km—&-lemm+l "Ftn)
=1

m=n+1

n—1 k—1
_ T T | | T
- H ]l{XtZZCEl}th]E (Zt" }/;f" exn e.l’n ZtnY;n+le$n+1 e;rm Zt’m}/tm«‘flexmﬁ»l |“Ftn>

=1 m=n-+1

n—1 k-1
= H ]]'{th:xl}Ht—l;]E(Ztn}/;nemn H e;—mZth;m+1€xm+1|En> = %Z’
=1

m=n

where the third equality follows from (9.7) in Appendix B, and from the fact
that
HtTeantI = H;eggneT

n Tn"

We will finish the proof by demonstrating (2.11) with use of backward induc-
tion. Towards this end, we start from the last interval, i.e. we take n = k.

3The symbol ”1“ used below is a generic symbol for the identity matrix, whose dimen-
sion may vary depending on the context.
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Observing that

k—1 k—1 k
Vie = H1{th:xl}H¥E(ZM%%) =ty Hoen = 1 1z
=1 =1 =1

and using the martingale property of V* on [t,_1,:], we conclude that for
t e [tk—h tk]

VE=E(V§IF vV G) = B(Xy = 21, X, = 2t Fi V Gr) = N

Now, suppose that for some n = 2,...,k — 1, the process V" coincides with
N on [t,_1,t,). This, together with (2.12)), yields that

Ntn—l = ‘/t’:_l = ‘/;::11
Thus, by the martingale property of V"~! on the interval [t, o,t, 1], we
obtain that

Vi =E(Ny, | FeV G) = Ny, € [tyos, b1l
So the (backward) induction principle completes the proof. ]

Remark 2.12. A sufficient condition for orthogonality of real valued F—local
martingales and components of process M is that F—local martingales and
the process M do not have common jumps or, equivalently, that F—local
martingales and the process X do not have common jumps. Indeed, let Z be
an (IF, P)—local martingale. Since M¥ is a local martingale of finite variation
we have that

(Z,M"), = Y AZAM; = Y AZAH;, tel0,T).

O<u<t O<u<t

Now, note that X jumps iff one of the processes H*,x € S, jumps. Thus
if X and Z do not have common jumps then [Z, M*| is the null process,
hence it is a local martingale. Consequently Z and M?* are orthogonal local
martingales.

We refer to Proposition 2.13 in [Bielecki et al. (2015a)) for an interesting
example of filtrations F and G that satisfy conditions (2.9) and (2.10]) of
Theorem 2.11]
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3. Construction of (F,G)-CMC via change of measure

The construction of CMC given in this section generalizes the construction
done in Bielecki et al.| (2015)). In Bielecki et al.| (2015]) the authors constructed
CMGCs that are starting from a given state with probability one. Here, we
construct a process (X)co,r] such that X is an (F,G)-CMC with the F-
intensity matrix process A, and with X, satisfying

P(Xy = z|Fr) =P(Xy = z|Fy), z€S8S. (3.1)

Even though in case of ordinary Markov chains a construction of a chain
starting from a given state with probability one directly leads to construction
of a chain with arbitrary initial distribution, this, in general, is not the case
when one deals with CMCs. In fact, some non-trivial modifications of the
construction argument used in Bielecki et al.| (2015) will need to be introduced
below.

3.1. Preliminaries

In our construction we start from some underlying probability space, say
(©,4,Q), on which we are given:

(I1) A (reference) filtration F.

(I2) An S-valued random variable £, such that for any = € S we have
that

Q€ = z|Fr) = pa, (3.2)

for some Fy—measurable random variable p, taking values in [0, 1].
(I3) A family N' = (N*¥), yes of mutually independent, Poisson processes,

y7w
that are independent of 7 Vo () and with non-negative intensities (a™¥). yes
y#£T
(of course for a™ = 0 we put N*¥ = ().
In what follows we take

Gi=(\ F")vole), teloT (3.3)

z,yeS

y#z

the corresponding filtration G is known to be right-continuous for ¢ € [0,7)
(see (Amendinger, 2000, Proposition 3.3) ).

Given G defined via (3.3), we will construct G-Markov chain, say X,
as a solution of an appropriate stochastic differential equation. This is an
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intermediate step in our goal of constructing an (F,G)-CMC with the F-
intensity matrix process A, and with X, satisfying

]P)(XO = (L‘|FT) = ]P(XO = I|f0), T € S, (34)
for a measure P to be constructed later.

Proposition 3.1. Let A = [a™Y], yes, where the diagonal elements of A are

defined as a™ = — > yes a™. Assume that £ is an S-valued random variable
#x

Y
and N' = (N*¥) are Poisson processes satisfying (I13). Then the unique strong
solution of the following SDE

dX; = Y (y— )X, )dN, € [0,T], Xo=¢  (3.5)

z,yes
xFy

is a G - Markov chain with the infinitesimal generator A. Moreover, A is an
F-intensity of X under Q.

Proof. In view of (I3), the processes N*¥ and N®¥', y # 4/, do not jump
together. Thus, the process H*Y defined for z,y € S, © # y by

t
ny:/ H® dN™, te0,T),
0

(cf. (2.3) for definition of H*) counts number of transitions of X from state
x to state y. Independence of N*¥ from Fr V o(&) implies that N*¥ is also

a G-Poisson processes with intensity a®. Thus, by boundedness and G-
predictability of (H})icjo,r), the process L*™ given as

t t t
Ly = / HY_ (AN —a™du) = H¥— / HY_a™du = H}— / Hfa™du, t€[0,T),
0 0 0

(3.6)
is a @—martingale. Consequently, application of relevant characterization
theorem (Jakubowski and Nieweglowski, |2010a, Thm. 4.1) yields that X is
a G-Markov chain with the infinitesimal generator A.

To finish the proof we observe that since X given by is a pure jump
process with finite variation, it is a semimartingale. The (G, Q)—compensator

of the jump measure of X, that is, the jump characteristic of X relative to
(G,Q), is given in terms of matrix A (cf. (3.6)). Moreover, since X is
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adapted to filtration FvVG C @, then we see that X is a semimartingale with
the (FV G, Q)—compensator of its jump measure given in terms of matrix A.

Now, A is F-adapted (since it is deterministic), so, in view of the terminology
introduced earlier (cf. Definition [2.3)), A is an F-intensity of X under Q. [

The fact that X is a Markov chain in filtration G will be critically im-
portant below.

3.2. Canonical conditions

Definition 3.2. We say that a matrix valued process A = [A\"Y], g satisfies
canonical conditions relative to the pair (S,F) if:

(C1) A is an F-progressively measurable and it fulfills (2.5).

(C2) The processes A", x,y € S, x # y, have countably many jumps
Q-a.s, and their trajectories admit left limits.

Any F-adapted cadlag process Ay = [AY]syes, for which (2.5) holds,
satisfies canonical conditions. We are now ready to proceed with construction
of a CMC via change of measure.

3.8. Construction of a CMC

In this section we provide a construction of a probability measure P,
under which the process X following the dynamics (3.5)) is an (F, G)-CMC
with a given F-intensity matrix A and with Fp-conditional initial distribution

satisfying (3.4)).

Theorem 3.3. Let A satisfy canonical conditions relative to the pair (S,F)
and assume that & satisfies (12). Suppose that a™, introduced in (13), is
strictly positive for all x,y € S, © # y. Moreover, let X be the unique
solution of SDE . For each pair x,y € S,x # y, define the processes k™

as
A2
K =21 e 0,7,

a*y

and assume that the random variable ¥ given as

T
U= H exp(—/O ij_a””y/iﬁydu> H (1+ KVAHDY),

T,YES:zHY 0<u<T
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satisfies Eql) = 1. Finally, define on (€, (./]\T) the probability P by

dp

@\ G, =V (3.7)
Then

(1) ]P)\fT = Q|]—'T'
(11) X is an (F,G)-CMC under P with the F-intensity matriz process A,
and with the initial distribution satisfying

]P(XO = $|.FT) = ]P)(Xo = $|f0> = @(XO = ZE|.FT), r €S (38)

Proof. In view of Theorem in order to prove (ii) it suffices to prove
that:

(a) under measure P process X has an F-intensity A,

(b) F is P-immersed in F VvV G,

(c) all real valued (IF, P)-martingales are orthogonal (under P) to martingales
M?* x €S,

(d) holds.

We will prove these claims in separate steps. In the process, we will also
demonstrate (i) (see Step 2).

Step 1: Here we will show that A is an F-intensity of X under P. Towards

this end, we consider a @—adapted process 1 given as

¢
N = H exp ( —/ Hfawymiydu> H (1+RrPAHDY), t€]0,T],
0

z,y€S:wH#y O<u<t

so that
dnt = M- ( Z K:txystxy> y Mo = 17
z,y€S:x#y

where L™ is a ((A}, Q)-martingale given by . Consequently, process 7 is
a (@, Q)-local martingale. Now, note that 7y = ¥, and thus Egnr = 1 = 5.
Thus 7 is (G, Q)-martingale (on [0, T]).

Since k™ is a left-continuous and F-adapted process, and since F C @,
we conclude that ™Y is @—predictable. Thus, by the Girsanov theorem (see

“There exist many different sufficient conditions ensuring that Egd = 1. For example
uniform boundedness of A is such a condition.
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Brémaud (Brémaud, [1981, Thm. VI.T3)), we conclude that the (G,P) com-
pensator of H* has density with respect to the Lebesgue measure given

ad’
Ay
]l{m}(Xt,)amy(l—l—Htxy) = ]l{x}(Xt,)axy (1 + Lx; — 1) = ]l{m}(Xt,))\ff, te [O,T]
So, for any x # y, the process K defined as
t
Ktxy = Htxy _/ ]l{x}(Xu,))\izidu,
0

is a G- local martingale under P. Since X is a cadlag process and since A\*Y
satisfies condition (C2) we see that

t
R = HY — / HENYdu, ¢ € [0,T], (3.9)
0

is a G- local martingale under P. Note that FVG C G and that the process
K isFV G-adapted. Taking 7, := inf {t >0:HY>nor fot Ny > n}

gives us a reducing sequence of G stopping times for K ¥ which are also
F Vv G stopping times. So, in view of (Follmer and Protter, 2011, Theorem
3.7), we have that K™ is also a FV G —local martingale. Thus according to
Remark [2.9) we can use Theorem [2.§] to conclude that A is an F-intensity of
X under P. R

Step 2: Here we will prove (i). In Step 1 we proved that 7 is (G, Q)
martingale. By definition of P and by the tower property of conditional
expectations we conclude that for an arbitrary ¢ € L>(Fr)

Ex(¢) = Eq(¥nr) = Eg(Eq(nr|Go)) = Eo(¥Eq(nr|Go)) = Eg(¥).

Step 3: Next, we show that [F is P-immersed in FV G. In view of Proposi-
tion 5.9.1.1 in Jeanablanc, Yor and Chesney [Jeanblanc et al. (2009) it suffices
to show that for any ¢ € L>(Fr) and any t € [0, 7] it holds

E]p(?/]‘./—'-t V gt) == ]E]P(V,b|./—"t), P—a.s. (310)

5We use the usual convention that Uy_ := 0 for any real valued process U.
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Now, observe that

P(n; > 0) = Eq(1n,>0317) > Eo(1iyrs0ynr) = Eo(nr) =1,

so that P(n, > 0) = 1. Moreover, 7, is F; V G; measurable by (I3), (3.6) and
(C1). Thus we have

_ Eq(Wnr| RV G)  Eq(WEq(nrl|G)|Fi v Gr)

Ep(w|ft v gt) a ]EQ(UT‘]:;S V gt) B Nt
_ E@Wﬁtjf V9 _ Byl F v G = Eo(4|F), P—as.,
t

where the third equality holds in view of the fact that n is (@, Q)-martingale,
and where the last equality holds since F is Q-immersed in FVG (see Corollary
in the Appendix). Hence, using (i) we conclude that

Ep(¢|F: V Gi) = Ep(¢|F), P —a.s.
Consequently, (3.10]) holds.

