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I. Short answer (2 pts each). No partial credit — only the response will be graded. Suggested time
55 minutes.

WA

1. Compute the following: 23 mod 5 = —40 mod 7= :)w

~y

f
LN

2. Suppose that P(n) is the statement “n+ 1= n+ 2." What is wrong with the following “proof”
that the statement P(n) is true for all nonnegative integers n:

You assume that P(k) is true for some positive integer k; that is, k+1 =k + 2. Then you add 1
to both sides of this equation to obtain k4 2 = k + 3; therefore P(k+ 1) is true. By the principle
of mathematical induction P(n) is true for all nonnegative integers n.

(a) There is nothing wrong with this proof.
(b) The proof is incorrect because the statement used in the inductive hypothesis is incorrect.
/((c)\ he proof is incorrect because there is no basis step.

(d) The proof is incorrect because you cannot add 1 to both sides of the equation in the inductive
step.

3. For which of the following is the set S equal to the set of positive integers not divisible by 37

(a) 1eS;zeS—2x4+2€S (b) 1 S;zeS—xz+3€8
@:JIES;QES;xESHerZ’»ES. (d) 1eS;2eS—-3z+1c S

4. Which of the following is a recursive definition for a,, = 4n + 3, for n € N?

(a) ap =2ap—1+1, ap=3. (b) ap = an_1 +4n, ag = 3.
@“}an =ano+8 ag=3,a1="7. (d) an =ap-1—aGp-2,a0=3, a1 =T.

5. How many permutations of the set {4, B,C, D, E,F,G} either begin or end with a vowel (A or
E)? (Note: a permutation of a set contains each letter exactly once.)

(a) 2-6!+2-6 \
((’:‘::\“\ A | ia | Tt T {\Q ]
((b) 2-6/+2-6/—2.5. “ ¢
"o £ '
e Uy
(c) 6!+6!— 5l o
L S
(d) 6!+ 6l R Yilo o
—_————-—— e,
(e) 7' -5l o
| £L5. -
J— [ o -
A
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6. Consider the statement “If the product of two integers is even, then their sum is also even.”
Clrcle the letter of the correct assertion.

(\a /The statement is false as can be shown by finding a counterexample.
(b) The statement is true and can be proved most easily by using a direct proof.
(c¢) The statement is true and can be proved most easily using a proof by contradiction.

(d) The statement is true and can be proved most easily using a proof by contraposition.

7. Circle the letter of the statement that is true for all sets § and 7.

(a) SNT=5nT. (b) SUT=SUT.
((@/FaT=sur (d) (S—T)U(T-8)=5UT.

8. Suppose f: A — R has the rule f(z) =
domain of A.
(a) R. (b) R {0,1}.
(¢) R—{-1,1}. { (d) R {-1,0,1}.

1
T, Circle the letter of the set that could be the

9. Suppose vou wanted to prove that the square of every even positive integer ends in 0, 4, or 6.
Circle the letter of the proof type that would be easiest to use for this purpose.

(a) Proof by contraposition.
(b) Direct proof.

(c) Proof by cases.

!
N

~

10. (Circle the letter of the correct response.) Suppose you are examining a conjecture of the form
Ye{P(x) — Q(x)). If you are looking for a counterexample, you need to find a value of z such
that:

(a) P(z) and @(z) are both true. (b) P{z) and Q(x) are both false.
(c¢) Q(z) is true and P(z) is false. ’(d) ) P(z) is true and Q(x) is false.

\ L
N
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—2
11. Suppose f : R — R has the rule f(z) = FgJ and suppose ¢ : R — R has the rule g(z) = [5 . 93_{
Find (f o g)(5).

(a) 1. Q@ ~1.

(c) 0. (d) None of these.
%LDJ A
e ™ - L e —
FCDY=E -5 =

12. Let f : A — B where A = {—3,-2,—-1,0,1,2} and f is defined by the rule f(z) = z?. For which
set B is the function onto B?

