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Math 430 Exam 1, Fall 2006

I. Examples, Counterexamples and short answer. (7 pts ea.) Do not give proofs, but
clearly indicate your proposed example or counterexample, or short answer where appropriate.

1. Give an example of a cyclic group G and two subgroups H,, Hs such that

(i) {e} < H, < Hy < G (ascending subgroup condition), and
(ii) 1 < |Hy| < |Ha2| < |G| (subgroup distinctness condition).

1 bonus point for minimizing |G|. | N Z/_g
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Give an example of two permutations o and 4 from the permutation group S, such that
(i) o is an odd permutation = 23
(ii) B is an even permutation, and =

(iii) af # Bo. o= (DD

1 bonus point for minimizing n.
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3. Give an example of two non-isomorphic infinite groups.
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4. Let G be a finite group of permutations on {1,...,n}. Recall that
staba(i) = {¢ € G : (i) = i},
orbg(i) = {¢(:) : ¢ € G}, and that
G| = [stabg(i)] - Jorbe(i)].

Now, find a & such that

)+ (5-1)! and

(Hint: Pick an n and pick the n/2 elements, including 1, which are in the orbit of 1, and
build permutations in G. ) 1 bonus point for minimizing n.
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5. Select a composite integer of the form n = p?q with p,q¢ distinet primes. Draw the
subgroup diagram of Z, (under addition). All subgroups H < Z, should appear, with
an edge between H; and H» if H; < H, and there is no distinct subgroup H & {Hy, Ha}
with H; < H < Hy. (BE.g., you would not connect (Rp) and {Ryp) in Dy since the distinct
subgroup {Rgo) lies between them.) 1 bonus point for minimizing n.

minam A Wem p=) g =3, n=4.23=-12 .
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6. Recall that an inner automorphism on a group G is an isomorphism ¢, : G — G for a
given a € G defined by

da(z) = aza™! for all z € G.

(a) Find a € D, such that ¢, is a nontrivial inner automorphism of D,, and
(b) Find an x that certifies this; that is, such that ¢.(z) # =.

Lt oz Rgo.

Lok x = H
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II. Constructions and Algorithms. (14 pts ea.) Do not write proofs, but do give clear,
concise answers, including steps to algorithms where applicable.

7. Construct the partition of the group of even permutations A, into the left cosets of H =
{(1),(12)(34)}. Clearly indicate your partition. (Hint: You should be able to do this with
only 4 permutation product computations.)

H= 20, (DEwDs (1224 = (13H)
(l22)H = 70, (13493 22D = (13D
(D H = 73D (2303 (43 (1GED) =(124)
(4 H= 3093, (\24)5 (2432 =UAR)
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8. WARNING: look at the rest of the test before starting this problem.
The group of Quaternions ¢ has Cayley table below.

o)

(a) Compute a subgroup H < Sg such that @ ~ H. (This implements Cayley’s Theorem.
Think T,(z) = ga and look at g’s row in the Cayley table.)
(b) Does H contain any odd permutations? If so, list one.
2 (c) Let ¢ : @ — H be the isomorphism you have constructed. Express the image of
the subgroup ¢({U,I,—U,—1I}) as {hy,ho,...), with a minimum number of generators
hy,ho, ... from

J Wl

H. o el
L0 212 % S| G 7| 8| one-lne verthen
1| J| K| -vu| -1| -J|-k , L .
v v| 1| 7| k| -v| -1| -s|-r|_ V24N E_S\Lfl\:f—g
1|\-v| K| -J| -1| v|-x| J 254+ 0 "_ \g.gk.-
7| Jl-x|-ul| 1| -7| K| U| -1 ESARA 8! Ll
k| k| J| -1|-v|-K|-J| I| U (=2 8 ;Hz nu
vl -v| 1| —J|-k| v| 1| J| K CEiLaL 7')%:']“
1| -1 U|-K]| J -0 | ®| = B|3|2151%4
J| =g K| Uv| -1} J|-K|-U]| I NYE SB A
x| -x| =2 2| | B 4| 5| -F 2 L_i-g—\.r&ﬁfig

PIC\&J\'\:\\%% 6‘.”1)&)1;{9 Q\-QJ‘(\J\%\Lb D'.p Q k,.o'\’h'\ 15_] ,'2 Yy ?} | |
a cow Cv(\ ( ER}&QV JTC{U\Q as O PW\W\&Ub:b oM AN ng
e ~Uing_ sl &

\e s lolzon by oSy (b Q} .,

read
n

Q@N\\Lﬁ;\j' o E8\s

e P o _ y s
gz 2125008 438), (1359 (2864), (14 58)(;3@}3/
o ez (175048,
=" (185DFE S
' | a M, B 1L . T noAT Gve
by (D 1 o T ™ o 16 QUAA e
L\ NOQ,UD&&& ol q“C%c\m SN T = NC\QCQ do D 2=(,
2-tugleo €aOn
CC) ILL 1 __.b\ ——L %U;X_J’U\):Elz (I}) So %Gu]‘ir{)\)_fi): <L€(,Td\ 7

= eSO HIKYY



©HT Dept. Applied Mathematies, November 1, 20006 6

ITI. Proofs. (15 pts ea.) Part of the score is determined by careful formatting of the proof
(forward and reverse directions, assumptions, conclusions, stating whether you are proving by
direct proof, contrapositive, contradiction, induction, etc.). Partial credit will be awarded for
this as well.

Prove ONE of 9-10. Clearly indicate which proofs you want graded.

For both 9 and 10, you may assume the following corollaries, of Theorem 4.1 and
Lagrange’s Theorem respectively, citing usage by “(*)” or “(**)”:

Let G be a group and let a € G have order 7. If a* = e, then r divides k. (*)

Let @ be a finite group. If H < G, then |H| divides |G]. [
9. Let G be a finite group of order n. Let m be a positive integer with ged(m,n) = 1. If
g € G and g™ = e, prove that g = e.
10. Let G be a fnite group. Prove that if |G| = p with p prime, then ¢ is cyclic.
Since C_i“ =e, b\,& ("E)J- \g\ c\\\h(&&\_‘; e
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Prove ONE out of 11-12. Clearly indicate which proof you want graded.

11. Let C* be the nonzero complex numbers under multiplication. Let

{3 2ot {[2 3

Prove that C* is isomorphic to M* under multiplication.
12. The “special orthogonal group” SO»(R) is the group of rotations of the plane R? defined

as
S05(R) := {{ G4 —Ellla } 0< A< 27r},

sin A cos A
under multiplication. Prove that SO4(IR) is isomorphic to
G={a+bieC:la+bi=1}

that is, the complex numbers with modulus 1, under multiplication. (Hint: it will be easier

to define ¢ : SO(R) — G.)
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