Step 4: Now we show the required orthogonality, that is we prove claim
(¢). Towards this end it suffices to prove that all real valued (IF, P)-martingales
do not have common jumps with X under P (see Remark . Let us take
Z to be an arbitrary real valued (F,PP)-martingale. Then, in view of (i), Z
is an (IF, Q)-martingale. By (I3), we have that (IF, Q)-martingales and Pois-
son processes in N are independent under Q. Thus, by Lemma in the
Appendix A, the Q probability that process Z has common jumps with any
process from family N is zero. Consequently, in view of (3.5), the (F,Q)-
martingale Z does not jump together with X, (Q-a.s. Therefore, by absolute
continuity of P with respect to QQ, P probability that Z jumps at the same
time as X is zero.

Step 5: Finally, we will show that holds. Towards this end, let us
take an arbitrary real valued function h on S. The abstract Bayes rule yields

_ Eo(h(Xo)nr|Fr) _ Eq(Bo(h(Xo)nr|Go)|Fr)
Eq(nr|Fr) Eq(Eq(nr|Go)| Fr)
= Eq(A(Xo)Eq(17(G0)| Fr) = Bo(h(Xo)|Fr) = Eq(h(Xo)| Fo),

where the last equality follows from the fact that by assumption (3.2)) the
initial condition of the process X satisfies

Q(Xo = z|Fr) = Q(Xo = x| Fy), z€S. (3.11)

Ep(h(Xo)|Fr)
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Consequently,
Ep(h(Xo)|Fo) = Ep(Ep(h(Xo)|Fr)|Fo) = Ep(Eq(h(Xo)|Fo)|Fo) = Eq(h(Xo)|Fo) = Ep(h(Xo)|Fr).

This completes the proof of (3.8), and the proof of the theorem. O

4. (F,G)-CMC vs (F,G)-DSMC

In this section we first re-visit the concept of the doubly stochastic Markov
chain. Then, we study relationships between conditional Markov chains and
doubly stochastic Markov chains. These relationships are crucial for the
theory of consistency of CMCs and for the theory of CMC copulae.

4.1. (F,G)-DSMC

The concept of (F,G)-doubly stochastic Markov chain ((F,G)-DSMC
for brevity), generalizes the notion of F-doubly stochastic Markov chain (cf.
Jakubowski and Nieweglowski| (2010a)), as well as the notion of continuous
time G-Markov chain.

Definition 4.1. A G-adapted cadlag process X = (Xi)icpr is called an
(F, G)-doubly stochastic Markov chain with state space S if for any 0 < s <
t <T and for every y € S it holds that

P(X, =y | FrvG) =P(X, =y | FVo(X,)). (4.1)

We refer to Jakubowski and Nieweglowski| (2010a) for examples of pro-
cesses, which are (F, FX)-DSMCs. We remark that in|Jakubowski and Nieweglowski
(2010a) it was assumed that the chain X starts from some point x € S with
probability one, whereas here, we allow for the initial state X, to be a non-
constant random variable.

With any X, which is an (F,G)-DSMC, we associate a matrix valued
random field P = (P(s,t), 0 < s <t <T), where P(s,t) = (puy($,t))ayes
is defined by

PX, =y, Xs=x|F)
X 7t - 1 =x t ]1 r= ]l =x +)= .
Pay(s, 1) PIX, = 2|7 {P(Xo=al7) >0} T La=y} L{p(x, =21 7)=0}

(4.2)

The following result provides a characterization of (F, G)-DSMC.
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Proposition 4.2. A process X is an (F, G)-DSMC iff there exists a stochas-
tic matriz valued random field P(s,t) = (Pay(5;1))ayes, 0 < s <t < T, such
that:

1) for every s € [0,T), the process P(s,-) is F-adapted on [s,T),
2) for any 0 < s <t <T and for every x,y € S we have

]I{XS:I}P(Xt =y | FrVvgs) = ]I{XS:m}ﬁwy(S,t). (4.3)
Proof. We first prove the sufficiency. Using (4.3) we have
P(X; =y | FrVG) = Lix—aDey(s,1). (4.4)
z€eS

So, taking conditional expectations with respect to F; V o(X;) on both sides
of (4.4), observing that F; V o(Xs) C Fr V G,, and using the tower property
of conditional expectations, we obtain

B(X, = y | Fvo(Xy)) = E(Z L sy P, | ftva<Xs>) = 3 Ly (. 1),

zeSsS zeSs

where the last equality follows from measurability of » ¢ 1ix,—21Pay(5,1)
with respect to F; V o(X,). This and imply P(X; =y | Fr VG,) =
P(X, =y | F Vo(X;)), which is (4.1).

Now we prove the necessity. First we observe that, using similar argu-
ments as in Jakubowski and Niewegtowski (Jakubowski and Nieweglowski,
2008, Lemma 3) (see also Bielecki, Crépey, Jeanblanc and Rutkowski (Bi-
elecki et al., 2008a, Lemma 2.1)), we have, for t > s,

P(Xy =y | Fi Vo(Xs)) (4.5)
P(X;, =y X, =2|F)
= ]l —z ]l =x|F: ]l =z ]l =x|Ft)= ]P) - e
;es: {X.=a} ( P(X, = 2| F)) {P(Xs=a|7)>0} T Ly=r} L {P(X,=|F)=0} a.s

Consequently, in view of (4.2) we have P(X; = y | FyVo(Xs)) = D cs Lixi=a}Pay (5, ).
It is enough now to let p, ,(s,t) = puy(s,t), for v,y € S,0< s <t <T. O

As we saw in the proof of Proposition we can take P = P, where P
is given by . In addition, we note that in view of the results in Rao [Rao
(1972), for every s € [0,7] and for almost every w € 2 the function P(s,-)
is measurable on [s, T, and for every ¢t € [0,7] and almost every w € 2 the
function P(-,t) is measurable on [0,¢]. This, and justify the following
definition
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Definition 4.3. The matriz valued random field P = (P(s,t), 0 < s <t <
T), defined by (4.2)) is called the conditional transition probability matriz field
(c—transition field) of X.

Remark 4.4. For the future reference, we note that (4.3) can be written in
the following form (recall that we take P = P):

E(HY | Frv Gs) =Y Hipay(st), foryes,

€S

which is equivalent to
E (H, | FrV Gs) = P(s, t)THS. (4.6)

We know that in the case of classical Markov chains the transition semi-
group and the initial distribution of the chain characterize the finite dimen-
sional distributions of the chain, and thus they characterize the law of the
chain. The next proposition is borrowed from Bielecki et al| (2015a)) (see
Proposition 4.6 and its proof there). It shows that, in case of an (F,G)-
DSMC X, the c-transition field P of X and the conditional law of X, given
Fr characterize conditional law of X given Fr.

Proposition 4.5. If X is an (F,G)-DSMC with c-transition field P, then,
for arbitrary 0 =to <t; < ... <t, <t <T and (x1,...,2,) € S",

n—1

P(th =T1,... Xy, =Ty | JT:T) = Z P(‘XO = x0|‘FT) Hpmkwkﬂ (tk7tk+1)‘
zo€S k=0
(4.7)
Moreover, if
P(Xo = xo|Fr) = P(Xo = x| Fo) for every xy € S, (4.8)

then, for arbitrary 0 <t < ... <t, <t <T and (xy1,...,x,) € S,
P(th =T, .. .th = Tn | ]:T) = P(th = T, .. .th = Tn | .Ft) (49)

Corollary 4.6. Let X be an (F,G)-DSMC with X, satisfying (4.8). Then
F is P-immersed in F Vv FX,

Proof. Inview of Proposition 4.5 process X satisfies (4.9). This, by (Jakubowski
and Niewegtowski, 2008, Lemma 2), is equivalent to P-immersion of F in
FvEFX. L]
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In analogy to the concept of F-intensity for (F, G)-CMCs, one considers
the concept of intensity with regard to (F, G)-DSMCs. Definition intro-
duces a concept of such intensity. This definition is stated in the form, which
is consistent with the way the original definition of intensity for DSMCs was
introduced in |Jakubowski and Nieweglowski (2010a). Later on, we will show
that this definition can be equivalently stated in the form similar to Definition

2.3

Definition 4.7. We say that an F-adapted matriz-valued process I’ = (I's)s>0 =
([v2¥]4hes)s>0 ts an intensity of (F,G)-DSMC X if the following conditions
are satisfied:

1)
/ Z |75 ds < 0. (4.10)
10,77

zeSs

2)

YW >0 VeyeSe#y, A =-— Z v Vre S (4.11)

yeSyF#x

3) The Kolmogorov backward equation holds: for all v < t,
t
Plot) — 1= / T P(u, t)du. (4.12)
4) The Kolmogorov forward equation holds: for all v <t,
t
P(v,t)—1= / P(v,u)l',du. (4.13)

Remark 4.8. The above Kolmogorov equations admit unique solution pro-
vided that I' satisfies (4.10) (see formulae given by Peano-Baker series or by
Magnus expansion see e.g. Blanes, Casas, Oteo and Ros|Blanes et al.|(2009)).

4.1.1. Martingale characterizations of (F,G)-DSMC
It turns out that the (IF, G)-DSMC property of process X is fully char-
acterized by the martingale property (with respect to the filtration G given

by (2.1])) of some processes related to X. These characterizations are given
in the next theorem.
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Theorem 4.9. Let (X;)co,r) be an S—valued stochastic process and (I')icpom

be an F-adapted matriz valued process satisfying (4.10) and (4.11). The
following conditions are equivalent:

i) The process X is an (F,G)-DSMC with the intensity process I.
ii) The processes M* defined by

]\//E""" = H} —/} }'yf“’xdu, reSs, (4.14)
0,

are G —local martingales.
iii) Let HY = f]o o Hi_dHY. The processes K™ defined by

K/Y:=HY — /] ]nyfyds, r,y €S, x#vy, (4.15)
0.t
are G - local martingales.
iv) The process L defined by
Ly = 7 H,, (4.16)
where Z 1s a unique solution to the random integral equation
dz, = =/ Z,dt, Zy=1, (4.17)

is a G —local martingale.
v) For any t € [0,T], the process N* defined as

Ni:=P(s,t)"Hy, for0<s<t. (4.18)
is a G martingale, where P(s,t) := Z,Y; with
dY, = YiTudt, Yo=1, te[0,T].

Proof. The proof of equivalence of (i)—(iv) goes along the lines of the proof
of (Jakubowski and Nieweglowski, 2010a, Theorem 4.1); only minor and
straightforward modifications are needed, and therefore the proof is omitted.
Equivalence of (iv) and (v) follows from formula N! = Y, L, for 0 < s <t

and the fact that Y; is uniformly bounded ao measurable invertible matrix

(Lemma [9.4). O
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The following result is direct counterpart of Proposition [2.6|and therefore
we omit its proof.

Proposition 4.10. Let X be an (F,G)-DSMC.

i) If ' and T are intensities of X, then they are equivalent relative to X.
In particular, intensity of X is unique up to equivalence relative to X.

ii) Let T be an intensity of X. Iff 15 an F-adapted process equivalent to
[' relative to X, then I s intensity of X.

Since an (F,G)-DSMC X is a S-valued cadlag process, then it is a pure
jump semimartingale. This observation sheds a new light on the intensity of
X as the following corollary shows.