(a) {_91 _41 _1701174}- '(:g}?_);, {0,1,4, 9}
(c) {0,1,4}. (d) {-3,-2,-1,0,1,2}.
3,47 = iwf ) .
13. Find the sum of the geometric series = O 12
i=1 = = ::
I . ——_
(@2 (b) 15. -4 =2
9 (5 =
(c) 3. (d) oo. o

14. Which is the smallest integer n such that f(z) is O(z™), where f(z) = (23 + 1)(z + 2)(z + 2) +

z’(x +7)7 N
(a) 4. (s
© 6 (d) 7.

15. Compute lem(23 - 32 . 52,22 .3%. 74).
22 Y T o
ﬁ?’ .,d.;f g, ,?“f

Answer: .




[
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16. Suppose P(x,y) is a predicate where the universe for x and y is {1,2,3}. Also suppose that the
predicate is true in the following cases — P(1,2), P(2,1), P(2,2), P(2,3), P(3,1), P(3,2) - and
false otherwise. Circle the letter of the quantified statement that is FALSE.

(@) vy ~Pla,y)
(b) Zy¥r Pla.y)
(c) Vz3y (z# y A P(z,y))
(d) Fzvy P(z,y)

17. Circle the letter of the negation of JzVy —P(x,y).
(2) —Vady ~P(z,y)  (b) vy Pley) () eIy Plz,y)  (d) Vy3a Pla,y)

18. Circle the letter of the statement that is true for all sets S and T
(a) BeSUT. ( (b) (S—T)N (T~ 5)=0. () §=T = 0.
(d) SUT = 0. (e) SNT #0.

19. Circle the letter of the contrapositive of the statement “If it is dark outside, then I stay at home.”
(a) If I stay at home, then it is dark outside.
(b) It is dark outside and I do not stay at home.
f*ic)/ If T do not stay at home, then it is not dark outside.

(d) If it is not dark outside, then I do not stay at home.

20. Assume that z, y, and z are all real numbers. Circle the letter of the negation of the statement
“x ig positive, or y is negative, or z is positive.”

‘—3(' Vsl YNV O -"-:_:;" ,. \..f'm ? ~7 t‘i
(a) If 2 <0, theny >0o0r z>0. LK 74 N T z 70 /

\\(_1:1),3: <0Oand y > 0and z <0. Z ¥e0ALZ0 V224D
(c) x is negative and y and z are positive.
(d) z <0, and either y > 0 or z > 0.

(e) Eitherz <0,ory>0and z > 0.
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21. How many permutations of the letters in the word ARKANSAS are there?
(a) P(8,5)-P(3,3) - P(2,2). (b) C(8,5)-C(5,3). (c) 8!/(3!+21).

(d) P(8,3) P(8,2). () 81/5.. {E%ijI/(gt-zg.
Yokds B At St

22. How many distinct integers are necessary to guarantee that two of them have the same remainder
when divided by 47

() 1 (b) 3
(o) 5 (d) 7
(e) 9 (f) 13

23. Using the Binomial Theorem, find the sum of the series Z ( )2”"5'
J
j=0

(a) 0 (b) 1
(c) 20 (d) 27/2
(Se) 3 (f) 37/2

24. If two fair 6-sided dice are rolled, what is the probability of rolling a multiple of 47
(a) 1/4 (b) 1/3 (c) 1/2
(d) 2/3 (e) 3/4 (f) 7/36

'{bi% ‘}\ g (o ? / f?) 1,3- / -”;"/ J ‘%_ . \\’" j_ _3
V e’} ! -’ ! ) " -> (-_;." i“ '.> 'i ‘—1 \: 2 __ '_-__‘,’ '7‘“, ' 5{5/ _(_,]L_g . gf‘
(Zpts) Rec:all the followmg properties of a relation R C A x A (saying a R b is the same as saying
(a,b) € R:
Reflexive: For all a € A, a Ra.
Symmetric: For all a,b € A, if a Rb, then b Ra.
Antisymmetric: For all a,b € A, if a Rb and b Ra, then a = b.
Transitive: For all a,b,c € A, if a Rband bRc, then a Re.

Check the box of each property satisfied by the relation R = {(z,y) € Z7 x Z' | z divides y}.

gl reflexive

|__—| symmetric

antisvmmetric

E transitive
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Part II. Computation, Algorithms, and Examples (6 pts ea.). Show work for full credit.
Suggested time 30 minutes.

26. Draw the “dots and arrows” representation of a relation R from the set X = {z,y, z} to the set
A = {a,b, c} that is not a function from X to A. (An arrow from dot u to dot v means that u is
related to v.)

A 7 ¢ ™
| H‘.-h,m"”““»——-..'.:} {
e

A P>

7 ‘

27. Trace through the Bubble Sort algorithm on the list 2,4, 3,5, 1 by writing down the order of the
list just before ¢ is incremented. (Part of the question is to determine the last value of i, when
the list is in sorted order.)

procedure bubblesort(as,...,a,: reals with n > 2) Trace
fori:=1ton—1

. . initial list: 2 4 3 b 1
for j:=1ton—1
if a; > a;,1 then interchange a; and a;41 i=1: 2 2 H 5
i=2 X 2004 S
i > ‘ ") :; ‘L'[' 5

28. An experiment consists of rolling two fair 6-sided dice and flipping one fair coin (a fair coin is
equally likely to come up “heads” or “tails”).
(a) Write down the sample space S for this experiment in Cartesian product notation.
(b) What is the cardinality of S7
(c) What is the probability of rolling a 12 and obtaining a “tails”?

b > —

U“"B L ;} 5}4’ 4L, o)ws X 2\ ) A 5,4

{ A
j &
)

it

X

™,
aath]

L7

(] \ ey PR \ -~
{ Vel — (.0 n ~ .
;_-} / | -Nhﬁl e 0 Ao 7 '.F!’v
S i & |
(C\ [l T)e< L L
) N ? 3 | |
[+ |
e | | 7! a !
[wAR A Lo
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29. Give an example of a function f: R — R that is strictly increasing but not onto.

)= e

30. Determine whether the following two propositions are logically equivalent:
r— (s —=1), r— (-sAt) : -
| | el et OF, set 5t = e

- : N » e At ==

TUE [(F)  AeTCTeDT
&/L £ b Ta () i F

e
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Write complete line-by-line proofs for full credit.

Part IIL. Proofs (5 pts ea.).
Substantial partial credit for good proof structure. Suggested time 35 minutes

31. Let U, V, and W be sets. Prove or disprove that (U —V)U (U - W) =U —(VNW). A Venn

diagram is helpful, but not a proof.

bioy ST meiship table

ol viw | uev| uew | wewoway| @ ’“"j)‘ UAUNWY
il o | o 0 | j o)

| 1olo |1 | (2 B
“ylole O | | O {

Ljojo| 1} L5 IO N

ol | O O O | O

opjojo O N O

O 10\ ; O D O 0'“""“ ‘—D o

oplolo o 0 | 0 D

32. Prove that there are no positive integer solutions to the equation 4x* + 2y* = 28

WLob, Yx~ =28 WG A4 ¢aQ

¥ é;—’L %1(:_“1

X < N o é\! =3

[€x < L@L crte xe /1 \“é'b’g = L\ﬁ:{'l gmua,tﬁc-Z"é
<X £, AT

Chede all eow .
. ' 4 P

‘Cf; bl el QRN Sobudiain

a
(o
"2 . ¢
33 BN ATV qp@m}u
18 §
R Qo
. S

‘%2; )
2
2
\
P}
%
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10
33. Let m be a positive integer. Prove that for all integers a, b, and ¢, if a = b (mod m), then
a-c=b-c(modm).
i) Let a,b,ceZ, and m ez

Aesur a2 b (mod w)

By dihnvhon, mita-ed

) difyn of divides , FeZ mk = a-b

(1&& + cwbhtvad ¢ @w’\m RHS
mde = o-c -Uo-e)
e ™M \ (- ~ Lo~

andh o a-¢ = b~c LW\)\‘:&‘S\.WB-

34. A sequence is defined by a; = 1, as = 16, and a, = 3a,_1 + 4a,_s for all n > 3. Prove that
a, < 4™ for all positive integers n.

boce cooe n=bv L 44 due
- (VRS (VR VS
VQS

oo ot ke TT with L.z 2. o
?\'ssww H\m:)( Ale MQ&}'&L\‘\% s v 2N N\AtU2> l),v)-k.