Corollary 4.11. A intensity of an (F,G)-DSMC X is an F-intensity of X
in the sense of Definition [2.5,

Proof. The process M is a G-local martingale by Theorem ii). In fact,
it is also an F V G-local martingale. To see this, we take a reducing sequence

of G-stopping times 7, := inf {t >0: fot > yes |7 ]ds > n} Since M is also

FV G-adapted and (7,),>1 are also F VG stopping times we see that M is an
F Vv G-local martingale (see e.g. (Follmer and Protter, 2011, Theorem 3.7)).
This implies that the F-adapted process I' is an F-intensity of X. O

4.2. Relation between CMC and DSMC

In this section we present some aspects of relationship between the classes
of (F,G)-CMCs and (F,G)-DSMCs.

Proposition 4.12. Assume that F and G satisfy the immersion property
[2-9), and that X is an (F,G)-DSMC. Then X is an (F,G)-CMC. In addition
if X considered as an (F,G)-DSMC admits intensity T, then X considered
as an (F,G)-CMC admits F-intensity A =T.

Proof. Let us fix arbitrary z1,...,2p € Sand 0 <t <t; < ... <t, < T,
and let us define a set A by A = {X;, = x1,..., Xy, = 2;}. We need to show
that P(A|F; vV G;) = P(A|F, V o(Xy)).

Towards this end we first note that, by Lemma 3.1 in |[Jakubowski and
Niewegtowski (2010a), we have

k—1
P(A|'FT \ gt)]l{Xt:ar} - ]l{Xt:a:}pz,m (ta tl) H Pz ,xniq (tm tn—i-l)- (4'19)

n=1
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The tower property of conditional expectation and (4.19)) imply

P(A‘ft \/ gt) - E (ZE (]lA’.FT \/ gt) ]I{Xt:m}’.rt \/ gt>

€S

k—1
E (Z ]l{Xt:J:}px,xl (t, tl) H pxn,anrl (trn tn+1) |~Ft V gt)

€S n=1

k—1
= Z ]l{Xt:z}]E (p:c,acl (t, tl) H Pz xni1 (tna tn+1) |]:t \ gt) .
z€S

n=1

Thus using the assumed immersion property of F in F V G we obtain

€S

k—1
]P)(A|]:t \ gt) = Z ]l{Xt:x}E (px,xl (t, tl) prn,a:n+1 (tn7 tn+1)|~’rt) 5
n=1

which implies the CMC property.
The second claim of the theorem follows immediately from Corollary
O

Theorem 4.13. Suppose that X is an (F,G)-CMC admitting an F-intensity
A. In addition, suppose that X is also an (F,G)-DSMC with an intensity .
Then T is an F-intensity of X and A is an intensity of X.

Proof. 1t follows from Corollary that I' is an F-intensity. Thus by Propo-
sition[2.6] A and I" are equivalent relative to X. Consequently], by Proposition
4.10| process A is an intensity of X. m

Let us note that, in view of Theorem the intensity of X considered
as an (F,G)-DSMC coincides, in the sense of Definition [2.5, with the F-
intensity A of X considered as an (F, G)-CMC. Consequently, we introduce
the following definition

Definition 4.14. We say that X is an (F,G)-CDMC with an F-intensity, if
it is both an (F, G)-CMC with an F-intensity and an (F,G)-DSMC admitting
an intensity.

Remark 4.15. It is worth noting that Theorem [4.13] and Proposition im-
ply that if X is an (F,G)-CDMC with an F-intensity, then this F-intensity
and the Fr-conditional distribution of X, determine the Fp-conditional dis-
tribution of X.
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In case of process X constructed in Theorem [3.3] the result of Theorem
4.13| can be strengthen as follows.

Proposition 4.16. Let X be a process constructed in Theorem[3.5, so that
X is an (F,G)-CMC process with an F-intensity process A. Then X is an
(F,G)-DSMC with an intensity process I' = A. Thus, X is an (F,G)-CDMC
with F-intensity.

Proof. In Step 1 of the proof of Theorem [3.3 H we showed that the processes
KW, z,y € S, & # y, given by (3.9), are G—local martingales. Thus, by
Theorem [£.9] X is an (F,G)-DSMC with intensity A. O

The following example illustrates an alternative way for constructing an
(F, G)-CDMC. In particular, it illustrates use of Proposition [4.12]

Example 4.17. (Time changed discrete Markov chain) Consider process
C, which is a discrete time Markov chain with values in S = {1,..., K}
and with transition probability matrix P. In addition consider process NV,
which is a Cox process with cadlag F-intensity process A. From (Jakubowski
and Nieweglowski, [2008, Theorem 7 and 9) we know that under assumption
that the processes (Cj,)g>0 and (Ni)tepo,r) are independent and conditionally
independent given Fr, the process

Ct = éNt

is an (F,F¢)-DSMC. Moreover C' admits intensity process I' = [y*¥] given
as 7Y = (P — I)yy\. Thus, by Corollary and Proposition ﬁ the
process C is an (F,FY)-CMC with F-intensity A = I', and hence, it is also
an (F, F¢)-CDMC.

We end this section with providing sufficient conditions for a pure jump
semimartingale to be a CDMC. The proof of the following theorem is omitted
here, and can be found in Bielecki et al.| (2015a).

Theorem 4.18. Let F, G satisfy the immersion property (2.9). Assume that
S—valued G-adapted pure jump semimartingale X admits an F-intensity A.
Moreover suppose that the orthogonality property 15 fulfilled. Then X
is an (F,G)-CDMC with an F-intensity A.
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5. Strong Markovian Consistency of Conditional Markov Chains

Let X = (X%,...,X") be a multivariate (F,FX)-CMC[]| with values in
S := X3, Sy, where Sy, is a finite set, k = 1,..., N.

Definition 5.1. (i) Let us fit k € {1,..., N}. We say that process X satisfies
the strong Markovian consistency property with respect to (X*,F) if for every
x’f,...,xanSk and for all0 <t <t <...<t, <T, it holds that

P(X! =af,. .. X =2{|FvVF) =P (X} =af,. .. X =2f|FVva(X))),
(5.1)

or, equivalently, if X* is an (]F,IFX)—C’MC.

(i1) If X satisfies the strong Markovian consistency property with respect

o (XkF) for all k € {1,...,N}, then we say that X satisfies the strong

Markovian consistency property with respect to .

Remark 5.2. There is a relation between strong Markovian consistency of X
with respect to (X* F) and the concept of Granger’s causality (cf. Granger
Granger| (1969)): Suppose that process X satisfies the strong Markovian
consistency property with respect to (X* ). If the reference filtration F
is trivial, then the collection {X* i # k} does not Granger cause X*. By
extenso, we may say that, in the case when reference filtration IF is not trivial,
then, "conditionally on F*, the collection { X", i # k} does not Granger cause
Xk

The next definition extends the previous one by requiring that the laws of
the marginal processes X*, k =1,..., N, are predetermined. This definition
will be a gateway to the concept of strong CMC copulae in Section [7.1}

Definition 5.3. Let ) = {Yl, e ,YN} be a family of processes such that
each Y* is an (F,F¥")-CMC with values in Sy.

(i) Let us fit k € {1,2,..., N} and let process X satisfy the strong Markovian
consistency property with respect to (X* ). If the conditional law of X

5Definitions of strong and weak Markov consistency can be naturally extended to the
case of process X = (X!,..., X"), which is a multivariate (F,G)-CMC, with FX C G.
In the present paper we shall only work with X = (X!,...  X%) being a multivariate
(F,FX)-CMC.

“In more generality, one might define strong Markovian consistency with respect to a
collection X7 := {X* keI C {1,2,...}} of components of X. This will not be done in
this paper though.
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given Fp coincides with the conditional law of Y* given Fr, then we say that
process X satisfies the strong Markovian consistency property with respect to
(XFE F,YF).

(11) If X satisfies the strong Markovian consistency property with respect to
(X* F,Y*) for every k € {1,2,..., N}, then we say that X satisfies the
strong Markovian consistency property with respect to (F,)).

5.1. Sufficient and Necessary Conditions for Strong Markovian Consistency

In what follows we use the following assumption

(i) X is an (F,F¥)-CDMC admitting an intensity.

Assumption (A): (ii) P(Xo = zo|Fr) = P(Xo = 9| Fo) for every zp € S.

In view of Proposition [4.16] we see that Assumption (A) is satisfied for
the large class of processes.

Our next goal is to provide condition characterizing strong Markovian
consistency of process X with intensity A. Towards this end we first introduce
the following conditionf]

Condition (SM-k): There exist F-adapted processes A\F#v" | gk ok ¢ G ok £
y*, such that
X1 xR gk xR XN (L Ry N
]l{Xf:mk} Z )\g t t t + )y Y YY)
m S7L7
n:l?Qf.,N,n;ék (5.2)
= H{szzk}/\f;xkyk, dt ® dP-a.e. Yz* y* € Sy, " # o

We have the following proposition, which is a direct consequence of Propo-
sition and thus we omit its proof.

Proposition 5.4. Let X satisfy Assumption (A) and let A, A be F-intensities
of X. Then (SM-k) holds for A if and only if it holds for A.

The next theorem provides sufficient and necessary conditions for strong
Markovian consistency property of process X with respect to IF. This theorem
elevates the results of Theorem 1.8 from Bielecki et al.| (2013d)) to the universe

8The acronym SM comes from Strong Markov.
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of conditional Markov chains studied here. We stress that Theorem [5.5is not
just a mere extension of Theorem 1.8 from Bielecki et al.| (2013d), but that
it opens a new horizons for studying structured dependence between jump
semimartingales. Similar remarks apply to other results presented here, that
are rooted in the study that we did in Bielecki et al.| (2013d)).

Theorem 5.5. Let X satisfy Assumption (A), and let us fitk € {1,2,..., N}.
Then, X is strongly Markovian consistent with respect to (X* ) if and only
if Condition (SM-k) is satisfied. Moreover, in this case, process X* admits
the F-intensity AF = [)\k;zkzyk]mykesk, with N9 as in Condition (SM-k),
and with \ke =" given by

kyah ok o § : Feszh oy
)\t —_— )\t .
YRSy, yk#xk

Proof. Let A be an F intensity of X. For simplicity of notation, but without
loss of generality, we give the proof for £ = 1, and for N = 2, so that
S =51 x Sy, X = (X', X?). In this case, (5.2)) takes the form

21 X2) (41 42 .
]I{th:xl} Z )\E XOW Y ]I{thle})\%’ Yt e dP-a.e., V' y'e Sy, zt £yt
y2€S2

(5.3)

Step 1: For zt,y! € S, 21 # y' and for 22 € S, we define processes
.xl 1 '$1 '.§U2
HLzy ,Hl’ ,HZ by

'.'L’l 1 .1’1,12 17 2
HV = 3 M cpayy = > W

O<u<t z2,y2€5,

and Htl;xl = ]I{th:xl}, Hf;xQ = 1{X3:x2}, for t € [0, 7.