Nows Considan Gy o Smwe kel 3

«"L \‘\BN\

Qi+ = 204 t 4 Ot —
% 3‘*!P\—1- Lf-»f-[k"~| cing ’L b- fi k
b L b?( w\dkcfﬁw QESwiW, @‘b‘bf\
Q 2| L gl‘{k ‘(’L'
Ajetr £ Qz’f’\%& = bfh“) . dasinad.
Do bow fnal nezfy an ¢4 @
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I. Short answer (2 pts each). No partial credit — only the response will be graded. Suggested time
55 minutes.
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T
1. Using the Binomial Theorem, find the sum of the series Z (n) on=

j=0
(@) 0 (b) 1
(c) 2° (d) 2°/2
g%i;sﬂ (£) 32

2. If two fair 6-sided dice are rolled, what is the probability of rolling a multiple of 47
(@) 1/4 (b) 1/3 () 1/2
(d) 2/3 (e) 3/4 (f) 7/36

3. (2pts) Recall the following properties of a relation R C A x A (saying a R b is the same as saying

(a,b) € R:
Reflexive: Foralla € A, a Ra.
Symmetric: For all a,b € A, if a Rb, then b Ra.
Antisymmetric: For all a,b € A, if a Rb and b Ra, then a = b.
Transitive: For all a,b,ce A, if a Rb and b Re¢, then a Re.

Check the box of each property satisfied by the relation R = {(z,y) € Z™ x Z1 | z divides y}.
IE reflexive

I:l symmetric

antisymmetric

transitive

4. How many permutations of the letters in the word ARKANSAS are there?
(a) P(8,5)-P(3,3) - P(2,2). (b) C(8,5)-C(5,3). ~ (c) 8l/(31+21).
(d) P(8,3) P(8,2). (e) 81/5!. ((5) /81/(31-21).

5. How many distinct integers are necessary to guarantee that two of them have the same remainder
when divided by 47

fga) 1 (b) 3
)y 5 (d) 7
(e) 9 (f) 13
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6. Circle the letter of the contrapositive of the statement “If it is dark outside, then I stay at home.”
(a) If I stay at home, then it is dark outside.
(b) It is dark outside and T do not stay at home.
k(c) If I do not stay at home, then it is not dark outside.

(d) If it is not dark outside, then I do not stay at home.

7. Assume that x, y, and z are all real numbers. Circle the letter of the negation of the statement
“x is positive, or y is negative, or z is positive.”

(a) Ifz<0,theny>0o0rz>0.

Cb) z<0andy>0and z <0.
(c) =z is negative and y and z are positive.
(d) = <0, and either y > 0 or z > 0.

(e) Either © <0, or y > 0 and z > 0.

8. Suppose P(z,y) is a predicate where the universe for = and y is {1,2,3}. Also suppose that the
predicate is true in the following cases - P(1,2), P(2,1), P(2,2), P(2,3), P(3,1), P(3,2) - and
falbe otherwise. Circle the letter of the quantified statement that is FALSE.

&a) Yy3z ~Plz,y)

(b) Jyvaz P(z,y)

(c) VaTy (z #y A P(z,y))
(d) 3aVy P(z,y)

9. Circle the letter of the negation of JzVy —P(zx, y)
(a) —Vady -P(z,y)  (b) JaVy P(z,y) (C) Vﬁfﬂy Pz, y) (d) Vydz P(z,y)

10. Circle the letter of the statement that is true for all sets S and 7.
(a) DeSUT. ‘\(b) (S—=TYn(Tr-28)=0. (c) S—T=40.
(d) SuUT=10. (e) SNT #0.
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11.

12.

13.

14.

15.

= 3.4
Find the sum of the geometric series 5
S Y i=1
( (a), 12. (b) 15.
h(c) 3. (d) oc.

Which is the smallest integer n such that f(z) is O(z™), where f(z) = (2 + 1)(z + 2)(z + 2) +

23 (x+7)7 P
(a) 4. ii“(’t;)f»S.
(c) 6. d) 7.