Next, we consider process K (11’12)(?/1’92), given as
t
K§x17x2)(y1,y2) _ Ht(xl,rQ)(yl,f) _/ H&xl’ﬁ))\gxl’ﬁ)(yl’y% du
0
t
_ Ht(xl,:vz)(ylayQ) _/ Hi;mlH3;12)\£Lz1,12)(y1,y2) du, t e [O,T]
0

In view of Theorem [2.8 process K@ #*)#"%*) is an F\V FX ~local martingale.
Since, in view of Assumption (A), X is also an (F, FX)-DSMC, then, Theorem
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1mp11es that K@« %% ig also IE‘X local martingale, where FYX .— (FrV
«FtX)te[O,T]- Consequently, process K¢’ given as

K;’clyl _ Z Kt(xl,xQ)(yl,yQ) _ ]—_]—tl;aﬁly1 _/ Z Hlx H?x )\(:13 y! 2)du

0

z2,y%€Ss z2y2€Ss

(5.4)

is an IF vV FX —local martingale as well as an FX ~local martingale.
Step 2: Now, assume that (5.3) holds. Then, using (5.4) we obtain that

t
Kflyl :Htl;xlyl _/ H’;wl Z H’z;xz Z A 2)(y du
0

1‘2652 2652

t

1-11 1 2 1.11 el enly 1

= HbY _/ Hla: E :)\(w XDV | gy = ey _/ Hiz Ai,xy
0

2652

Since K*'¥" is a FX —local martingale, then, by Theorem the process X!
is (F,FX)-DSMC with intensity process Al. X is an (F,FX)-DSMC, so the
filtration I is immersed in F\VFX (see Corollary . Consequently, applying

Proposition we conclude that X' is (F,FX)-CMC.
Step 3: Conversely, assume that X' is an (F, F¥)-CMC with F-intensity A'.

.11 .
So, process K'Y given as
A.lel l;atlyl t 1:21 l'mlyl
K, 7’ =H, — H NV du, tel0,T],
0

is an F V FX ~local martingale. Recall that process K*'¥" defined in (5.4)
is an F vV FX-local martingale. Consequently, the difference K oyl _ KTty ,
which equals

t
Ail?lyl mlyl o 1;1.1 2;12 (11’12)(y17y2) l;mlyl
Kfv —KPY = | H! > HE) — AL du
0

x? 7y2 €52

t
:/ H;””l E /\grlXS)(ylyQ) _)\i;wlyl du, te0,T],
0

| y2€52
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is a continuous IV F¥X —local martingale of finite variation, and therefore it
is equal to the null process. This implies ((5.3). The proof of the theorem is
complete. O

The next theorem gives sufficient and necessary conditions for strong
Markovian consistency property of X with respect to (F,)). This theorem
will be used to prove Proposition [5.9) which will be critically important in
the study of strong CMC copulae in Section

Theorem 5.6. Let Y = {Y',...,YN} be a family of processes such that

each Y* is an (F, IFYk)—CDMC’, with values in Sy, and with F-intensity UF =
[ f;xkyk}mykesk. Let process X satisfy Assumption (A). Then, X salisfies
the strong Markovian consistency property with respect to (F,Y) if and only

of for all k=1,2,..., N, the following hold:
(1) Condition (SM-k) is satisfied with
)\k;mkyk’ _ wk;zk’yk, xk7yk c Sk,xk 7& yk'

(i1) The law of X} given Fr coincides with the law of Y given Fr.

Proof. First we prove sufficiency. In view of (i) we conclude from Theorem
that process X is strongly Markovian consistent with respect to (X* ),
and that X* admits the F-intensity W*, for each k¥ = 1,2,..., N. This, com-
bined with (ii) implies, in view of Lemma that X satisfies the strong
Markovian consistency property with respect to (I, )).

Now we prove necessity. Since X satisfies the strong Markovian consistency
property with respect to (F,)), then, clearly, the law of X[ given Fr coin-
cides with the law of Y given Fr for all k = 1,2,..., N. In addition, in
view of Theorem [5.5|and Lemma we conclude that is satisfied with
AN =UF forall k=1,2,...,N. O

5.2. Algebraic Conditions for Strong Markov Consistency

The necessary and sufficient condition for strong Markov consistency
stated in Theorem may not be easily verified. Here, we provide an al-
gebraic sufficient condition for strong Markov consistency, which typically
is easily verified. Towards this end let us fix k € {1,2,..., N}, and let us
consider the following condition]|

9The acronym ASM comes from Algebraic Strong Markov.
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Condition (ASM-k): The F-intensity process A of X satisfies, for every t €
0,7, and for all 2%, y* € Sy, 2% # y*, and 2", 2" € S,, n # k,

)\(Il7"’7xk7"‘7‘rN)(yl7"'7yk7'“7yN) _ )\(il7"'757]6717xk7jk+17"'7‘iN)(y17"
E t - E : t

y"€Sn, y"E€Sn,
n=1,2,...,N,n#k n=1,2,...,N,n#k

Remark 5.7. Contrary to Condition (SM-k), whether condition (ASM-k)
holds or not depends on the choice of version of F intensity (see Example
5.12).

We note that Condition (ASM-k) generalizes the analogous condition in-
troduced in Bielecki, Jakubowski, Vidozzi and Vidozzi Bielecki et al.| (2008b)
for Markov chains, and called there Condition (M). The importance of Con-
dition (ASM-k) stems from the fact that it is easily verifiable and from the
next result.

Lemma 5.8. Let process X satisfy Assumption (A), and let us fir k €
{1,2,...,N}. Then, Condition (ASM-k) is sufficient for strong Markovian
consistency of X relative to (X* F) and for A¥ = [Ak;xkyk]kakesk to be an

F-intensity process of X*, where \M*"Y" is given as

)\k§$kyk — Z )\(xl7“'7xk7"'7xN)(y17---7yk7---7yN) (55)

y"ESn,
n=1,2,...,N,n#k

for 2% # y*, and

)\kz;xkxk _ Z )\k;:{:kyk

y* €S, ykFxk

Proof. Condition (ASM-k) implies that for any z*,y* € S, 2% # 4", the

following sum
1 k Ny(o 1 k N
2 : )\ga: ooy ) (Yt Yy )’ (56)

y"E€Sn,
n=1,2,...,N,n#k

does not depend on z!,... zF"t 2% 2N Thus, condition (5.2) holds
with \kev* given by (j5.5). Consequently, the result follows by application
of Theorem B3 O

Proposition below will play the key role in Section [7.1}
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Proposition 5.9. Let Y = {Yl, e ,YN} be a family of processes such that
each Y* is an (F,F¥")-CDMC with values in Sy, and with F-intensity UF =
[ f:wkyk}xk7ykesk. Let process X satisfy Assumption (A). Assume that
(i) There exists a version of F—intensity A which satisfies the following
condition:

for each k =1,2,...,N, a% y* € Si, 2% # o,

ksxhyh [ LN T 1 (YL L Y
kiety® — Z /\E Y y®oy ) (5.7)

y"E€Sn,
n=1,2,...,N;n#k

(i) The law of X} given Fr coincides with the law of Y given Fr for all
k=1,2,...,N.

Then, X satisfies the strong Markovian consistency property with respect to

(F, ).

Proof. We observe, that for F-intensity A satisfying (7), Condition (ASM-k)
holds for every £ = 1,2,...,N. Thus, by Lemma it follows that
holds with Me™v® = yke™s® ok ok e G ok o y* From (ii) and Theorem
we conclude that X is strongly Markovian consistent with respect to
(F, ). O

5.2.1. Condition (ASM-k) is not necessary for strong Markovian consistency

Example below shows that, in general, Condition (ASM-k) is not
necessary for strong Markovian consistency of X relative to (X* ). Thus,
Condition (SM-k) is (essentially) weaker than Condition (ASM-k). In fact,
Condition (ASM-k) is so powerful that it implies strong Markovian consis-
tency of X relative to (X* F) regardless of the initial distribution of process
X. However, whether or not Condition (SM-k) holds depends also on the
initial distribution of X [

10 This observation suggests that the relation between Condition (ASM-k) and Condition
(SM-k) is analogous to the relationship between strong lumpability property and weak
lumpability property (cf. Ball and Yeo Ball and Yeo| (1993)), Burke and Rosenblatt Burke
and Rosenblatt| (1958))).

35



Example 5.10. Consider a bivariate process X = (X!, X?) taking values
in a finite state space S = {(0,0),(0,1),(1,0),(1,1)}, and such that it is an
(F,FX)-CDMC. Assume that X admits the F-intensity A of the form[I]

(0,0) (0,1) (1,0) (1,1)

(0,0) [ —ay 0 0 ay
At — [)\t ]1’7?!63 - (170) O 0 O O (58)
(17 1) bt 0 0 _bt
Let us suppose that Fr—conditional distribution of X is given as
P(Xo = (0, 1)|Fr) =P(Xy = (1,0)|Fr) = 0, (5.9)

]P(XO = (0,0)|fT) = My, ]P)(XO = (1, 1)|FT) =my,

where mg, m; are Fy measurable random variables.
Now let us investigate Condition (SM-1) relative to this X. One can verify
that c—transition field of X (see Definition has the following structure

(0,0) (0,1) (1,0) (1,1)

(070) P()l(](sﬂt) 0 0 P(]ll(sat)
(0,1) 0 1 0 0
(1,0) 0 0 1 0
(171) Pllo(sat) 0 0 Plll(sat)

Thus, in view of Proposition , we conclude that for any ¢ € [0, 7]
P(X; = (0, 1)|Fr) =P(X; = (1,0)|Fr) = 0, (5.10)
P(X; = (0,0)|Fr) = moPyy(0,t) +my Py(0,1).

Consequently, as we will show now Condition (SM-1) (i.e. (5.2) for k = 1)
is satisfied here. In fact, taking z' = 0,y' = 1 and invoking ([5.9), we obtain
that

)\io,Xf)(Lo) +)\,§0’Xt2)(1’1))

L}l
0,0)(1,0 0,0)(1,1 0,1)(1,0 0,1)(1,1
=1{xg:o,xg:o}@§ MO 0o ))+1{X§:O,Xf:1}(/\£ O \PIEY)

= Lrgooxz=0y @+ Lixasoxe=1)0 = (Lixioxz—o) + Lxpooxz=i))@ = L _pyar,

1Tt was shown in Proposition that one can always construct an (F,FX)-CDMC
with a given F-intensity A.
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where the third equality follows from the fact that
1{){}:0,){3:1} =0, dt®dP, (5.11)

which is a consequence of (5.10). Analogously, for z! = 1,y' = 0 it holds

(lX )(0,0 (1,X7) ))

]l{Xl 1}( —0—)\

1,0)(0,0) 1,0)(0,1 1,1)(0,0 1,1)(0,1
- ]I{XS:LX?:O}()‘IE 00 4 )\g ( )) + ]I{th:I,XtQ:l}()\?E 100 4 >‘§ : )>
- ]l{thzl,X,?:o}O + ]l{ngl,Xf:l}bt = (1{X,}=1,X§=0} + ]l{ngLXf:l})bt = ]l{xtlzl}btv
where we used the fact that

Lixioixz—o} =0, dt @ dP. (5.12)

Thus, Condition (SM-1) holds here for \;**" = a;, \;"'! = b;. Similarly, one
can show that Condition (SM-2) is fulfilled for A" = a,, A>"' = b,. Thus,
X is strongly Markovian consistent with respect to F. However, Condition
(ASM-1) is not satisfied here (regardless of the initial distribution of X') since
for every ¢t € [0,T] we have

AIEO,O)(I,O) Y (0,0)(1,1) a4 0 = )\(o 1)(1,0) + /\ (0.1)(1,1) 0

Remark 5.11. It is worth noting that strong Markovian consistency depends
on the initial distribution of X. Consequently, we may have two pro-
cesses: X which is (F,F*)-CMC and Y which is (F,F¥)-CMCs with the
same F-intensity, such that one of them is strongly Markovian consistent
and the other one is not. In fact, let Y be an (F,F¥)-CMC taking values in a
finite state space S = {(0,0),(0,1),(1,0),(1,1)}, endowed with the same F-
intensity as in Example|5.10, and with the conditional initial distribution such
that either P(P(Y, = (0,1)|Fr) > 0) > 0, or P(P(Y, = (1,0)|Fr) > 0) > 0.
For process Y equality is not satisfied, and thus Condition (SM-1)
does not hold. Consequently, process Y is not strongly Markovian consistent
with respect to F.

In the next example we will show that an (F,F*)-CMC X may have
intensity for which Condition (ASM-k) does not hold, and it may admit

another version of intensity, in the sense of Definition for which Condition
(ASM-k) is fulfilled.
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Example 5.12. Let us take X as in Example In that example we
proved that Conditions (ASM-1) and (ASM-2) are not satisfied by the F-
intensity A given by . However there exists another version of F-intensity
of X, say I', for which Conditions (ASM-1) and (ASM-2) are satisfied. In-
deed, let us consider that process I' defined by

(0,0)  (0,1) (1,o) (1,1)

(07 O) —Qy 0 0 ay

— [~TY _ (07 1) by —a; — b 0 a
Pt - h/t ];r,yGS - (1’ O) bt 0 —ay — bt a
(L b 0 0 —b,

I is an F-intensity of X, by Proposition [2.6[ii), since in view of (5.11)) and
(5.12) it holds that

t
/ (Ty —Ay)"Hydu =0, tel0,7)].
0

Finally, we see that Conditions (ASM-1) and (ASM-2) are satisfied for T
because

7150,0)(1,0) + P)/t(O,O)(l,l) = = 7150,1)(1,0) + P)/t(O,l)(l,l)

Y

'}/15(171)(070) + ")/75(1’1)(071) _ bt _ ’775(170)(070) + 7§1,0)(0,1)’
'}/15(070)(071) + P)/t(O,O)(l,l) —a = '}/15(170)(071) + ")/75(1’0)(171),
'}/15(171)(070) + ")/75(1’1)(170) _ bt _ ")/15(071)(070) + %5(0,1)(1,0). O

6. Weak Markovian Consistency of Conditional Markov Chains

We will study here the concept of weak Markovian consistency. As in
Section [5 let us consider X = (X' ..., X¥") - a multivariate (F,FX)-CMC
with values in S := Xfcvzl Sk (recall that Sy is a finite set, k = 1,...,N), and
admitting an F-intensity A.

Remark 6.1. In many respects, the concept of weak consistency is more im-
portant in practical applications than the concept of strong Markovian con-
sistency. For example, in the context of credit risk strong Markovian con-
sistency prohibits so called default contagion, except for the extreme case of
joint defaults. On the contrary, weak Markovian consistency allows to model
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not only default contagion but, more generally, contagion of credit migra-
tions. We refer to Example 2.4 in Bielecki et al.| (2014d)) for some insight into
these issues.

As it will be seen below, the definitions and results regarding the weak
Markovian consistency to some extent are parallel those regarding the strong
Markovian consistency. But, as always, “the devil is in the details”, so the
reader is kindly asked to be patient with presentation that follows.

Definition 6.2. (i) Let us fir k € {1,...,N}. We say that the process X
satisfies the weak Markovian consistency property relative to (X*, F) if for
everya;’f,...,:vfnésk and for all0 <t <t; <...<t,, <T, it holds

P(XE =ab,. XE = bRV FY) =P (XE, =k, X =2l R V(X))
(6.1)

or, equivalently, if X* is a (IF,]FXk)—CMC’.

(i1) If X satisfies the weak Markovian consistency property with respect to

(X* F) for all k € {1,..., N}, then we say that X satisfies the weak Marko-

vian consistency property with respect to F.

Definition 6.3. Let Y = {Y*, ..., YN} be a family of processes such that
each Y* is an (F,F¥")-CMC with values in Sy.

(i) Let us fir k € {1,2,...,N} and let the process X salisfy the weak Marko-
vian consistency property with respect to (X* ). If the conditional law of
X* given Fp coincides with the conditional law of Y* given Fr, then we
say that X satisfies the weak Markovian consistency property with respect to
(XF T, YH).

(i1) If X satisfies the weak Markovian consistency property with respect to
(Xk F,Y*) for every k € {1,2,...,N}, then we say that X satisfies the
weak Markovian consistency property with respect to (F,)).

6.1. Sufficient and necessary conditions for weak Markovian consistency

We postulate in this subsection that the process X satisfies Assumption
(A) (see Section[5.1]), and we aim here at providing a condition characterizing
weak Markovian consistency of the process X.

Let us start from introducing[?]

12The acronym WM comes from Weak Markov.
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Condition (WM-k): There exist F-adapted processes Meehy® gk gk e g
x* # ¥, such that

(&bt yN) Xk
Lixp=aty Z At Ep ]1{X5=:c17...,x,£“*1=x’“—1,Xf“=:ck+1,...7X{V=xN} FiV I

",y ESy
n=1,2,....N,n#k

At @ dP-ace. Vak yF € Sy, 1F £ yF
(6.2)
Similarly as in the case of Condition (SM-k) we have the following propo-
sition, which is a direct consequence of Proposition

Proposition 6.4. Let X satisfy Assumption (A) and A, A be F-intensities
of X. Then (WM-k) holds for A if and only if it holds for A.

= Lxp—on)

The next theorem characterizes weak Markovian consistency in the present
set-up.

Theorem 6.5. The process X with an F-intensity A is weakly Markovian
consistent relative to (X* ) if and only if Condition (WM-k) is satisfied.
Moreover, X* admits an F-intensity process

AP = s (6.3)
with ke a* given by
AT == N Y vk e s,
yk €Sk yk#ak

Proof. For simplicity of notation we give proof for K =1 and N = 2. In this
.k
case, (6.2) takes the following form (recall our notation: H;™* = Lixk—ary)

H N AR, (Hf;””2|]-} v FX ) = HPAEY gt @ dP-ace. Vol yte XL ot £yt
2 y2eSs

(6.4)

Step 1: In Step 1 of the proof of Theorem We have shown that the process
K*'%" given in (5.4) is an F V FX ~local martingale. Now let us denote by
K*'Y" the optional projection of K='%" on the filtration F V FXI. Observe

13We note that for existence of optional projections we do not need right continuity of
the filtration (see Ethier, Kurtz (Ethier and Kurtz, (1986, Theorem 2.4.2)).
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that the sequence

t
T, = mf{t >0:H¥Y >nor / (
0

is sequence of FVFX—stopping times, as well as F\V FX —stopping times, and
that is a reducing sequence for K='v'. So, by (Follmer and Protter, 2011}
Theorem 3.7), the process K=" is an FVFX' -~ local martingale.

Following the reasoning in Theorem 5.25 in He et al.| (1992)), we obtain
that

x27y2€52

0

z2,y2€Ss x2,y2€857

1,1 .
and hence the process K*Y given as

t
f}flyl _ Htl;xlyl_/ H;’II]E( Z Hi;wz/\i(fl’ﬁ)(yl’y%
0

x? 7y2 €52

IUfo)du, t e 0,7,

(6.5)
is an F v FX' ~local martingale.
Step 2: Now, suppose that (6.4) holds. Then we have

t
Kflyl _ ]_Itl;acly1 _/ Hllt;ml)\i;mlyldu’ t e [O,T]
0

Thus according to Remark we can apply Theorem to process X' in
order to conclude that A' is an F-intensity of X', so that R?valued process
M' = (M52 € $,)T, given as

t
T LT X
0

is an F VvV FX' —local martingale.

Next, using Theorem we will show that X' is an (F,FX")-CMC.
Towards this end, we first observe that Assumption (A) implies, by Corollary
1.6} that F is immersed in FVFX, and thus F is immersed FVFX'. Moreover,
as we will show now, all real valued F-local martingales are orthogonal to
processes M* x € S, that are components of process M defined in (2.6]).
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Indeed, let us take an arbitrary real valued F-local martingale N. Then, by
definition of M and the fact that M is a pure-jump local martingale we have,
for any (z!,2?) € S,

[N, M), = N AN AMET ) = Y AN AHT ) e (0,7,
O<u<t O<u<t

(6.6)

Now, since the jump times of N are F-stopping times, then by Proposition 6.1
in Jakubowski and Niewegtowski| (2010a) we conclude that N and X do not
have common jump times, equivalently, N and M do not have common jump
times. Therefore, [V, Mx1’x2] = 0, so that N is orthogonal to all processes
Mxl IQ

From the above we will deduce that all real valued F-local martingales
are orthogonal to processes Mt ,x! € Sy, that are components of process
M! defined above. In fact taking N as above we see that orthogonality of NV
and M5 follows from the following equalities

N M) = Y ANAME = Y ANAHF = Y N AN AHE )

O<u<t 0<u<t 0<u<t z2€S5,
=Y Y ANAHE) = 3N, M), =0, te[0,T),
z2€85 0<u<t z2€83

where the penultimate equality follows from (6.6)).
Consequently, we see that assumptlons of Theorem [2.11] are fulfilled (tak—
ing there X = X' and G = FX'), and thus we may conclude that X' i

(F,FX")-CMC with F-intensity A'(t) = [)\tl;xlylhl,ylesl.

Step 3: Conversely, assume that X' is an (IF,FXI)—CMC with F-intensity
ALt) = [A%;xlyl]zgylesl. Fix 2!, y* € S, 2! # y'. In an analogous way as in
Step 3 of the proof of Theorem we see that the difference K='v' — [?Ilyl,
where K®'v' given in (6.5) and

I?t$1y1 _ 190 y! / Hl:c Ai;xlyldu’ te [O,T],

is a continuous F VV FX' —local martingale of finite variation. Therefore it is
equal to 0, which implies (6.4). The proof of the theorem is complete. O
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The next theorem gives sufficient and necessary conditions for weak Marko-
vian consistency property of X with respect to (IF,)). We omit the proof of
this theorem, as its proof can be derived from the proof of Theorem by
using Theorem [6.5] instead of Theorem [5.5]

Theorem 6.6. Let Y = {Yl, e ,YN} be a family of processes such that
each Y* is an (F, Fyk)—CDMC, with values in Sy, and with F-intensity Uk =
[wf;mkyk}mk’ykesk. Let process X satisfy Assumption (A) and let A be a version

of its F-intensity. Then, X satisfies the weak Markovian consistency property
with respect to (F,Y) if and only if for all k = 1,2,..., N, the following hold:

(i) Condition (WM-k) is satisfied with W in place of AF.
i) The law of X} given Fr coincides with the law of Y given Fp.
0 0

6.2. Necessary condition for weak Markovian consistency

Conditions (WM-k) are mathematically interesting, but they are difficult
to verify since they entail computations of projections on the filtration F V
FX". Here we will formulate an “algebraic like” necessary condition for weak
Markovian consistency, which is easier to verify.

We start with imposing the following simplifying assumption on process
X:

Assumption (B): For each k € {1,2,..., N} it holds that

P (X =2"|F) >0, dt®dPae., Vi*e LS.

Clearly, this assumption imposes constraints on the initial distribution of the
chain, as well as constraints on the structure of the intensity process of X.
However, it allows to simplify and to streamline the discussion below. The
general case can be dealt with in a similar way, with special attention paid
to sets of w-s for which P (X} = 2*|F;) (w) = 0.

Before we proceed we observe that Assumption (B) implies that

P (Xf‘C = xk) >0, dtae., Vi¥eS.

We will also need a simple technical result regarding events B(t, k, 2*) and
C(t, k,z*) defined, for every t € [0,T], 2* € Sy and k € {1,2,..., N} as

Bt k,2") = {w: X[ (w) = 2"}, C(t,k,2") = {w: P (X} =2"F) (w) > 0}.
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Observe that (we write B and C in place of B(t, k, ) and C(¢, k, x) to shorten
the formulae)

]P)(BHC) =K (]13110) =E (E (]lB’JT"t) ]lc) =K (]P’ (B|.Ft) ]l{IPJ(B\J-})>O}) =P (B) > 0.