Compute lem(23 - 32 . 52,22 . 31. 74).
22 K% A

Answer:

Suppose f : R — R has the rule f(z) = [;J and suppose g : R — R has the rule g(z) = [5 323:_1.
Find (f o g)(5).

(a) 1. Q}i—l
(c) 0. (d) None of these.

Let f: A — B where A= {-3,-2,-1,0,1,2} and f is defined by the rule f(z) = 2%, For which
set B is the function onto B?

(a) {_97_47_1:[)?134}' (\—(lb)/;’{o,l,ﬁl,g}
(c) {0,1,4}. (d) {-3,-2,-1,0,1,2}.
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16. Suppose you wanted to prove that the square of every even positive integer ends in 0, 4, or 6.
Circle the letter of the proof type that would be easiest to use for this purpose.

(a) Proof by contraposition.
(b) Direct proof.

(’f (c)/ Proof by cases.

17. (Circle the letter of the correct response.) Suppose you are examining a conjecture of the form
Va(P(z) — Q(z)). If you are looking for a counterexample, you need to find a value of z such

that:
(a) P(z) and Q(z) are both true. (b) P(z) and Q{z) are both false.
(c) Q{z) is true and P(z) is false. \(d)r P(m) is true and Q(z) is false.

18. Consider the statement “If the product of two integers is even, then their sum is also even.”
Circle the letter of the correct assertion.

P .
/ (a)/The statement is false as can be shown by finding a counterexample.

o

(b) The statement is true and can be proved most easily by using a direct proof.

(c) The statement is true and can be proved most easily using a proof by contradiction.

(d) The statement is true and can be proved most easily using a proof by contraposition.

19. Circle the letter of the statement that is true for all sets .S and T.
(a) SNT=8NT. (b) SUT=SUT.
((¢))SNT=5UT. (d) (S—T)U(T-S)=SUT.

20. Suppose f : A — R has the rule f(z) =
domain of A.
(a) R. (b) R— {0,1}.
(c) R—{-1,1}. ((d) R —{-1,0,1}.

PR Circle the letter of the set that could be the
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21. For which of the following is the set S equal to the set of positive integers not divisible by 37

(a) 1€S;z2eS—2z+2€ 8 (b) 1leS;jzeS—xz+3€S

{’/’(/c).f:.iies;QeS;:cES——>3:+3€S. (d) 1eS;z2ecS—>3z+1eS

N

22. Which of the following is a recursive definition for a, = 4n + 3, for n € N7

23

24.

25.

(a) an=2an—1+1, a0 =3 (b) an = an-1+4n, a = 3.
f (c)' Uy = p_2+8, a9 =3, a; = 7. (d) ap=ap-1— an-2,a0=3, a1 =1T7.
)
o

. How many permutations of the set {A, B,C, D, E, F,G} either begin or end with a vowel (A or
E)? (Note: a permutation of a set contains each letter exactly once.)
(a) 2-6!'+2-6!
«:‘J"§ \
S/ |
b)/2-61+2-61—2.5L
(&)
(c) 6!'+6!'—5.
(d) 6!+ 6.
(e) T —5L
» ‘
Compute the following: 23 mod 5=__ _~ —40 mod 7 = A;

4= o 5 4 xL_{ L = {C :? {ﬂ)

Suppose that P(n) is the statement “n+1=mn+2.” What is wrong with the following “proof”
that the statement P(n) is true for all nonnegative integers n:

You assume that P({k) is true for some positive integer k; that is, k +1 = k + 2. Then you add 1
to both sides of this equation to obtain &+ 2 = k + 3; therefore P(k+ 1) is true. By the principle
of mathematical induction P(n) is true for all nonnegative integers n.

(a) There is nothing wrong with this proof.

(b). The proof is incorrect because the statement used in the inductive hypothesis is incorrect.

'fc) "The proof is incorrect because there is no basis step.

N
(d) The proof is incorrect because you cannot add 1 to both sides of the equation in the inductive
step.
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Part II. Computation, Algorithms, and Examples (6 pts ea.). Show work for full credit.

26.

27.

28,

Suggested time 30 minutes.