We are now ready to state the main result in this section.

Proposition 6.7. Assume that X satisfies Assumptions (A) and (B). Fix
ke {l,...,N}. Suppose that X is weakly Markovian consistent relative to
(X% F). Then, the F-intensity A* of X* defined by (6.3)) satisfies

P(X}! =2',... . X} =2N|F) (w)
P (X} = 2*|F) (w) ’

ek k 2l (o N
)\f, Y () = Z )\g )Y ey )(w)

" Yy"ESn
n=1,2,...,.N,n#k

Var yF €Sy, y* # 2% and Yw € B(t, k,2*) N O(t, k, 2",
(6.7)
for almost every t € [0,T].

Proof. Since weak Markovian consistency relative to (X* F) holds, then A*

satisfies (6.2)). Taking conditional expectations in (6.2)), with respect to F; V
o(XF), yields

]l{Xf:xk}/\?;wkyk =E (]l{Xf:xk})‘f;mkyk “Ft \% O-(Xf)>

2™ (.., N
~B(Lgey 3 AT

x™y"eSy
n=1,2,...,N,n#k

..........

_ (! zM) (@t y ™) k
=Dy D A E (Lpximp . xbotmger xbriogen | xy_omy | Fe V o(XF))
™ y"eSh
n=12,...,N,n#k

Now, let us take an arbitrary w € B(t, k,2*) N C(t, k,2*). By Assumption
(B), using Jakubowski and Nieweglowski (Jakubowski and Nieweglowskil

44



2008, Lemma 3), we have

N (w)

$1 J?N 1...
= 3 NI GE (1 it i sy [V 0(XE) (@)

..........

P(X} =2 ..., X} =2V|F) ()
P (X} = 2*|F) (w) ’

" Yy"ESn
n=1,2,...,.N,n#k

which shows that condition (6.7)) is necessary for the weak Markovian con-
sistency of X relative to (X* ). O

The next proposition can be used in construction of weak CMC copulae.

Proposition 6.8. Let Y = {Yl, e ,YN} be a family of processes such that
each Y* is an (F, IE‘Yk)—CDMC, with values in Sy, and with an F-intensity
Ur = | f;xkyk]mykesk. Assume that X satisfies Assumptions (A) and (B),
and let A be a version of its F-intensity. In addition, suppose that X is
weakly Markovian consistent relative to (F,)). Then,

(i) For almost every t € [0,T] we have

t
"y ESn P (th = JJk"E) (w)
n=1,2,...,N,n#k

Vak yF €S, oy # 2* and Vw € B(t, k,2*) N O(t, k, z).
(6.8)

(i) The law of X} given Fr coincides with the law of Y given Fr.

Proof. Since X is weakly Markovian consistent relative to (IF,))), then, X
is weakly Markovian consistent relative to (X* F) for each k. Thus, in view

of (6.7) and Lemma we conclude that holds. This proves (i). The

conclusion (ii) is clear from the weak Markovian consistency of X relative to

(F, ). [l

Remark 6.9. Even though the above proposition gives a necessary, rather
than a sufficient, condition for the weak Markovian consistency of X relative
to (IF,)), it will be skillfully used in construction of weak CMC copulae, in
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Section In the present time we do not have a workable sufficient condition
for the weak Markovian consistency of X relative to (F,)) to hold. Thus,
for the time being, our strategy for constructing CMC copulae will be to use
the necessary condition to construct process X which is a candidate for
a CMC copula, and then to verify that this process indeed furnishes a weak
CMC copula. We refer to Section for details.

6.3. When does weak Markov consistency imply strong Markov consistency?

It is clear that the strong Markovian consistency for X implies the weak
Markovian consistency for X. As it will be seen in Section process X
may be weakly Markovian consistent relative to (X* F), but may fail to sat-
isfy the strong Markovian consistency condition relative to (X*,F). The fol-
lowing result provides sufficient conditions under which the weak Markovian
consistency of X relative to (X*, ) implies the strong Markovian consistency
relative to (X*,F) for process X.

Theorem 6.10. Assume that X satisfies the weak Markovian consistency
condition relative to (X* F). If FV FX" is P-immersed in FV FX, then X
satisfies the strong Markovian consistency condition relative to (X" ).

Proof. Suppose that FVFX" is immersed in FVFYX. Fix arbitrary «%, ...«
Spand 0<t; <...<t, <T.Let A={X}] =af ... X} =al}.

m?

X% is an (F,FX")-CMC, so we have, for s < ¢,

S

k
m

P(A|F, V o(X¥) = P(A|F, v FX") = P(A|F, v FX),

where in the second equality we have used immersion of F V FX" in F v FX
(cf. Section 6.1.1 in Bielecki and Rutkowski Bielecki and Rutkowski| (2002)).
Thus X* is an (F,FX)-CMC. O

Remark 6.11. We note that the above theorem states only a sufficient condi-
tion for the weak Markovian consistency of X to imply the strong Markovian
consistency of X (relative to (X*,F)). As it is shown in (Bielecki et al., 2013d,
Theorem 1.17), in case of trivial filtration F, the condition that FX" is im-
mersed in FX is both sufficient and necessary for weak Markovian consistency
of X to imply the strong Markovian consistency of X (relative to X*).
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7. CMC copulae

As mentioned in the Introduction, the objective of the theory and practice
of Markov copulae for classical Markov chains was to construct a non-trivial
family of multivariate Markov chains such that components of each chain in
the family are Markov chains (in some relevant filtrations) with given laws.
Here, our goal is to extend the theory of Markov copulae from the universe of
classical (finite) Markov chains to the universe of (finite) conditional Markov
chains. Accordingly, we now use the term CMC copulae. As it turns out
such extension is not a trivial one. But, it is quite important both from the
mathematical point of view and from the practical point of view.

We will first discuss the so called strong CMC copulae, and then we will
study the concept of the weak CMC copulae. It needs to be stressed, that
an important role in applications is played by the so called weak only CMC
copulae, that is weak CMC copulae that are not strong CMC copulae (see
discussion in (Bielecki et al. 2013d, Remark 2.3)). An example of such CMC
copula will be given in Section [7.3.1]

We recall that in this paper the state space S of process X = (X!, ..., XV)
is given as the Cartesian product S; x S x ... X Sy.

7.1. Strong CMC copulae

Definition 7.1. Let Y = {Yl, e ,YN} be a family of processes, defined
on some underlying probability space (£, A, Q), such that each Y* is an
(F,IFYk)—CMC with values in S,. A strong CMC copula between processes
Y1, ..., Y'Y is any multivariate process X = (X', ..., X%), given on (Q, A)
endowed with some probability measure P, such that X is an (F, FX)-CMC,
and such that it satisfies the strong Markovian consistency property with
respect to (I, )).

The methodology developed in Section 3| allows us to construct strong
CMC copulae between processes Y, ..., Y~ that are defined on some un-
derlying probability space (€2, .4,Q) endowed with a reference filtration F,
and are such that each Y* is (F,F¥")-CDMC with F-intensity, say, ¥% =
[wmkyk}mm% s.- The additional feature of our construction is that, typically,
the constructed CMC copulae X are also (F, FX)-DSMC.

In view of Theorem Proposition [5.9/and Lemma[J.6|a natural starting
point for constructing a strong copula between Y1, ..., Y is to determine
a system of stochastic processes [A"Y], ,cs and an S-valued random variable
E= (& ..., Y) on (Q, A), such that they satisfy the following conditions:

47



(CMC-1)

kyk (! ket yF ey 2" € Spn=1....N,
kixy® Lzt ) (Y., yeen
t Vo= Z )\t & Y Y )a yk € Skvyk 7é xk7
YIS, k=1,....N,t €[0,T].

n=1,2,...,Nn#k

(CMC-2) The matrix process A; = [AY]; es satisfies canonical conditions
relative to the pair (S,F) (cf. Definition [3.2).

(CMC-3)
Q¢ =ylFr) = Q& =y|Fo), YyeS.

(CMC-4)

Q" = y*|Fr) = Q(Yy = y*|Fr), Vy* €Sk k=1,...,N.

We will call any pair (A, §) satisfying conditions (CMC-1)-(CMC-4) strong
CMC pre-copula between processes Y!, ..., Y'Y, Given a strong CMC pre-
copula between processes Y1, ..., Y we can construct on (Q,.A) a probabil-
ity measure IP and a process X, using Theorem [3.3|and starting from measure
Q as abovd™] such that X is an (F,FX)-CMC under P, and which satisfies
the strong Markovian consistency property with respect to (IF,)), in view of
Proposition 5.9 and Lemma
Thus, it is a strong CMC copula between processes Y1, ... YV,

Remark 7.2. Tt follows from (i) and in Theorem that for P con-
structed as above we have

P& = y|Fr) =P = y|Fo), Yyebs.
P(¢" = y*|Fr) = Q(Yy = v*|Fr), YY" € Spk=1,...,N.

Remark 7.3. (i) Note that in the definition of strong CMC copula it is re-
quired that Fr-conditional distribution of X} coincides with Fr-conditional
distribution of Y, for k¥ € 1,..., N, but the Fr-conditional distribution
of the multivariate random variable X, = (X{,..., X)) can be arbitrary.
Thus, in principle, a strong CMC copula between processes Y, ..., Y can

141t is always tacitly assumed that the probability space (2,4, Q) is sufficiently rich so
to support all stochastic processes and random variables that are considered throughout.
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be constructed with help of a strong CMC pre-copula between processes

Y1 ..., Y" as well as a copula between the Fr-conditional distributions of
Xbs, for k € 1,...,N. For instance, in Example below, we take the
components X!, ..., X" are conditionally independent given Fr.

(ii) In general, there exist numerous systems of stochastic processes that sat-
isfy conditions (CMC-1) and (CMC-2), so that there exist numerous strong
pre-copulae between conditional Markov chains Y, ..., YV and, conse-
quently, there exists numerous strong CMC copulae between conditional
Markov chains Y, ..., Y¥. This is an important feature in financial ap-
plications, as it allows to calibrate a CMC model to both marginal data and
to the basket data.

Below we provide examples of strong CMC copulae. The first example,
dealing with conditionally independent univariate CMCs, does not really ad-
dress the issue of modeling dependence between components of a multivariate
CMC. Nevertheless, on one hand, this example may have non-trivial prac-
tical applications in insurance, and, on the other hand, it is a non-trivial
example from the mathematical point of view. Moreover, this example pro-
vides a sort of a reality check for the theory of strong CMC copulae: it
would be not good for the theory if a multivariate conditional Markov chain
X = (X',..., X") with conditionally independent components would not
be a strong CMC copula.

7.2. Eramples

7.2.1. Conditionally independent strong CMC copula

This example is a counterpart of the independent Markov copula example
presented in Section 2.1 in [Bielecki et al.| (2013d). TLet Y!, ..., Y¥ be
processes such that each Y* is an (F,F¥")-CDMC with values in S, and
with F-intensity WF = [ f;$kyk]xk7ykesk. Assume that for each k the process
U* satisfies canonical conditions relative to the pair (Sg,F) . Additionally

assume that
QY = 2" Fr) = QY = 2" Fy), VaF €Sy, k=1,...,N. (7.1)

Consider a matrix valued random process A given as the following Kro-
necker sum

N
A, = Zfl @ ... QL @V ®.. @Iy, tel0,T], (7.2)
k=1
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where ® is the Kronecker product (see e.g. Horn and Johnson Horn and John-
son| (1994))), and where [, denotes the identity matrix of dimensions | S| x
|Sy|. Moreover, let us take an S-valued random variable & = (&!,... &N),
which has Fp-conditionally independent coordinates, that is

Q' =a',..., N =aN|Fp) = H@ ‘=a'|Fr), Vo=(z'...,aV) €S

(7.3)
Additionally assume that Fpr-conditional distributions of coordinates of £ and
Y, coincide:

As shown in (Bielecki et al., |2015b, Proposition 6.2), A satisfies conditions
(CMC-1) and (CMC-2). Furthermore, by and (7.1), ¢ satisfies (CMC-
3) and, by (7.4), also (CMC-4). Thus, (A,¢€) is a strong CMC pre-copula
between conditional Markov chains Y, ..., Y. Now, we can construct, with
the help of Theorem, a multivariate (F, FX)-CDMC (see also Proposition
4.16), say X = (X1,..., X), with values in S, which in view of Proposition
[5.9|satisfies the strong Markovian consistency property with respect to (F, )).
Therefore, the process X furnishes a strong CMC copula between processes
Y1, ..., YN, Finally, (Bielecki et al.l 2015b, Proposition 6.4) demonstrates
that components of X are conditionally independent given Fr. It is quite
clear from that components X° of X do not jump simultaneously; this,
indeed, is the inherent feature of the conditional independent CMC copula.

Next, we will present an example of a strong CMC copula such that its
components have common jumps.

7.2.2. Common jump strong CMC' copula _

Let us consider two processes, Y! and Y2, such that each Y is an (F, FY")-
CDMC taking values in the state space {0, 1}. Suppose that their F-intensities
are

0 1 0 1

v =T ) e =T ),
1\ 0 O 1\ 0 0

where a, b are nonnegative F-progressively measurable stochastic processes,
which have left limits and countably many jumps. Moreover assume that
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Q(Yy =0) = Q(YZ = 0) = 1. Next, let A be a matrix valued process given
by

(0,0) 0,1)  (1,0) (1,1)
(07 0) —(at + bt - Ct) bt — C A — Ct Ct
A, — (07 1) 0 —a¢ 0 ay
7 (1,0) 0 0 —by P
(1,1) 0 0 0 0

where ¢ is an F-progressively measurable stochastic processes, which has left
limits and countably many jumps, and such that

Oﬁctgat/\bt, tG[O,T]

Moreover, let £ be an S-valued random variable satisfying Q(¢ = (0,0)) = 1.
It can be easily checked that (A, £) satisfies conditions (CMC-1)-(CMC-4), so
that it is a strong CMC pre-copula between conditional Markov chains Y!,
Y2. Now, in view of Theorem and Proposition [4.16, one can construct a
stochastic process X = (X!, X?), which is a two-variate (F, F¥)-CDMC with
an F-intensity A and such that X, = £ Moreover, by Proposition the
process X is strongly Markovian consistent with respect to (F,)) and hence
X is a strong CMC copula between Y! and Y2. Note also that, in view of
interpretation of intensity, the coordinates of the process X have common
jumps, provided that ¢ > 0.

Remark 7.4. We have chosen this very simple example just to illustrate an
idea of construction of strong copulae for CMC. One can, in a similar spirit
as in Bielecki et al| (2014d), generalize it to arbitrary dimension N pre-
serving that each marginal process is two-states absorbing CMC. Then the
[F-intensity matrix has a similar structure as in the above example, i.e. its
entries are marginal intensities minus intensities of "common jumps" to ab-
sorbing states. Generalization to a higher number of non-absorbing states is
tricky and requires clever parametrization, since number of free parameters
in strong CMC copula becomes enormously large (see, e.g. [Bielecki et al.
(2008¢)).

7.2.3. Perfect dependence strong CMC copula
Let Y, ..., YN be processes such that each Y* is an (F,F¥")-CMC,

and such that they have the same JFp conditional laws. Consider process
X = (X',..., X)) where X* =Y! k=1,2,...,N. It is clear that X
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furnishes a strong CMC copula between conditional Markov chains Y, ...,
YN,

Obviously other CMC copulae between Y, ..., Y¥ such as conditionally
independent copulae, can be constructed.

7.3. Weak CMC Copulae

Definition 7.5. Let ) = {Yl, e ,YN} be a family of processes, defined on
some underlying probability space (2, A, Q), such that each Y* is an (F, F¥")-
CMC with values in S,. A weak CMC copula between processes Y1, ... YN
is any multivariate process X = (X1, ..., XV), defined on (2, A) endowed
with some probability measure P, such that X is an (F, F*)-CMC, and such
that it satisfies the weak Markovian consistency property with respect to

(F, D).

Similarly as in the case of the strong CMC copulae, the methodology
developed in Section [3| allows us to construct weak CMC copulae between
processes Y!, ... YN that are defined on some underlying probability space
(92, A,Q) endowed with a reference filtration F, and are such that each Y*
is (F,FY")-CDMC with F-intensity, say, W% = [)¥"Y"] s e, .

In view of Theorem Proposition Lemma[9.6] as well as of Remark
a natural starting point for constructing a weak CMC copula X between
Y! ..., Y% is to determine any system of stochastic processes (A™), yes and
any S-valued random variable £ = (¢1,...,&N) on (2, A) and to find a prob-
ability measure P, such that the following conditions are satisfied:

(WCMC-1) The matrix process Ay = [\/Y], es satisfies canonical condi-
tions relative to the pair (5, F).

(WCMC-2)
P(§ = y|Fr) =P =y|Fo), YyeS.

(WCMC-3)

P(¢* =1 Fr) = Qg =o*|Fr), Wy € Sik=1,...,N.
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P(X}! =2 ..., X} =2VF) (w)
P (X} = 2% F) (w) ’

Var yF € Sy, yF # 2% and Vw € B(t, k,2*) N C(t, k, 2¥),
(7.5)
for almost every ¢ € [0, T], where process X = (X!,... XV)isa (F,FX)-
CMC (under probability measure IP) with intensity A and initial distri-
bution given by &.

We will call any triple (A, £, X) satisfying conditions (WCMC-1)-(WCMC4)
a base for weak CMC copula between processes Y1, ..., Y, and we will call
the process X in (A, &, X) a candidate for weak CMC copula between pro-
cesses Y!, ..., YN So, a possible method for constructing a weak CMC
copula between processes Y1, ... YV is to first construct a base (A, &, X) for
weak CMC copula between processes Y, ..., Y'Y and then to skillfully verify
that the candidate process X satisfies the weak Markovian consistency prop-
erty with respect to (F,)), and thus, that it is a weak CMC copula between
processes Y1, ... YN, We will illustrate application of this method in Sec-
tion[7.3.1] Before we proceed to the next subsection, we observe that remark
analogous to Remark applies in the case of the weak CMC copulae.

The next section provides an example of a weak only CMC copula.

7.3.1. Example of a weak CMC copula that is not strong CMC' copula

In Section we gave three examples of strong CMC copulae. Conse-
quently, they are also examples of weak CMC copulae. Here, we will give
an example of a weak only CMC copula. In particular, this property implies
that in the present example the immersion property formulated in Theorem
is not satisfied.

Let us consider processes Y! and Y2,‘ defined on some probability space
(92, A,Q), such that each Y is an (F,F¥")-CDMC taking values in the state
space S; = {0,1}. We assume that F-intensities of Y! and Y? are, respec-
tively,

\II% = ( _(at " Ct2)+ “ 6titaz (at + Ct)o_ “ 6tcjrtai ) 5
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p2 ( _<bt T Ct) Ta 5tf—tﬁz (bt + Ct) G 5tf‘tﬁt )
t )
0 0

where
t t U t t u
oy = e fo audu/ bue_.fo (bv+cv)dvdu7 Bt e fo budu/ aue_ fo (av—l—cv)dvdu’
0 0

t
- ay+by+cy)du
6t e fO( u u u) ,

for a, b, c being positive F-progressive stochastic processes, which have left
limits and countably many jumps. Moreover, suppose that Q(Yy = 0) =
1, i = 1,2, which implies Q(Yy = 0|Fr) = 1.

Our goal is to find a weak CMC copula between Y! and Y?2. Towards
this end we will look for an (F, FX)-CMC process X defined on some prob-
ability space (02, A,P), satisfying condition adapted to the present
setup. In particular, the state space of process X needs to be equal to
S = {(07 0>> (07 1)7 (17 0)7 (17 1)}

However, since condition is a necessary condition for weak Marko-
vian consistency with respect to (IF,))), but not a sufficient one in general,
then a process satisfying may not be weakly Markovian consistent with
respect to (F,)). Nevertheless, we will construct an (F, F¥)-CMC process X
that satisfies condition (|7.5)) and is weakly Markovian consistent with respect
to (F,Y), so that it is a weak CMC copula between Y and Y2

Let us consider stochastic process X with state space S, which is an
(F,FX)-CDMC with an F-intensity matrix A given by

(0,0) (0,1) (1,0) (1,1)
0,0) [ —(ay+b+c) b a I
A, = (0,1) 0 —ay 0 ag 7 (7.6)
(1,0) 0 0 —b b
(1,1) 0 0 0 0

and with the initial distribution P(X, = (0,0)) = 1. The components X*
and X? are processes with state space S = {0,1}, and such that the state
1 is an absorbing state for both X! and X?2. Thus, by similar arguments as
in (Bielecki et al., 2015, Example 2.4), X' (resp. X?) is an (F,FX")-CDMC
(resp. (F,FX")-CDMC). Consequently, X is a weakly Markovian consistent
process relative to (X!, F) ((X?%,F) resp.).
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It is shown in Bielecki et al. (2015b)) that a version of F-intensity of X'
is given by

—(at+ct) +Cta_ta (at+ct) —Cta_ta
Atl — ( 0 dt+at 0 dt+at — \11%7

and that a version of F-intensity of X? is given by

Af = ( _(bt T Ctz)—i_ Ct&t%ﬁt (bt + Ct)()_ Ct 515%& > = \IJ?

Consequently, X is a weak CMC copula for Y1 and Y?2.
Finally, we will demonstrate that X is in fact weak only CMC copula for
Y! and Y2. We have

P(X, = 0|Fr V o (X)) ix1=0,x2=01 = L{x1=0,x2=0}(P(0,0)(0,0)(5, ) + P0,0)(0,1) (5, 1))

t
= Lixi=0,x2=0} (6_ Ji etk +e Iy e / bue” f:(bﬁ%)dvdu) )
and

P(X} = 0|Fr V (X)) ix1=0x2=13 = Lix120,x2=1}(P(0,1)(0,0)(5, 1) + Po,1)(0,1) (5, 1))

t
= Liximoxznpe o

Clearly

t
(e f;(aqubquCu)dU 4o f; audu/ bye~ f;‘(bv+cv)dvdu) 7é e f: audu’ (77)

unless ¢ = 0 on [s,¢]. In this case (7.7) implies that
P(P(X] = 0|F, vV F)) # P(X} = 0|F vV o(X}))) > 0.

Thus process X is not strongly Markovian consistent, so X is a weak only
CMC copula between Y! and Y2 unless ¢ = 0. For ¢ = 0, it follows from
Section [7.2.2], that process X is a strong CMC copula between Y! and Y?2 .

Remark 7.6. Note that A; admits the following representation

A=V L+ 1, @Vt + B* - B} — B}, (7.8)
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where the term U] ® I, + I} ® ¥? gives the conditionally independent copula
between Y and Y2 (cf. Section [7.2.1)), and the remaining terms

—¢ 0 0 ¢ —CtétéTtﬁt CtétéTt& 0 0
0O 0 0 O 0 0 0 0
12 1 _
Br=1 0 000 | &7 0 0 —azly; arls
0O 0 0 O 0 0 0 0
6t 6t
G ¢t 0 5 81 +ou 06
82 — 0 G 5t+t04t 0 G 5t+tat
t 0 0 0 0
0 0 0 0

introduce the dependence structure between Y! and Y?2.