An experiment consists of rolling one fair 6-sided die and flipping two fair coins (a fair coin is
equally likely to come up “heads” or “tails”).

(a) Write down the sample space S for this experiment in Cartesian product notation.

(b) What is the cardinality of S7

(c) What is the probability of rolling a 1 and obtaining two “heads”?

THTY

Draw the “dots and arrows” representation of a relation R from the set A = {a,b,c} to the set
X ={z,y, z} that is not a function from 4 to X. (An arrow from dot u to dot v means that u
is related to v.)

Trace through the Bubble Sort algorithm on the list 2,5, 3,4, 1 by writing down the order of the
list just before i is incremented. (Part of the question is to determine the last value of ¢, when
the list is in sorted order.)

procedure bubblesort(ay,. ..
fori:=1ton—1
for j:=1ton—1

,an: reals with n > 2) Trace

initial list: 2 5 3 4

—

if a; > a;.1 then interchange a; and a;; i=1 22 4 :
i= N3 VA s
(=4 51 3245
1= Y 24 5



ITT Depi. Appl. Mathematics, May 13, 2009

29. Give an example of a function f : R — R that is strictly increasing but not onto.

Phy=¢

30. Determine whether the following two propositions are logically equivalent:
p—(g—-r), p—(gn-m)

p %\ r| (é—s"r' \9-%((;-)%'*(‘\\ anrTr P-L‘a(%"ir\,_
Tt T | (D F (£
T Tl T T T g
el T | OF i ®
rlelele | F P LF
T T T F |
o e = e S N T T
FIF (T T B B
FIFIFD® l - |

v\;i;m /J\
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Part III. Proofs (5 pts ea.). Write complete line-by-line proofs for full credit.
Substantial partial credit for good proof structure. Suggested time 35 minutes.

31. Prove that there are no positive integer solutions to the equation z* + y* = 100.

\NLDb) ngi =100 Q"? S':«]a"i’\ﬁ\ézi'\’q )
|0 |
gé Jio X <3,
B Ldw L since u¢ Zt
Ly .
Now Considn all Mlt (AR i
X o | 297l
L 3" =gl
Loz
v 3
; ; WA= | D0,
’%’%H T\\-\a’uéf\{ o "ugl_huU/ g”\\\_{i‘)m
7@ f C‘mt@ SNY/AN Y/ N

32. Let m be a positive integer. Prove that for all integers a, b, and ¢, if = b (mod m), then
a—c=b—c (mod m).

Dice Qm{c‘g |
[__q;j’ me Zt omd ) Q)b,C ¢

Mcume A= b (wed @)

QW)"\"E“ 1'"'3] \ckb\
P, A of disdes, 3 ez mbea-b
W\m\hQL\G\S d‘h{m b 4 <
mALC = ol - \DL
s heed m\ac-ve

k)-v-s c\u}@ ol = ,  acz be (A_.rm;,&\m\w Q
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33. A sequence is defined by a; = 2, ax = 9, and a, = 2a,_1 + 3a,_2 for all n > 3. Prove that

an < 3" for all positive integers n.

(Shjb*\é fdichon  Let AR be shlenand ay, ¢ 3‘“’} vho ke ZF
Muge contd. QD). 243532 e
pPY). ﬁ .&3“’—:Ci AL .

WQ? wr hezt od Rz
A suomne ou) U Pdyy all dvwe
Qg =20+ 3@y, gnw deel 3.
ég-ghgg"ﬂ"‘ <inle PUIZD) LAY bt
AN L e e T L b A

Tofoe ) 1 frue.
0;‘?5 \ZN:\S :Y\GS\MC/J\%U\) Vne ZF £0n) s o ~ -

34. Let A, B, and C be sets. Prove or disprove that A — (BNC) = (A —-B)U(A—-C). A Venn

diagram is helpful, but not a proof.

Q’B Seb munmbinship fable

N8| c| eac] p-pac] ae| Ac] (RBIVRO
T}\,t | | O / O O { O

VLo ‘ \ ' B
V| O " O / |

V| D (lp i

ol : O

% i1 O o
o0 O o

O |0 O O