Representations of the form are important for construction of CMC
copulae and will be studied in detail in Bielecki, Jakubowski and Niewegtowski
Bielecki et al.| (7777).

8. Applications to the premium evaluation for unemployment in-
surance products

In the recent paper by Biagini, Groll and Widenmann Biagini et al.| (2013)
a very interesting problem of evaluation of premia for unemployment insur-
ance products, for a pool of individuals, was considered. We would like to
suggest here a possible generalization of the model studied in Biagini et al.
(2013)); this generalization, we believe, may provide a more adequate way to
deal with computation of the premia.

Biagini et al. Biagini et al.| (2013) used the DSMC framework to model
the dynamics of employment status of an individual. The dynamics are
modeled in [Biagini et al.| (2013) under the probability measure, say P, called
a real-world measure. Then, using these dynamics they aim at computing
for t € [0, 7] the insurance premium, which is denoted as P;. In Biagini et al.
(2013)), the evolution of the employment status of an individual k is given in
terms of a Markov chain, say X*, which takes values in the state space Sj =
{1,2}, where the state ”1“ indicates that the individual is employed, and the
72 indicates that the individual is unemployed. It is assumed that process
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X% is an (FZ,FX")-DSMC, where FZ is a reference filtration generated by
some factor process Z.

As stated earlier, the quantity to be computed for the individual & is the
value of the premium of insurance against unemployment. Roughly speaking,
the premium PF at time ¢ is given as

Pl =Ep(®4(X")|GF),

where @}, is some random functional of process X* and where GF = FZ Vv
}"f(k. In particular, the premium at time ¢t = 0 needs to be computed, that is

Py = Ep(P1(X")|Gp).

Note, that we have written P} as a conditional expectation, given G¥, rather
than the unconditional expectation, as it is done in formula (2) in Biagini
et al.| (2013).

Proposed CMC copula approach. We think that, for the purpose of
evaluation of premia for unemployment insurance products for a pool of
individuals labeled as kK = 1,2,..., N, it is important to account for possible
dependence between processes X*, k=1,2,..., N.

Thus, we think that it may be advantageous to enrich the model studied
in Biagini et al.| (2013) by considering a process Y = (Y!,... Y'"), which is
a CMC copula between processes X*, k=1,2,...,N.

Thanks to copula property, the characteristics of dependence between
processes X¥ k =1,2,..., N can be estimated separately from estimation
of the distributional characteristics of each process X*. The latter task can be
efficiently executed using the methodology outlined in Biagini et al.| (2013).

The premium PF at time ¢ is given in the CMC copula model as

P} = E(24(Y")G}),

where @\t’“ — FZ v FY".If process Y is constructed as a weak only CMC
copula between processes X*, k=1,2,..., N, then we have that, with G, =
‘FtZ \ };Syv

E(x(Y")G) # E(@e(Y")|G)-
This, of course, means that the employment status of the entire pool influ-

ences the calculation of the individual premium, a feature, which we think is
important.
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The theory of strong and weak CMC copulae can be extended in straight-
forward manner to modeling structured dependence between subgroups of
processes X*, k=1,2,...,N,. This will allow for study of insurance premia
modeling for relevant subgroups of employees.

9. Appendix

In this appendix we provide technical results needed for derivations done
in Section Bl

Lemma 9.1. Let £ be an_S-valued random variable defined on a filtered
probability space (2, A, H,P) with H = {H:} (7 Suppose that

Es(h(§)|Hr) = Es(h(§)[Ho) (9.1)
for every real valued function h on S. Then H is P—immersed in H V a(§).

Proof. Tt is sufficient to prove (c.f. (Bielecki and Rutkowski, 2004, Lemma
6.1.1)) that for every ¢ € L®(Hr) it holds that

Es(4|H v o(§)) = Ep(v[Hy), V€ [0,T]. (9.2)
Let us fix t € [0, 7] and ¢ € L>®(Hr). By the standard 7 — X system argu-
ments it is enough to show that

Es(Wlal5(6) = Es(Bs (0| H)1al5(6), VA€M, BCS,  (9.3)

where
1, ¢€eB

13(5) = { 0’ f%B
Towards this end we first derive another representation of the right hand side

n (0.3,
Eﬁ(E@(w|Ht)1A1B(§))

B (s (Y1a|He)15(E)) = E(Ep(E (¢1A|Ht)]13( )| Hr))
Es(Es(v1a|H)Es(15()|Hr)) = Es(Ep(v1a|He)Ez(15(€)|Ho))
Es(Es (Y1 aEs(15(€)|Ho)[H:)) = Ex(v1aEz(15(8)[Ho)),

where the fourth equality follows from (9.1). The left hand side of (0.3)) can

be rewritten as

Es(01a15(8)) = Ep(Bp(¢1alp(€)[Hr)) = Ep(Y1aBs(15(E)|Hr)) = Ep(YLaEp(15(E)|Ho)),

where the last equality follows from (9.1). This proves (9.3) and thus con-
cludes the proof of the lemma. O
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Corollary 9.2. Let K be a filtration on (2, A, f’)), such that it is independent
of HV o(§). Suppose that & satisfies (9.1). Then H is P—immersed in H Vv
Kvao(§).

Proof. The result follows from Lemma and from the fact that if H' and
H? are two independent filtrations on (€, A, P), then H' is P-immersed in
H' v H2. O

In the next lemma we use the same probabilistic setup as in Section

Lemma 9.3. Let X be an F adapted cadlag process, and let N be a Poisson
process. Suppose that N and F are independent. Then

P{we:3tel0,T] st. AXi(w)AN;(w) #0}) =0.

Proof. First note that both X and N have countable number of jumps on
[0, 7], and let denote their jump times as (7},),>1 and (S, ),>1, respectively.
Independence of N and F implies that (7},),>1 and (S,),>1 are independent.
Since each random variable S, is Gamma distributed and thus has density,
then for any n, k > 1 it holds that P(7,, = S;) = 0. Since

A={w:3t€[0,T] s.t. AXy(w)AN(w) # 0} = | J {w: Th(w) = Se(w)}

n,k>1

we have

n,k>1
O
Lemma 9.4. Let Z and Y be solutions of the random ODE’s
Az, = =, Z,dt, Zy=1, tel0,T], (9.4)
dY; = Y, V,dt, Yo=1, te€]0,T], (9.5)

where W is an appropriately measurable matriz valued process satisfying 1)

and .
d 00. )
E /0 |e®|du < (9.6)

€S

5For any w for which ¥ does not satisfy (2.5), we set ¥;(w) = 0 for all ¢ € [0,T].
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Then, the matriz valued random processes (Yi)o<i<r and (Z;Yy)o<t<v, U €
[0, T, have elements that are nonnegative and bounded by 1. Moreover

ZY, =1 fortel0,T). (9.7)

Proof. Using Remark [4.8|one can verify that for each ¢ the functions Y;(-) and
Z(-) are measurable, so that Y and Z are matrix valued random processes.
Since W satisfies (2.9]), then for every w, Y.(w) is a solution of matrix
forward Kolmogorov equation, and so its elements belong to the interval
[0,1] (since they give conditional probabilities, see e.g. Gill and Johansen
(Gill and Johansen, (1990, Thm. 12 and Thm. 13)).
Next, observe that, letting Z(t,v) = Z;Y, we have

dtZ(t,U) = (dZt)}/v = —\I/tZt}/vdt = —\I/tZ(t,U)dt7 0 S t S V.

Moreover, it is easy to verify that Z(v,v) = Z,Y, = ZyYy = 1. We thus see
that for every w, Z(-,v)(w) satisfies the Kolmogorov backward equation,

diZ(t,v) = =V, Z(t,v)dt, 0<t<w, Z(v,v)=]I,
and so, it has non-negative elements bounded by 1. O]

The following lemma is used in the proof of Theorem [2.11]

Lemma 9.5. Suppose that assumptions of Theorem are satisfied. Let
U be an Ré-valued bounded random variable, and let Z and Y be solutions
of the random ODE’s and , respectively. Firz u and v satisfying
0<u<v<T, and fir set A € F,V G,. Then, the process V given by

V, =1,H] ZE(Y,U|F,), tel0,T],
is an ¥V G martingale on the interval [u,v].
Proof. 1t suffices to prove that the process 1% given as
V, = H ZE(Y,U|F,), te[0,T]

is an F vV G martingale on [0,v]. Furthermore, since all components of H;
and Z,;Y, are non-negative and bounded by 1 (for the latter see Lemma ,
and since U is bounded, then it suffices to show that Vis an FV G local
martingale.
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Towards this end we first verify that vector valued process L = (L*, z €
S)T defined by L, := H,Z;, t €[0,T], is an F V G-local martingale with
the following representation

t
Ly :HJ+/ dM,)-Z,, tel0,T]. (9.8)
0

Indeed, since A is an F-intensity, integration by parts yields that
dL; =d(H Z,) = H' dZ, + dH - Z, = —H,' Ny Z,dt + dH, - Z, = dM," - Z,.

Next, we observe that the vector valued process U(-,v) = (U*(-,v), x € S)T
defined by

Ut(t,0) = Y E(YV"U|F), te[0.T],
yes
is an F-martingale. Since we assume that I is right-continuous we can take
right-continuous modification of U(-, v).

Thus, by assumptions (2.9) and (2.10) in Theorem [2.11] its components
are orthogonal to components of M. Hence the square bracket processes

(MY U*(-,v)], x,y € S, are F V G-local martingales. By properties of square
brackets (cf. Protter (Protter, 2005, Thm. I1.6.29)) we obtain

[va Uw('vv)]t = Z/O Zg’md[Myv Um(vv)]u

yes

Thus, by predictability and local boundedness of Z, and by (Protter, 2005,
Thm. IV.2.29), we conclude that the process [L*, U*(-,v)] is a local martin-
gale, and consequently that the local martingales L* and U*(-,v) are orthog-
onal. Since,

Vo= LU(tv) =Y LiU*(t,v), tel0,T),

€S

we conclude that V is an FVG —local martingale as a sum of local martingales.
O

Lemma 9.6. Let Z be an (F,F%)-CDMC and let U be an (F,FY)-CDMC,
with values in some (finite) state space S, and with intensities I'Z and T'Y,
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respectively. Then, the conditional law of Z given Fr coincides with the
conditional law of U given Fr if and only if

=1 du®dP—a.e., (9.9)
P(Zy = x| Fr) = P(Uy = 2| Fr) Va € 8. (9.10)

Proof. First we prove sufficiency. Suppose that and hold. Recall
that the c-transition fields PZ (PY respectively) satisfy Kolmogorov equa-
tions and ([£.13). Since holds we see, by uniqueness of solutions
of Kolmogorov equations, that P? = PY. This and (9.10)), by Proposition
[.5] (see eq. ) imply that conditional law of Z and U given Fr coincide.
Now we prove necessity. Suppose that conditional laws of Z and U given Frp
coincide, we want to show that and hold. First, note that the
equality of conditional laws of Z and U given Fr implies (9.10). To show
that holds it suffices to show that their c-transition fields are equal.
Indeed, this equality implies that, for any 0 <o <t < T,

0= P?(v,t)—PY(v,t) = /t (PZ(U, u)T? — PU(U,U)Fg) du = /t PZ(v,u)(I'?-T'Y)du.

Consequently
PZ(v,u)(TZ —TY) =0, du®dP—a.e. (on [v,T)),

since PZ(v,u) is invertible (cf. (Jakubowski and Nieweglowski, |2010a, Propo-
sition 3.11)). This in turn implies (9.9). This ends the proof. O
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